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In this thesis we present_p, a reinterpretation of situation calculus based on intuitios
from many-valued logics. The key di erence is that the notiorf truth is based on the fact
that a term is interpreted into a set of objects rather than oneingle object and equality is
interpreted as \possibly equals”.Lp is suitable for de ning action theories that capture
uent-based disjunctive knowledge, which means that any incoplete knowledge the
theory captures is limited to be about the value of one uent &ch time. This essentially
enforces an independence assumption on the uents which allfor e cient evaluation
mechanisms. We show that like situation calculus a similar regresai theorem holds in
Lp. Furthermore, we prove thatLp can be embedded in situation calculus and show
how a special form olLp theories can be soundly implemented in Prolog and the agent

programming language Indigolog.
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Chapter 1

Introduction

In the eld of knowledge representation and reasoning about &iens we are interested in
logical systems which are capable of representing dynamic dansa We view this problem
from the standpoint that these formalisms are intended to be imMpmented and applied
to real robotic systems or disembodied agents in the internetyqviding a representation

of the world and the means to reason about it. There are two mairequirements:

We want a logical formalization which is rich enough to expss most of the intuitive

facts about dynamic domains.

We want it to be e cient enough so that even computationally malest middle-ware

devices can use it to do reasoning.

In this classical trade-0 between expressiveness and e cienci,is not di cult to see
that disjunctive knowledge plays a key role. The representatn of disjunctive knowledge
is crucial in terms of which domains can be represented and whand of the reasoning
can be performed, but is always related with some form of expeamtial complexity in the
theorem proving task. Also, note that we are interested in appraaes that essentially
account for a dynamic epistemic state of the agent, in the senseatithe agent's model

of the world is a ected by directly sensing the real world.



The situation calculus [MHG69] is a standard formalism used in theeld of reasoning
about actions and much research has been done on approacheglwprovide various lev-
els of expressiveness, while solving some of the classical identpedblems (quali cation,
frame and rami cation problem). In this thesis we explore somalternative semantics
for the situation calculus, based on intuitions frommany-valued logics We presentLp,
a logical formalism which features extended expressiveness e tway the disjunctive

knowledge is treated.

The key di erences are that the notion of truth is based on thedct that a term
is interpreted into a set of objectsrather than one single object and that equality is
interpreted as \possibly equals In this setting, unlike standard semantics, disjunctive
knowledge caralso be capturedinside the structures themselves. This feature allows for
expressiveness, regarding disjunctive knowledge, which resesstihe distinction between

Know( _ ) andKnow( )_ Know( ), as appears in a modal setting of knowledge.

We utilize this expressiveness to de ne theories of action whicapture incomplete
knowledge, but also allow for e cient evaluation mechanisms. W de ne theories such
that the general disjunctive knowledge which.p allows for, is bounded to beuent-based
only; that is, any incomplete knowledge the theory capturesefers to one uent of the

language only.

In recent results [PLO2], Petrick and Levesque show that in ordéor a situation cal-
culus theory to capture this kind of incomplete knowledget is not enough to ensure that
the initial situation Sy has this intended property. On the contrary, it must be seriousl
restricted to exclude some intuitive behaviors, such as successatstaxioms which relate
the value of one uent with the value of some other uent. Unlikethe situation calculus,
Lp is suitable for re ning the e ect of formulas, such as the aforeentioned successor
state axioms, so that uent-based disjunctive knowledge persists iall situations. In
fact, this re nement is mainly based on the non-standard.» semantics rather than the

syntax, which is kept very similar to the syntax of situation calalus.



We de ne Lp theories of action and we show that a restricted form of these tbees
capture uent-based disjunctive knowledge only and can thefere be e ciently imple-
mented in Prolog. When these theories capture no incompletadwledge at all, then they
reduce to basic action theories. What is more interesting is thahe implementation of
these theories can be done naturally on top of the existing *Gaxj interpreters [LRL" 97],

[DGLLOO], [DGL99].

We note that Ly is implicitly modal and is intended to represent the epistemistate
of the agent. Lp theories are used to describenly what the agent knows about the
world without modeling what is happening to the real world agNv The interaction with
the real world can be achieved via sensing actions which a eche epistemic state of
the agent. The sensing results are intended to be acquired by theal world, \online"
and whenever needed, augmenting properly the initial thear In what follows we will
be talking about expressing knowledge and what the agent knoweyen if Lp does not
include any Know symbol. The adopted stance implies that whatever can be provesl
known and whatever cannot be proved is not known. In fact, in ost of the cases we
consider, the symbol of logical consequengecan be understood as proving what the

agent knows

The rest of the thesis is organized as follows. In chapter 2, weegent the technical
background needed for the following chapters and brie y disss approaches in the liter-

ature which focus on e cient ways to deal with special forms oincomplete knowledge.

In chapter 3, we present the syntax and semantics af- languages and discuss some
important properties which illustrate the intuitions behind the de nitions of Lp lan-

guages.

In chapter 4, we present theDK theories of actionas the analog of the basic action
theories in situation calculus [Rei91], [ReiOl] ilLp. We discuss regression in these

theories and show that a similar regression theorem holds.



In chapter 5, we present theclosed form DK action theories as the analog of basic
action theories that can be soundly implemented in Prolog [R&l]. TheseDK action
theories are very restricted, but nevertheless extend the basaction theories to account
for uent-based disjunctive knowledge. We show how they can b@wectly implemented
in Prolog and present a detailed example.

The thesis ends with some conclusions and observations aboutitg work in chapter 6.



Chapter 2

Literature Review

This chapter presents some technical background needed foetfollowing chapters and
discusses ideas found in the literature, that inspired and in ugced the work for this
thesis. In the rst part, we present the situation calculus basic a®n theories and discuss
the logic agent programming languages Golog and Indigologhieh are based on them.
Then, we present some characteristic approaches in the liteuse about representing the

epistemic state of an agent and the intuitions behind them.

2.1 Situation Calculus

The situation calculus [MH69] is a logic language speci callyesigned for representing
dynamically changing worlds. As presented in [ReiO1], it is a s@@ order many-sorted
language with equality, featuring three disjoint sorts: one foactions, one for situations
and one for everything else needed. We brie y discuss the basieraknts of the situation
calculus language.

Actions and situations are rst order terms of the correspondingort. The dynamics
of the world is captured as the result of actions happening attaations: a situation
represents a possible world history, as a sequence of actions. Thastant Sy is used

to denote theinitial situation where no action has been performed. The sequences of



actions are built using the function symboldo, such that do(a;s) denotes the successor
situation resulting from performing actiona in situation s.

The dynamic elements of the world are captured by theients. The relational uents
represent relations that their truth values can change from &iation to situation and
functional uents represent functions with dynamic behavior. A uent is denotd by
including a situation argument as its last argument, indicatng the value of the uent at
that situation.

The language also includes a binary predicate osqa;s) which is used to state that
it is possible to perform an actiora in situation s. The formal de nitions and the details

missing can be found in [Rei01].

2.1.1 Basic Action Theories

Following earlier ideas in the literature, Reiter presentshe basic action theoriegRei91]
which are situation calculus theories with appealing propges, such as providing solution
for the frame and quali cation problems [MH69].

A basic action theoryD is a collection of axioms of the following form
D= [Dss[Dapl[D uwalD s
where
For each uent fl, the setDgs includes asuccessor state axionof the form
fl (x;dda;s)) ( %xa;9
if it is a relational uent or
fl(x;dda;s) =y (xa;sy)

if it is a functional uent. These axioms characterize the coditions under which
the uent has a speci c (truth) value at situation do(a; s) as a function of situation

S.



For each actionA, the setD,, includes aaction precondition axiom of the form
PosqA(%);s)  a(%9)

These axioms characterize the conditions under which some iact A(x%) can be

performed in situations.

Dg, is a set of rst order formulas describing the initial situation that syntactically

only mention situation S,.

is a set of domain independent foundational axioms which dene the legal situ-

ations and D, includes the uniqueness of names axioms for actions.

We brie y present some important notions regarding these actiotheories, which we
will be referring to in the next chapters.

A situation calculus formula isuniform in some situation s i it does not mention
the predicate P oss it does not quantify over variables of sort situation, it doesot
mention equality on situations and whenever it mentions a ten of sort situation in the
situation argument position of a uent, then that term is s. Also, by do([as; :::; a.]; So)
we denote the situation term which we get, when starting frong,, action a; is per-
formed, then action a, is performed and so on up to actiora,. That is the term
do(an; do(a, 1;:::da(ay; Sp)::r)).

Regressionis a central computational mechanism in the situation calcuki which is
based on the intuition that, by regressing the e ect of the actins performed in some
situation, we can determine a logical equivalent formula inhte initial situation Sy. Reiter
discusses regression in basic action theories [Rei91] and de nasirduitive regression
operator R on regressable formulasThe regression theoremwhich is proved in [PR99],
shows that entailment of a formula with respect to a basic actiotheory D can be reduced
to entailment of the regressed formula bYs, [D yna-

Basic action theories can be restricted to have@osed initial databasgRei01] so that

to be soundly implemented in the logic programming languagerélog. The restrictions



needed are such that the basic action theory is @e nitional theory which satis es the
requirements of Clark's theorem [Cla78] for implementingrst order theories in Prolog.
Intuitively, these restrictions force uniqueness of names tdl aerms and force the theory
capture no incomplete knowledge of any kind. [Rei0O1] discussesdetail an implemen-

tation method and proves theimplementation theoremfor basic action theories.

2.1.2 Golog and Indigolog Logic Programming Languages

Basic action theories can be used as the representation of realld environments for
embodied or software agents. One of the basic requirements foclswagents is the ability
to reason about the outcome of a sequence of actions. This is kmoas the projection
task Furthermore, it is common that the main functionality of the agents relies on
planning techniques which compute the necessary sequence dfoas, such that after
the execution of the actions a given goal holds. It is not di clt to see that this quickly
becomes infeasible as the domains become non-trivial.

Levesque et al [LRL 97] suggest an alternative to planning for specifying agent be-
havior. Instead of taking into account only the goal and then grform search among all
possible sequences of actions, domain-dependant high-levelgpams are speci ed which
essentiallyguide the planning procedure to follow certain action paths in tryng to sat-
isfy the goal. Such a high-level program can be variably noreterministic and resembles
a sketch of plan that gives strong clues-restrictions about thentended solution. This
is very important, as the search space is drastically reduced @planning on complex
domains can be done in variable e ciency.

Golog [LRL*97] is a logic programming language built on top of Prolog aorling to
this intuition. It provides a generic way of describing a doma as a situation calculus
basic action theory and also the functionality ofcomplex actionsthat are suitable for
de ning intuitive high-level execution plans on the domain The complex actions act

as abbreviations for logical expressions in the language ofusition calculus and can



be though of as macros which expand to normal situation calaid formulas. This is
achieved with the aid of the abbreviatiorDo( ; s; s9, whose de nition follows. Intuitively,
Do( ;s;s9 holds whenever the situations® is a terminating situation of an execution of

the complex action starting in situation s.

Primitive actions: Do(a;s; ) & Posgqa[s];s) * s°= do(a[s]; s).
The primitive actions are the actual actions that can be exeted in the represented
domain. By the notation a[s] we mean the result of restoring the situation variable

s to any functional uent mentioned by the action term a.

Test actions: Do( ?;s:) % [g]” = s.

Here, is a pseudo- uent expression which stands for a formula in the Ignage of

the situation calculus, but with all situation arguments suppresed. By the notation
[s] we mean the result of restoring the situation variable to any uent (relational

or functional) mentioned in
SequenceDo([ 1; 2];s;) = 95™@Do( 1;5;) " Do( %),

Non-deterministic choice of two actions:

Do( 1] 2;59) € Do( 15,89 _ Do( 2;5; ).

Non-deterministic choice of action argumentsDo( x: (x);s;s) e 9x:Do( (x);s;s)

This means to nondeterministically pick an individualx, and for that x, perform

(x).

Non-deterministic iteration: Execute zero or more times.
Do( ;5;9) &' 8P:f8 5,P(sy;51)"8 5,85,854:[P (S1;5,)" DO( ; S2;83) P (S1;S3)]g

P(s;s).

Note that second order functionality is needed to express this.

Conditional: Do(if then ; else 2:5:9) % Do 2: 1]i[} 2 J:s: .



While-loops: Do(while  do :s:89 € Do([ ?; 1i[ 2 of:s; ).

Using the presented Golog functionality, one can specify higbvel programs in the
context of the domain that is modeled. The Golog interpretesearcheso -line in the
restricted search space so that to provide an instance of the pragmn, as a valid sequence
of primitive actions (that is, actions that can be executed irthe domain). One can view
these programs as specifying a high-level behavior for the ageor as a guided way to do
planning for a desired set of goals. For example, the goals candagptured in the Golog
program using test actions to ensure that the intended propeds hold.

Note that the nal plan to be executed by the agent is computed dine. So, the
interpreter is required to look all the way until the last action, before a single action
can actually be executed in the world by the agent. In some cas#ss is the desired
approach, as the total success of the plan can depend stronglytire choices made in
very early steps of the sequence of actions. Nevertheless, this seaous problem when
large programs are considered and moreover in the presence ofss® actions, which
provide essential information only after they are executed ithe world.

To deal with this issue, De Giacomo and Levesque [DGL99] proposeewincremental
way of interpreting such high-level programs and a new high-lei&anguage construct
which together provide re ned control over the actual exedion of the primitive actions.
Indigolog executes each complex actioon-line, which means that at each step of the
high-level program, the agent commits to appropriate printive actions that are actually
executed in the world. Furthermore, o -line planning is trggered using a nevsearch
operator . The complex action forces the interpreter to searclo -line for a successful
terminating state for program . Indigolog functionality is very useful in the presence
of sensing actions, which are intended to be executed on-ling. id then in the hands
of the user to exploit the language constructs so that to specifyrggrams which rely on
appropriate o -line planning and on-line execution of actins.

Similarly to Golog, Indigolog programs refer to some situatio calculus basic action



theory which accounts for sensing actions too. Sensing is tredtas in [Lev96], using
the special predicateSF and sensed uent axioms, one for each primitive action, which
characterizeSF.

Indigolog functionality is based on the special predicate§rans and Final, which
were rst introduced in [DGLL97]. Trans(;s; ©%s% expresses that, by executing pro-
gram in situation s, one can get to situations’in one elementary step, with the program

O remaining to be executed. In a sense, this captures the fact ththere is a possible
transition from the con guration ( ;s) to the con guration ( ¢s9. Final (;s) expresses
that program can successfully terminate in situatiors, or equivalently that the con g-
uration ( ;s) is nal. An appropriate Trans and Final axiom is de ned for each Golog
complex action [DGLL97] and the new search operator [DGL99] The incremental
execution of the programs is then determined by rans and Final. De Giacomo and
Levesque also provide an incremental interpreter in Prolog.

We do not proceed into more details regarding the theory andnplementation of
Indigolog. For the scope of this thesis, we are only interested the functionality that
Indigolog provides: incremental execution of high-level pgrams in the context of do-
mains which are represented in the Indigolog framework as sittion calculus basic action
theories. In chapter 5, we present some details on how domaing aepresented in the In-
digolog language, as we discuss that Indigolog functionaliban be used as is to represent

our theories.

2.2 Reasoning about Actions and Knowledge

We now focus on approaches in the literature that account fahe epistemic state of the
agent. Essentially, we are interested in logical formalisms th@an capture incomplete
knowledgeabout the represented domains and provide ways of updatingwtith the use

of sensing.



2.2.1 An Epistemic Fluent in the Situation Calculus

The situation calculus formalism represents the world and doe®t account for the epis-
temic state of some agent. Scherl and Levesque [SLO3] formako®wledge in the sit-
uation calculus by adapting a standard possible worlds model &howledge [Hin62], as
was done by Moore [Moo85]. A similar approach is adopted by Téischer in the uent

calculus [Thi00] and by Lobo et al [LMT97] in theA language [SBO1].

Following the possible worlds approach, a binary relatioK (s% s) is introduced which
captures thatsituation sis accessible frons. Note that the \o cial" situation argument
for the uent is the last one. K(s%s) is treated like any other uent and informally
K (s%s) holds when, as far as an agent in situatios knows, it could be in situation s’
The expressionKnows (W;s) is an abbreviation for a formula that usesK and is used

to state that W is known in situation s. For example:
Knows (Broken(x);s) = 8s K(s%s) ! Broken(x;s9

Note the convention regarding the situation argument.

Like any other uent, the truth value of K (s%s) changes due to actions and there
is a successor state axiom which captures the uent's dynamics anyg situations. The
possible situations forming the epistemic state of the agent areeated by knowledge
producing actions. In order that all actions are treated undrmly, there is a sensing
result function SR and for each actiona there is a sensing result axiom of the following
form.

SR(a(x);s)=r1  a(x:1;8)

For ordinary actions the result is always the same with the speciresult not being

signi cant. The successor state axiom for the epistemic uenK is then the following.
K (s®doa;s)) (9s°s™= do(a; )~ K (s s) * Posqa;s) * SR(a;s) = SR(a; %)

A basic action theory also includes axioms that de ne the possibiworld alternatives for



K in the initial situation Sp. These speci cations essentially de ne what is known and
what is not known initially.

Scherl and Levesque discuss many interesting properties of tHeetries presented.
They show that a particular modal logic can be modeled by inctling axioms that place
restrictions on the accessibility relation. For instance, the &modal logic is modeled by
including re exivity and transitivity axioms. Provided these properties hold for theK
relation in initial situations, then they will also hold in every situation resulting from an
executable sequence of actions. Finally, they also talk abouggression in this setting,
where the de ne a regression operatdR and show that a similar regression theorem as
in normal situation calculus holds.

Theories of action and knowledge presented in [SLO3] o er artge expressive power,
but su er from the di culties found in all possible worlds approaches to modeling knowl-
edge. The main issue is e ciency, as theorem proving of knowlgd formulas may need
to check all possible worlds, leading easily to intractabilityAs a result, there are many
approaches in the literature which account for knowledge,ub under strong restrictions
that guarantee the intended e ciency. We now focus on apprazhes which do not fol-
low the possible worlds paradigm, but capture only some key feaes that the possible

worlds account for, in a standard rst order or propositional sding.

2.2.2 Restricted Knowledge Approaches

In treating theories of action e ciently, disjunctive knowledgeplays a key role. We refer
to disjunctive knowledge as the modeling of arbitrary disjurtons that cannot be broken
apart into knowledge of the individual disjuncts. For instancedisjunctive knowledge is
captured by the following sentences in the Scherl and Levesqbasic action theories of
knowledge.

Knows (DoorllsOpen _: Door2lsOpen; )

Knows (Dice =1 _ Dice =2 _ Dice =3 _ Dice =4, S)



The rst sentence expresses that in the initial situation the agarknows that either door
1 or door 2 is open, while the second expresses that in the initisituation the agent
knows that some dice has one of the four possible values 1,2,3 oNéte that the second
sentence captures disjunctive knowledge which is about a siaguent Dice(s).

In reasoning about action, we are mainly concerned in expresgidisjunctive knowl-
edge about the values of uents. The representation of disjunee knowledge is a source
of intractability, as it leads to exponential number of possillities for the values, for a
xed number of uents. One way of limiting the expressiveness so #i to avoid the
exponential blow-up, is to force uents to beindependent In this way, any disjunctive
knowledge captured is about one uent each time, which is whave call uent-based
disjunctive knowledge. Disjunctions can then be broken apagnd this brings theorem
proving back to tractability. This is called in [PLO2] as theweak disjunctive knowledge
property.

Results in [PLO2] have shown that basic action theories of knogdge cannot be forced
to capture only uent-based disjunctive knowledge, unless tlyeare seriously restricted
to exclude very common and intuitive behaviors. Even if it wold seem logical that if
we restrict the description of the initial situation to captureonly uent-based disjunctive
knowledge then this property should persist in all situations, uiertunately it is not true.
We examine this point in detail.

Consider the following example, as presented in [PLO2].
F(do(a;s)) (a= A" G(s) _F(s)
G(do(a;s))  G(s)

95195,9539s, K (51; Sp) N K (S2; Sp) N K (S3; Sp) N K (S4; Sp)N
F(s1) " G(s1) M F(s2) Mo G(s2)”

: F(s3) ™ G(s3): F(sa) i G(s4)

In the initial situation nothing is known about the truth valu es of the relational uents



F and G. The uents' truth values are not related in any way and it is eay to see that
the disjunctive knowledge captured in the initial situation 8 uent-based. The successor
state axioms are straightforward, capturing that the only chage that can happen is
that action A makes the truth value ofF be the same ass. Nevertheless, even in this
very simple setting the intended property does not hold: In thaituation S = do(A; So)
Knows (F _: G;S) holds, but neither Knows (F; S) nor Knows (: G; S) hold.

The point is that the successor state axioms actually relate thealues of the uents
in ways which form general disjunctive knowledge. The only safvay out seems to be to
avoid context-sensitive successor state axioms that mention mdfrean one uent, which
is a serious and not wanted restriction.

Note that this issue also arises in normal situation calculus. In thicase, we refer to
the normal disjunctions and whether theorem proving can be bken down to proving
that either of the disjuncts holds. Disjunctive knowledge as aetm, makes more sense
in a modal setting, but we will be using it in settings that do not &plicitly account for
knowledge, such as normal situation calculus.

We now brie y present two characteristic approaches in the lgrature which capture
some form of incomplete knowledge in an e cient way. These areabed on the situation
calculus and have in uenced our work for this thesis. The sectioends with a short
discussion on other logical approaches for dealing with incokefe knowledge which are
not based in the situation calculus. In some of these approachesstnot the case that
both the real world and what the agent knows are representedn this case, the formalism

captures the epistemic state of the agent only, in an essentialiyplicit modal setting.

2.2.3 Modal Fluents in Situation Calculus

Demolombe and Pozos Parra [DPP00] present a di erent apprdaof modeling knowledge
in the situation calculus, which forces knowledge be about um literals only. They

introduce a modal operatorK which is combined syntactically with a relational uent



literal P to form a knowledge uentKP . Informally, KP (s) is a uent capturing that
P is known to be true in situations.

In this way, the modal uents are used to explicitly model liteal-based knowledge,
without manipulating possible worlds. The epistemic state of thagent is then captured
with the aid of pairs of modal uents, KF andK: F for each relational uent F. Func-
tional uents are encoded into relational uents with one exra argument. In addition
to specifying a standard successor state axiom fbr, a theory includes successor knowl-
edge state axioms for bottKF and K: F. These axioms have the same form as normal

successor state axioms. For example,

KF (%; dd(a; s)) ke (a9 _KF (39" «r (a9

K: F(x;dda;s)) e a s _KiF@ga 9™ . r(6a9

Note that the theory should ensure that bothKF (x%;s) and K: F(x;s) do not hold in
the same situations, so that knowledge remains consistent.

Demolombe and Pozos Parra also discuss regression in this settingy. regression
operator Rt is de ned and it is proven that a regression theorem similar to # one
presented in [SLO3] holds. Finally, they prove that if the thexy includes axioms which
de ne KF andK: F in the initial situation Sy, then this results to a complete description

of the epistemic state in every situation.

2.2.4 Interval Arithmetic in Situation Calculus

In [Fun99], Funge presents a method of incorporating interVarithmetic into the situa-
tion calculus. Interval arithmetic is used to account for knowedge by providing means
of expressing incomplete knowledge about the value of uents.

The approach distinguishes between normal uents angensory uents whose value
can be sensed through a knowledge producing action. For eachsseg uent f, a

corresponding interval-valued epistemic (IVE) uentl; is introduced. This epistemic



uent captures the possible values for the corresponding norrhauent, using interval

arithmetic to represent them in a restricted but concise way.

In more detail, the possible values can be an interval of some nbar systemX, for
which a new number system of sotty is de ned. The constants ofl x are the set of pairs
hu;vi such thatu;v2 X andu u. For aninterval x = hu;vi, X = u and x = v are the
lower and upper bound respectively. A valu is contained inx = hu;vii u X v
and interval y containsx, x yi y Xandx Y. Also, fortwo intervals x;y we say
that x yi X .

This approach to knowledge is mainly motivated by the need texpress incomplete
knowledge about uents that have real numbers as values, usifigr example intervals of
| - . Nevertheless, any number system can be de ned so that to capturectimeeds of spe-
ci c domains. Note for instance the case dfg. This number system includes exactly three
intervals h0; Oi, MO; 1i and hl; 1i which have the properties thatt0;0i h 0;1i h 1;1i and
also that 0;0i h 0;1i and hi;1i h 0;1li. 1 and O can be used to represent true and
false and the intervalshl; 1i, hO;1i and H0;0i can be used to represent \known to be
true”, \unknown" and \known to be false" respectively, which imitates the behavior of

a three-valued logic.

The intention is to use the interval-valued epistemic uents b replace the epistemic
K uent of the Scherl and Levesque approach. In this setting, thagent knows that a

uent has a speci c value i | has collapsed into a \thin" interval.

Knows 4f = ¢;s) | ; = Ic;d

This notion is extended to account for knowledge about arbiary formulas using
| knows (t;S) @as uniform mechanism to express the \interval value" of any ten t in situ-
ation s. Finally, the necessary state constraints are presented so thbg,.ws Subsumes

the epistemicK uent.



2.2.5 Other Approaches to Incomplete Knowledge

We now mention two approaches in the literature which accotairfor some limited form
of incomplete knowledge and are not based on the situation calas.

The rst one borrows functionality and intuitions from many-valued logicsor multi-
valued logics In such formalisms, the standard semantics are extended to indiel more
than the two common truth values, true and false [Bel77], [Urg86[Gin88]. One way
this can be utilized to represent lack of knowledge is by the usé an \unknown" truth
value added to the usual ones.

The second approach utilizes database functionality to do reaning about actions
with incomplete knowledge. Similar approaches to planningn presence of incomplete

knowledge and sensing are [EGW97] and [PS92].

Proper Knowledge Bases

Levesque [Lev98] presents a way of dealing with incomplete kviedge in rst-order
theories, based on the introduction of a third truth value standhg for \unknown". Proper
knowledge basemre theories of rst order languages with equality that inclde no function
symbols. These theories include uniqueness of names axioms far possibly countably

in nite constant symbols and a nite consistent set of formulas othe form
8(e! ) or 8!: )

where e is a quanti er free formula whose only predicate is equalityrad ranges over
predicate atoms.8( ) denotes the universal closure of formula.

The problem of determining whether a sentence is logically @iled by a proper KB
is undecidable, even though only a very limited form of incoptete knowledge is allowed.
Levesque proposes the reasoning procediwewhich always terminates and is logically
sound. V evaluates formulas into 1,0 or% which correspond to false, true and unknown

respectively. This is done in an intuitive way by evaluating he atoms in a standard way



and extending this to arbitrary formulas usingmin and max appropriately.

A syntactic normal form NF is also de ned and it is proved that for queries in this
normal form V is also complete. It is also shown that in the propositional caserfevery
formula there exists a logical equivalent one iNF . Finally, in [LLO3] it is shown that

V can be e ciently implemented using database techniques.

Planning with Knowledge and Sensing

The PKS planning system [BP98] is a generalization of STRIPS [FNJ. In STRIPS, the
state of the world is represented by a database and actions argresented as updates to
that database. Instead of a single database, the PKS system uses a $dbor databases
that collectively represent the epistemic state of the agent ther than the state of the
world. Updates in the databases are modeled to modify agent'adwledge appropriately.
Each of the databases capture a di erent type of knowledge wdfi corresponds to a

formal interpretation in a rst-order modal logic of knowledge.

The K¢ database stores positive and negative ground literals which eaknown
to the agent. This is not complete knowledge, as no closed wbr/ssumption is

applied.

The K, database stores conjunctions of ground atomic formulas whoseath value
is known by the agent. Intuitively, if formula ais in K, then at planning time either
the agent knowsa or it knows : a; which one holds will be resolved at execution

time. This database is used for plan-time modeling of the e estof sensing actions.

The K, database stores un-nested function terms whose values are knawrthe
agent at execution time.K, is used for plan-time modeling of the e ect of sensing

actions that return numeric values.

The K, database captures information about \exclusive or" disjunctie knowledge

of ground literals of the form (4jloj:::jl,). Intuitively, this formula represents the



fact that the agent knows that exactly one of thd; is true.

Note that the incomplete knowledge that can be expressed in PKS limited to
complete lack of knowledge about an atom, by leaving it out df;, and knowledge that

only one of a nite set of literals are true, usingK .



Chapter 3

Lp Languages

The syntax of anLp language is similar to the syntax of Situation Calculus as presed
in [Rei01]. Predicate symbols and relational uent symbols & missing inLp, but their

e ect can be emulated by function symbols.

Lp semantics are based on standard rst order Tarskian semantics. Theam dif-
ference is that the notion of truth in a structure is based on thdact that a term is
interpreted as a (non-empty and possibly singletonyet of objectsrather than one ob-
ject. This is a result of allowing the interpretation of uent symbols to range over the
powerset of the object domain, while also providing a consistemtay of \propagating"

these sets of objects to the interpretation of terms built upothem.

This way, the semantics intend to provide a re ned way of treahg disjunctive knowl-
edge. Each structure inherently captures a special form of iomplete knowledge: the set
of objects which a term is interpreted into are intended to ngresent the possible values
for that term. Essentially, it is a restricted form of disjunctive knowledge about that

term, which we will be calling uent-based disjunctive knowledge

In this setting, equality gets a di erent interpretation than the standard one. Based
on this, we will be using some useful macros for capturing speci otions regarding

uent-based disjunctive knowledge. To emphasize the di eremcand to avoid confusion,
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we will be using as the equality symbol.
We now move to the formal de nitions and some examples that givthe intuitions

behind them.

3.1 Syntax

An Lp languagel is a rst order language with three disjoint sorts: A for actions, S for

situations and O for all the rest of the objects.L has the following alphabet:

Countably in nite variable symbols for each sort. We will usex;y; ::: for variables

of any sort, a; a; ::: for variables of sortA and s;s,;::: for variables of sortS.
Three function symbols of sortS,

A constant symbol Sy, denoting the initial situation.

A binary function symboldo: A S 7! S, denoting the successor situation

function.

A binary function symbol Poss: A S 7! 2°, which is intended to capture
that it is possible to perform an actiona at situation s and will be forced to

map to >;?.

Two constant symbols>;? of sort O, denoting true and false. These will be used

to emulate predicates and relational uents using functionla uent symbols.

Countably in nite function symbols (A[ O)" 7! O which are used to denote situ-

ation independent functions. We usdn; hy; h,::: to denote these function symbols.

Countably in nite function symbols (A[ O)" 7! A which are calledaction functions.

We useA; Aq; Ay; i to denote action function symbols.



Countably in nite function symbols (A[ O)" S 7! 22 or (A[ O)" S 7! 2°,
which are calledfunctional uents. We usefl; fl 1:fl ,;::: to denote functional uent

symbols.
the logical symbols™;: ;9; ;(;).

All function symbols of arity zero are also callegtonstant symbols Also, we will use
f;f 1;f,;::: to denote any function symbol of the above. Note that there areo predicate
and no relational uent symbols. Relational uents can be treated as functional uerd
with two possible values,>;? and similarly predicates can be treated as functions. We
will see an example of that in section 3.3. Functional uent symbls will be printed in
a di erent font, like dice,weatherwhile non- uent function symbols will be printed in
normal math font, like sunny; rainy; 1; 2.

All terms appearing in formulas are assumed to be of the correctrsoaccording to
the de nition of the predicate or function in which they apper. We will uset;t;ty;::
to denote terms, and the vector notation to denote tuples of tens, t; t3; t; :::. Also, we
will use ; ;::: to denote arbitrary formulas.

The formal de nitions follow for an Lp languageL.
De nition 3.1.1  (L-term).
Every variable is anL -term of the same sort.

If f is ann-ary function symbol of sorthi;:::;;i,;in+11 and eacht; is an L-term of

sort ij, then f (t1;::5;ty) is an L-term of sortin.s .

An L-term that includes no variable symbols is around L-term. An L-term that

includes no uent symbols is arigid L-term.

Example 3.1.1. x;f (x);sensegfl 1);t;tq;dicg1;s); 1;rollDice are allL-terms of various

sorts.



De nition 3.1.2  (L-formula).

If t1;t, are L-terms, thent; t, is anatomic L-formula.
If and arel-formulas, then: ; ( ~ ) are alsoL-formulas.
If x is a variable and is anL-formula, then 9x is aL-formula.

An L-formula that includes no variable symbols is ground L -formula. An L-formula

that includes no uent symbols is arigid L-formula.

Example 3.1.2. dicg1l;s) 1, dicg2;s) 5, dicd1;s) dicg2;Sp), sucdl) X,

sucddicgl;s)) dicg2;s) are atomic L -formulas.

The logical symbols_;! ;$ ; and the universal quanti er 8 are de ned as macros
based on: ;*;9, in the standard way. Furthermore, we de ne three macros thatapture
intuitive notions regarding uent-based disjunctive knowlelge and which will be useful in
the next sections. Since their use and e ect will become cleartef we see the semantics
of Lp languages, we postpone their de nition until after the semanti de nitions.

Finally, in Lp syntax we will be using the standard rules for omitting parenthss.

We now move to the semantics of .

3.2 Semantics

L, semantics extends the standard semantics using intuitions fromany-valued logics.
As usual, a structure for some.p languageL has a domain of objects for each of the
sorts. The important di erence with standard semantics is that he interpretation of
uent symbols ranges over the powerset of the object domain, excluding thenpty set.
Intuitively, this captures the fact that it may not be de nit e which is the value of a uent,
but it is de nite what the options are, even if this is an in nite number of possibilities.

Since having no possible value is essentially inconsistent, the mynset is not allowed as



an interpretation of a uent. The rest of the parameters of thdanguage get the standard
interpretation.

In general, the interpretation of anL -term is a set of objects of the correct sort, as the
uent-based disjunctive knowledge propagates to form incontgte knowledge about the
terms built upon the uent symbols. This form of incomplete knavledge is inherently
captured inside the structuresand provides an extra way of talking about disjunctive
knowledge. In chapter 5 we will see that we can de ne action tbeies which capture
only this form of uent-based disjunctive knowledge and becae of that, evaluation can
be done e ciently.

Before we move to the formal de nitions, we emphasize once mdtat L, semantics
is not standard in many aspects: every structure can capture ueibased disjunctive
knowledge by itself and functional uents are interpreted ito non-standard functions to

name a few. Also, note that we will follow the same notation as irfEhd72].
De nition 3.2.1  (L-structure). An L-structure M consists of the following:

A non-empty setM; for each of the sorts of the language, called the universeMf
of sorti. We usejMj to denote the union of the universes of all sorts. Variables in
an L-formula range over the singleton sets of the correspondih; and terms get

their interpretation from 2Mi for the correspondingi.

For eachn-ary functional uent symbol fl in L of sorthis;:::;i,;Si, an associated

function fIM : M;, M; 7! 2Ms

For eachn-ary function symbolf in L of sorthii;:::;i,;in+1 1 thatis not a functional
uent, an associated functionf M (c;;::1; 6,) = fg(ci; i 6)g for all g 2 M, , where

g:Mil Min 7" M.

Before proceeding to the next semantic de nitions, we need toessome notions about
these non-standard structures. The form of the uent symbols' intgretation implies a

partial ordering among the structures.



De nition 3.2.2  (Order relation on L -structures). Let M ;M , be L -structures, identi-
cal except for the interpretation of functional uent symbok. M ; M i for all uents
in L and for all possible argumentse, fM:(€) fMz(€).

Note, that the relation is a partial order on the set ofL -structures.

The structures which have the property that they capture no went-based disjunctive

knowledge, are callegimple structures

De nition 3.2.3  (Simple structure). A simple structureis a structure that captures no
uent-disjunctive knowledge. That is, all uent symbols are irnterpreted into functions
that always return singleton sets: for all uents inL and for all possible arguments

it (9 =1.

Now we can see the de nition of term denotation, which relies othese notions.Lp
semantics provides a consistent way of propagating the uentased disjunctive knowledge
to form incomplete knowledge about the terms built upon the uent symbols. In detail,
the interpretation of a function-term f (t) is the set of the objects you get if you apply M
to all possible tuplest;, produced by the cross-product of the arguments' interpretatn,
subject to the restriction that in each tuple, syntactically equal terms are bound to the

same interpretation

De nition 3.2.4 (L-term denotation in a simple structure) Let M be asimple L-
structure and let be a variable assignment foM which assigns an object of the
correspondingM; to every variable. EachL -term t is then assigned a&ingleton setof the

corresponding universéM;. This is de ned by induction on termst, as follows:
For any variablex, xM [ Jisf (x)g
For any n-ary function symbolf and L-termsty;:::;t,,
ftent M 1= M (cring)

wheretM [ 1= fcg.



De nition 3.2.5 (L-term denotation). Let M be anL -structure and let be a variable
assignment forM which assigns an object of the corresponding; to every variable.
Each L-term t is then assigned anon-empty subsetof the corresponding universeév;.
Formally, tM [ ] ranges over the powerset dfl;. This is de ned on the partial ordering

of structures, as follows:

[
tM[ 1= t™° ]for all simpleM %such thatM © M

So, in this setting, uents range over the powerset of the objecomain rather than
the domain itself. As mentioned earlier, this is exactly how ent-based disjunctive
knowledge is captured. We explore this a little more in the flowing example.

We consider a uentdict; s) which expresses which face of the dités facing upwards
at situation s. It is reasonable to expectdicg1;s)V [ ] to be f1;2;3;4;5;6g, if dice 1
is a six-sided dice odicg2;s)M [ ] to be f1;2;3;4g, if dice 2 is a four-sided dice. On
the other hand, when we consider the non- uent function symbadihat is intended to
express the successor functiosucqt), it does not seem right to havesucq1)M [ ] to be
anything more thanf 2g, or at least somesingletonset. That is the reason why functional
uents are interpreted into functions which range over the pwerset ofM;, while the other
function symbols are interpreted in the standard way as funains which range oveM;,
with the particularity that they actually return the singlet on set of the object, so that
to be compatible with the set machinery.

According to the term denotation de nition, any term that contains some uent can
capture uent-based disjunctive knowledge, as it propagateat term composition. For
instance in the dice example, it seems quite reasonable to geatrsucqdicg2;s))M [ ]
is f 2; 3; 4; 59 and this is what the formalism would actually do ifsucc” is interpreted as
the successor function.

The observation to be made here is thak -structures can capture uent-based dis-



junctive knowledge inherently and functional uents are tle basic elements which make
that possible.

Note also that non-simple structures need special treatment in ¢ghway the complex
terms' interpretation is treated and the uent-based disjunctve knowledge is propagated.
This is because the recursive rule that works for the simple struces would lead to
counter-intuitive behavior, when syntactically equivalehterms appear as arguments of
some complex term.

For example, consider the term

sum(dicg2; s); dicg2; )M [ ]

If sumM is interpreted as the sum function, then according to the terndenotation

de nitions 3.2.4 and 3.2.5, the interpretation of the sum tem is the intuitive one

sum(dicg2; s); dicg2;s))M [ 1= f2;4;6;8g

On the other hand, the (FOL) recursive rule for term interpreation would give

sum(dicg2; s); dicg2;s))M [ 1= 2,3:4:5:6:7;8g

It is easy to see that some of the values come from the applicatiohsumM to di erent
possible valuesf dicg2;s)M [ ]. This is counter-intuitive, as we expect the interpretatbn

of each term to rely only onone possible value for each distinct sub-term that appears in
it. In this example, we want the interpretation of the sum termnot to consider di erent
possible values for the two appearances of the tedieg2;s)M [ ]. We now proceed to

the de nition of truth for L-formulas.

De nition 3.2.6  (Truth in a structure) . For an L-formula , an L-structure M and
a variable assignment , the notion of truth in the structure M j= [ ]is de ned by

structural induction on formulas as follows:



For L-termsty;t,, Mj=1t; ty[ ]1 ty;t, are of the same sort and there exists a
simpleM %such thatM © M and t¥°[ ]= t¥°[ ]. Intuitively, this means that it

is possiblethat the two terms have the same value.
ForanL-formula ,Mj=: []i M6F [ ]
For L-formulas ; ,Mj= ~ []i Mj= [JandMj= [ ]
For an L-formula and a variablex of sorti,

Mj=9x ([ 11 Mj= (X[ (c=x]
for some objectc 2 M;.

From the de nition of truth of atomic L-formulas we see that logical connective gets
a very di erent interpretation than true equality on sets, which is nevertheless appropriate
for expressing what we need in respect to this setting of incompeknowledge. Here,
equality should be interpreted as capturing that twolL -terms arepossibly equalln some
L-structure M , which inherently captures uent-based disjunctive knowlede, that is
true when there exists some simple structur®! ®such thatM © M and interprets the
terms to be the same singleton set.

This way of de nition, that relies on the notion of simple strudure, is necessary for
a similar reason that we used it in the term denotation de nition It is necessary that
syntactically equal sub-terms are bound to the same interpretian, so that no counter-

intuitive results occur. Continuing the dice example, whenansidering
Mj= preddicg2;s)) sucdqdicg2;s))[ ] (3.1)

we want both instancesof dicg2;s)M [ ] to be bound to a single possible valuevhen
considering all possibilities for the values gireq(dicg2; s))M [ ] and sucddicg2;s))M [ ].
In this example, by considering the simple structures we prevethat (3.1) gets true, as
a result of

2 2 sucddicg2;s))M [ ] and 22 preqdicg2; s))M [ ]



Also, note that this interpretation of equality is enough for &pressing all we may need
regarding incomplete knowledge. We will see that in detail ithe next section, where
we de ne some useful macros for dealing with uent-based disjutiee knowledge and we

discuss their e ect in some examples.

We now move to the last semantic de nitions.

De nition 3.2.7  (Satis ability, validity and entailment L). Satis ability, validity and
entailmentin L are de ned in the same way as in rst order logic. Let; bel-sentences,

M an L-structure and a variable assignment.

is satisablei Mj= [ ]for someM and

isvalidi Mj= [ ]forall M and

F iforall M and ,ifMj= [ ]JthenalsoMj= [ ].

The same de nitions hold if is a set of formulas.

We are only interested in the truth of sentencesthat is formulas with no free oc-
currences of variables and we will not consider variable assigent in general. When
the variable assignment is absent, it means that it could actually be anything, withou

a ecting the results we consider.

Closing this section, it is important to note that L also accounts for general disjunc-
tive knowledge expressed by the logical connective As we will see,Lp provides nice
functionality to express exactly the kind of incomplete knovedge that it is desired. In
the next section we will see among others that there ate> properties which allow us to
do that easily. In chapter 5, we will be using these to de ne the@s that capture only

uent-based disjunctive knowledge.



3.3 Properties of Lp

In this section we discuss the behavior dfp languages. First, we focus on the non-
standard interpretation of equality in Lp languages and present some useful macros

which utilize it. Then, we proceed to showing some useful lemmabout L, semantics.

3.3.1 Lp macros and expressiveness of Lp

Here, we see three useful macros that we will be using in the nextagiters. These macros
are based on the interpretation of equality inLp as possibly equalsand capture notions
which resemble notions expressed in situation calculus theaief action and knowledge.
We discuss this non-standard interpretation of equality and tl e ect of the macros in a

few illustrative examples.

The t-formulas intend to capture all the disjunctive knowledge abut the value of a

term t.

De nition 3.3.1  (t-formula macros) If t;t,;:::;t, are L-terms then
t=[ty:t,]

is called astrong t-formula and stands for theL -formula *

8xt x x t;_ i x ot

Also, we will nd useful a weaker notion of capturing the disjundve knowledge about
the value of anL-term t.
tv [tytg]
is called aweakt-formula and stands for theL -formula

8t x! x ty_ @ x t,

1Here, we do not expand the macros for ; ;8 for the sake of readability. The actual L-sentence is
the one we get after replacing all macros according to their de nition. The same remark applies to the
de nition of the other macros.



When it is not speci ed if we are talking about a strong or weak-formula, we mean

a strongt-formula by default.

Example 3.3.1. dicq1;s) = [1;2; 3; 4] is adicg1; s)-formula, weathe(s) = [sunny; rainy ]

is a weathe(s)-formula and fl (t) = [ty;:::;t,] is afl (t)-formula.

The K macro is intended to capture the fact that there is no incomplte knowledge

about the value of anL-term t.
De nition 3.3.2 (K macro). For an L-term t, Kt stands for theL -formula

Ix t = [X]

A strong t-formula is true when the uncertainty captured by termt is exactly the
uncertainty de ned by the interpretation of terms t; appearing in brackets and note that
the terms t; need not be rigid. The strongt-formula macro can be intuitively seen as
checking or assigning a speci disjunctive knowledge \value'to a term t. The list in the
t-formula can be intuitively seen as that value.

The weak t-formula has similar e ect, it is true when the uncertainty catured by
term t is at most as much aghe uncertainty de ned by the interpretation of terms t;.
The notion that a term has a de nite value and there is no incorplete knowledge about
its value is captured by theK macro. Kt is true in a structure whent is interpreted into
some singleton set.

We rst discuss the behavior of equality and the macros we de neth regard to truth

in a structure?.

Example 3.3.2 (Satisfaction). Consider anLp languageL which includes the symbols

1, 2;3; Sp; fl of the intuitive sort and arity. Let M be anL-structure such that

fl(S)"[1=1fL2g 1M[]=f1g 2"[]=f2g 3"[]=f3g

2Here, we abuse notation a little by using the number symbols both as syntetic and as semantic
objects. The context is always enough to distinguish which notion is the intendedone



This means that there is incomplete knowledge about the vatuof fl (Sp), it could be 1
or it could be 2.

First of all, let us see in this simple setting that the logical symbl of equality expresses
that it is possible that terms have the same valu# is easy to verify that according to

the de nition of truth in a structure 3.2.6,

Mj=fl(So) 1[]andMj=fl(Sy) 2[]andMj= fl(Sy) 6 3[ ]

Note that since equality expresses that terms anaossiblyequal, we can use it in formulas
in ways which do not seem intuitive at rst glance. The previougquation actually implies

that

Mj=1fl(S) 171fl(So) 2[]

On the other hand, the strongfl (Sp)-formula macro expresses that the term on the
left hand side has exactly the disjunctive knowledge expressead the right hand side.
According to the de nition of truth in a structure 3.2.6 and the de nition of the macro

3.3.2,

M6F fl (So) = [1][ ] and M 6F fl(So) = [2][ ]

which should be interpreted as \it is not true that fl (Sp) has the value 1 (respectively
2)".

According to the same de nitions,

Mj=fl(So)= [L2[ ] and M6F fl(So) = [1,23][ ]

which should be interpreted as \it is true that the value offl (Sp) is exactly either 1 or
2 (respectively not true that it is exactly 1 or 2 or 3)".

One can view this as if the interpretations of the ternfl (Sp) and the list encapsu-
late the disjunctive knowledge into a disjunctive knowledge valuein the intuitive way.

According to this view, the previous reasoning is as follows:



If it is true that fl (Sg) has the disjunctive knowledge valugl; 2] then it is

not true that it has the disjunctive knowledge value[1], or [1; 2; 3].

In a similar way, the weak version of thel (Sy)-formula has the intuitive behavior:

MEF fl(So) v [ I Mj=1l1(So) v [12][ ] and Mj= fl(So) v [1,23][ ]

which adopting the previously described point of view is as folvs:

If it is true that fl (Sg) has the disjunctive knowledge valugl; 2] then it is

not true that it's disjunctive knowledge value isless than[1].

If it is true that fl (Sp) has the disjunctive knowledge valudl; 2] then it is

also true that it's disjunctive knowledge value idess than[1; 2] or [1; 2; 3].

Also, it is interesting to see how the notion othaving the same value with no un-
certainty can be captured inL. First we see the e ect ofK in the truth of the terms.
According to the de nition of truth in a structure 3.2.6 and the de nition of the K macro
3.3.2,

M6F Kl (So)[ ] butMj=KI1[ ]} Mj=K2[ ]} Mj=K3[]

Formula t; t, M Kty M Kt, expresses thatt; has the same value witht, with no
uncertainty. The next formula expresses that notion for termél (Sp) and 1, which is not
true in hM; i.

M 6F I (So) 17 Kfl(So) ™ K1[ ]

Note that t; t, " Kt; N Kt is logical equivalent tot; = [t;] " Kt, and t; = [t1] " Kt;.

In this example we focused on evaluating various formulas inspeci c interpretation.
We now make an important remark on the e ect of strondg| -formulas when included in
Lp theories.

For any uent symbol fl, strong fl -formulas are of special interest, as they directly

restrict the interpretation of fl and thus the uent-based disjunctive knowledge of the



theories they are part of. In the same way as in rst order logic aentencef = 1 forces
the interpretation of the function symbolf, fM to be I in all of its modelsM , here a
strong fl (Sp)-formula

fl1(So) = [1:2]

forces the interpretationfl ™ (cs,) to be 1M [ 2V, whereS}! = fcs,g. This e ect can be
generalized so that an axiom can de nél M entirely. This strong fl -formula functionality
will be used in chapter 5 to de ne theories which restrict the dijunctive knowledge of
the initial situation to be uent-based.

Until now, we focused on expressing facts about incomplete kn@abe regarding one
uent only. We now brie y discuss the expressiveness d&fp regarding general disjunctive

knowledge.

Example 3.3.3 (Disjunctive knowledge) L theories can capture disjunctive knowledge

about di erent uents in many ways. A sentence of the followingform

fl1(S) 1_fl2So) 1

expresses aveak formof disjunctive knowledge [t is possible thatfl ;(Sy) has the value
1, or it is possible thatfl ;(Sp) has the value 1). We can also express inp what in

normal situation calculus would be

fl2(So) =1 _fl2(S) =1

by the L-sentence
fl1(So) = [1] _ f12(So) = [1]

The fact that in Lp we deal with the possible values of the terms, proves to be very
important in cases where the disjunctive knowledge is propatga through constraints.
Consider the simple situation calculus theonpsc, which consists of the two following

sentences.

fl11(So) =1 _fl1(So) =2 fl2(So) = fl1(So)



This has the e ect that there are two classes of models which ssfty Dsc, one such
that both fl 1(Sp) and fl »(Sp) have the value 1 and one such that both uents have the
value 2. Note that the theory captures disjunctive knowledge kvch is not uent-based.

Intuitively, this is so, because there are no sets of possible vatufor each uent that

can have the same e ect, or equivalently this e ect cannot beaptured inside a single
(non-simple) Lp structure.

This e ect can be expressed iLp by the following theory D;.

fl1(So) = [ _fl2(So) = [2]  8xBy flx(So) x"fla(S) y! x 'y

The theory is not as trivial asDsc, because we need to talk about the possible values of
the two uents. This illustrates nicely, though, the connecton between the two uents
which according to our intuition, correctly results to disjurctive knowledge that is not
uent-based. Similar to Dsc, there are two classes of models which satisBy, one such
that both fl 1(Sg) and fl ,(Sp) have the value 1 and one such that both uents have the
value 2.

Nevertheless, we can force the disjunctive knowledge be uen&ded by losing some
information. This can be done if, instead of posing the constrati that the uents have
the same value we pose the constraint that they have thesame possible valuesThis

e ect can be expressed irp by the following theory D.

fl 1(So) = [1;2] 8x fl 2(So) x  fli(So) X

Clearly, theory D, does not express the same thing d3, but captures uent-based
disjunctive knowledge, losing the least possible information:uent fl ; has two possible
values 1 and 2 andl , has the same possible values. In this way, the uents' values are
independent andD,, is satis ed by a class of non-simple models such that both uents
are interpreted to have the possible values 1 and 2. Such a modemmarizes four classes

of simple models, one for each combination of values 1 and 2 foettwo uents.



This is important because we intend to deal with theories whiccapture uent-based
disjunctive knowledge only, so that uents are independent ahtheorem proving can be
done e ciently. Note that in general, this e ect cannot be expressed in situation calculus.
We can express that two terms have the same possible values onlyairconstructive

manner when we can identify the possible values.

The last two examples illustrate the intuition behind the desig of Lp semantics.
Even if it allows for general disjunctive knowledge that ismplied by the many models
satisfying the theory in question, there is functionality whib can force all incomplete
knowledge to be uent-based disjunctive knowledge, summarideand captured inside
the models themselvesExample 3.3.2 gives the intuition on how to restrict the inital
situation to capture uent-based disjunctive knowledge only ad 3.3.3 gives insight on
how we can de ne the successor state axioms so that this persists ih stuations. We
postpone the detailed discussion of this until next chapter andrpceed to some more
remarks about the expressiveness bf.

Even in this very simple example withfl (Sp), we can see that there are many interest-
ing and useful notions which can be expressed i, some of which cannot be captured
by the situation calculus and normal rst order logic. The intepretation of the equality
symbol aspossibly equalgrovides ways to capture notions which can be expressed only
in a modal logic setting of knowledge. One can vielvp theories as if they represent the
epistemic state of some agent and that the theorems entailed araplicity referring to
what the agentknows In what follows, we will be talking about what is known, evenfi

there is no explicitKnows element in the language.
Example 3.3.4 (Epistemic). The strong fl -formula
fl(So) = [1,2]

can be viewed as expressing that is known that the value of fl (Sp) is either one of

the options but it is not known which one Notice though, that if a theory entails this



fl -formula, it cannot entail Kfl (Sg) * fl (Sp) 1 or Kfl (Sp) » fI (Sp) 2 because that
would be inconsistent. This is becausH (Sp) = [1; 2] is a strongfl (Sg)-formula which
uses to de ne the uent-based disjunctive knowledge aboutfl . On the other hand,
the weakfl (Sp)-formula
fl(So) v [1;2]

captures that it is known that the value of fl (Sp) is either one of the options and in
general it is not known which one is the actual value (i.e. itlao allows for the possibility
that we can actually prove that one of them is the value ofl ). That is exactly what is
expressed by the formula

Knows (fl =1 _fl =2;5)
in a situation calculus theory of action and knowledge that usethe epistemic uent
Knows [SLO3].

This is something that by itself is not very important, since eve in normal situation
calculus, we can view disjunctions as implicitly being the atgnent of an appropriate
Knows formula. It is important though, if we can also express that it $ either known
that fl (Sp) has the value or it is known that it has the value 2, which in a suation

calculus theory of action and knowledge is captured by thelfowing sentence.
Knows (fl =1;s) _ Knows (fl =2;5s)
Indeed, this can be expressed ibp as
fl = [1_fl =[2]
or using the K macro
Kfl(So) » (F1(So)  1_f1(So) 2)
In fact, the notation of K macro was chosen due to this relation it has with knowl-

edge. Note, that in a similar way that Knows (fl = 1 _fl = 2;s) does not imply

Knows (fl =1;s) _Knows (fl =2;5s), fl (So) v [1;2] does notimplyfl = [1] _ fl = [2]°.

3Consider a non-simple modeM such that fIM = f1;2g



It is out of the scope of the work presented here, but it is not dicult to see that the
correlation of Lp theories and situation calculus theories with or without theepistemic

uent Knows can be made precise.

We now illustrate some issues regarding predicates ah@ behavior. First, we see a

simple example on how predicates can be modeled in solne theory.

Example 3.3.5 (Predicate emulation, dice). Suppose that a predicatelsDice (x) is
needed, which classi es which objects of the domaid are dice. We can express this in
L p using a functionisdice(x) and constants>; ? . Our theory should include a uniqueness
of names axiom for>;? and we have to use atomic formulas of the fornsdice(x) >
and isdice(x) ? instead oflsDice(x) and : IsDice(x). Furthermore, if isdice(x) is
forced to have as a value exactly one of or ? for each object in the domain, then we
need only useisdice(x) > in formulas other than the one(s) de ning it. An axiom

that de nes isdice(x) in this manner is the following.
8xisdice(x) vy (x 1_x 2_x 3P~y > : (x 1 _x 2_x 3"y ?

In some appropriate theory which includes this axiom, the fldwing formula expresses

that 1 is a possible value for all dice in the domain in the initibsituation.

8x isdice(x) >! dicdx;Sp) 1

Things get a little complicated when functions that intend b capture predicates
(like isdice(x)) mention uents as arguments. Then, we get results which do nseem

intuitive, but are nevertheless correct according to the imrpretation of equality in Lp.

Example 3.3.6 (Predicate emulation,odd). Suppose that we have a theory that includes
a de nition for the function oddx) which is intended to express the functionality of

predicate Odd(x). If the theory also includes the formula

dicg2; Sp) = [1;,2;3;4]



then, it is easy to verify that this theory entails
odddice2; Sp)) >

That is because it is actuallypossiblethat the value of dicg2; Sp) is an odd number. We
can also express that it isle nite that the value of dicg?2; Sp) is an odd number, by the
formula

8x x dicg2;Sy) ! oddx) >

or
odd(dice(2; So)) = [>]

which are not entailed by the theory.

3.3.2 Lemmas about Lp semantics

In this section, we present some lemmas about the semanticslgf which will prove
useful in the proofs we will be doing on the following chapters.

First, we see some easy lemmas regarding term interpretation. d$e are included for
clarity, since the basic semantic de nitions rely on the notioa of simple and non-simple

structure and this makes things not obvious, even for simple facts.

Lemma 3.3.1 (Variable interpretation in non-simple structures) Consider anLp lan-

guageL and an L-structure M . For any variable x and any variable assignment ,
xM[1=1 (X)g.
Proof: By the de nition of term denotation 3.2.5,

XM[1=" x"T]

for all simple structuresM °such thatM © M . By the de nition of term denotation in

simple structures 3.2.4, that is true i

[
M= f (g



for all simple structuresM °such thatM © M . Therefore,xM [ 1= f (x)g.

Lemma 3.3.2 (Term interpretation in simple structures). Consider anLp languagelL
and a simpleL -structure M . For any L-term t and any variable assignment, tM[ ]is

a singleton set.
Proof: By induction on the construction of L -terms.

Lemma 3.3.3 (Term interpretation in non-simple structures). Consider anLp language
L and anL-structure M . For any L-term t and any variable assignment, ¢ 2 tM[ ]

i there exists a simple structureM °such thatM © M and tM 0[ ]= fco.

Proof: Directly from the de nition of term denotation in simple and non-simple struc-

tures, 3.2.4,3.2.5.

Lemma 3.3.4 (Term interpretation is a non empty set) Consider anLp languagelL
and an L-structure M . For any L-term t and any variable assignment, tM[ ]is a

non-empty set.

Proof. If M is a simple structure, then the lemma follows by lemma 3.3.2. M is a

non-simple structure, then by the de nition of term denotatian 3.2.5
M [ M0 ; 0 0
t"[ 1=tV [ ]forall simpleM “such thatM ” M

It easy to see that there exists at least one such structund © so by lemma 3.3.2, the

lemma follows.

Lemma 3.3.5 (Term interpretation and atomic formulas). Consider anLp languageL
and an L-structure M . For any L-term t, variable x not appearing int, objectc of the

corresponding domain and variable assignment

Mj=x t[ (c=X]i c2tM[]



Proof: By lemma 3.3.3,c2 tM[ ]i there exists a simple structure M ° such that
MO M andtM’[ ]=fcg
That holds i there exists a simple structure M ° such that
MO M andx™ (c=x)]= tM (c=xX)]
By the de nition of truth in a structure 3.2.6, that holdsi Mj= x t[ (c=X)].

Corrolary 3.3.6 (For every term there exists a possible value)Consider anLp language
L and anL-structure M . For any L-term t, any variablex not appearing int and any
variable assignment ,

Mj=x t[ (c=X]
for somec in the corresponding domain.
Proof: By lemmas 3.3.4 and 3.3.5.

Before we move to the next less obvious lemmas, we clarify a nmda issue. In
general, whenW is an L-formula and t;t° are L-terms, then Wj!, denotes the formula
obtained by W by replacing all occurrences of by t° This can be viewed as ifV is a
function of t, W (t) and Wjl, = W(t9. We choose to use th&Vj!, notation becausew (t)
can be ambiguous with the syntax of.p.

It is easy to see that in some simple structure, the (singleton) intpretation of a term
t is the same with the interpretation oftj§,0 wheny has the same interpretation witht®
This is a straightforward fact which is true in rst order logic and therefore in simple
L p-structures which have the same behavior. In the next lemma, vwextend and prove

this notion for any L structure.

Lemma 3.3.7 (Term substitution in terms). Consider anLp languagelL. For any

L-terms t;t% L-structure M and variable assignment ,

tM[ 1= [ tj;o“"[ (c=y)]; forall c2 t™M[ ]



wherey does not appear irt;t°
Proof: By induction on the construction ofL-term t.
Base case: t is a variablex. If t°is the same variablex, the lemma is true i
M — [ M —\1- M
XM= oy [ (e=y]; c2x"[]
Otherwise, the lemma is true i
M — [ M —\\\1- oM
x"[ 1= xT[(c=y]; c2t™[]
By lemma 3.3.1, it is easy to see that in both cases, the lemma holds.

Induction hypothesis:  Assume that the lemma holds for the_-terms ty;:::; t,.

That is, for any L-term t° L-structure M and variable assignment ,

tM[]= | i [ (c=y)]; for all c2 t™M] ]

and y does not appear intq;::;ty; tC

Induction Step: We prove the lemma for theL -term f (ty;:::;t,), wheref is an

n-ary functional uent of language L. We want to prove that
[ 0
ftgnt)™ 1= f(tyst)iy™ [ (c=y); forall c2 t0V] ]
If t%is f (t1;:::;t,), then the lemma is true i
M [ M M
fltost) " [1= y [ (e=yl  c2f(tynsta)” []

By lemma 3.3.1, it is easy to see that the lemma holds.

Now we consider the case wheté is not f (t;;:::;t,). We start by the right hand

side of the equality.

RHS = [ f(tl;:::;tn)j;o'\"[ (c=y)]; forall c2 t°M[ ]



By lemma 3.3.3,
— [ Cae it°M —\\T- ; Opg O
RHS = f(ty;5ta)ly - [ (c=y); for all simpleM TM ™ M

where
tOMO

[ 1=fcg

By the de nition of term denotation 3.2.5,

[
RHS = f(ty; :::;tn)j;OM °[ (c=y)]; for all simpleM &M ° M

where

™7 1= fog
(Here, we omit the second union over all simple structuréd °: M ° M , since it
does not have any additional e ect.) Now, sincé®is not f (t1;:::;t,),

tO

M °[ (c=y)]; for all simpleM ¢M ° M

— [ 0y
RHS = f(tajy; 5t

where

tOMO[

1=fcg
By the de nition of term denotation in simple structures 3.2.4
[ M0 ; 0.pg O
RHS = " (¢ ¢); forall simpleM M~ M

where

0

GiM T (c=9] = fag, ™M 1= fog

Now, by induction hypothesis,
MO [ itOM © om0
t" 1= tij," [ (c=y]; forallc2 t™ ] ]
and sinceM %is a simple structure, the induction hypothesis becomes,

1 1= ™ T (c=y)]; for any c such that t™ ] = fog



So,

RHS = [ fM%(cy; i c); for all simpleM ®M© M
where
" 1= fag
By the de nition of term denotation in simple structures again 3.2.4,
RHS = [ f(ty; 2t 1; for all simpleM %M © M
By the de nition of term denotation 3.2.5,

RHS = f (ty;ut)M [ ]

So, we have proved that the lemma holds fdr(ty;:::tn).
Thus, induction follows and the lemma holds for all terms.

Corrolary 3.3.8 (Term substitution in terms, simple). Consider anLp languagel.. For

any L-terms t;t% simple L-structure M and variable assignment ,
M — 4:tOM —\\- oM —
[ 1=t [ (c=y]; wheret™[ ]= fcg
andy does not appear irt;t°

Note that we can view these results as substituting and not t°in a term t. This
is easy to verify if we think the termt as a function oft° as stated earlier. The above

corollary can be viewed also in the following way.

Corrolary 3.3.9 (Term substitution in terms, simple). Consider anLp languagel. For

any L-terms t;t% simple L-structure M and variable assignment,

tie" [ 1= t"[ (c=y)]; wheret™[ ]= fcg



We close this section with a remark about entailment irLp. The de nition of the
entailment relation in Lp is exactly the same as in rst order logic. Therefore, it is a

direct consequence that.p is monotonic in the following sense.

Remark 3.3.1 (Lp is monotonic) Consider anLp languagelL. For any consistent sets

of L-formulas ; such that and any L-formula ,

If E then FE



Chapter 4

DK Action Theories

In this chapter, we present theDK theories of action Syntactically, DK theories of
action are essentially the same as the situation calculusasic action theories (BAT)
in the Lp setting. Due to the non-standardL, semantics, though, the behavior of the
theories regarding disjunctive knowledge di erentiates tam from that of the basic action
theories. We will be showing that a similarregression operatoras in the basic action
theories can be used iDK theories and that a similarregression theoremholds. At the

end of the chapter, we also discuss how sensing can be treated®k theories.

The de nitions in this section extend the ones of basic actionhieories, as presented
in [Rei91],[PR99] and [ReiO1]. In particular, the regressiaimeorem proof forDK action

theories follows closely the one for basic action theories falin [PR99].

DK action theories is the basis for next chapter, where we presemtestricted version
which captures uent-based disjunctive knowledge only. Noteh@t this is a \semantic-
oriented"” way of restricting the e ect of action theories. In he light of the results in
[PLOZ2], this approach is a result of the choice taken not to syattically restrict the basic
action theories of situation calculus to achieve such an e ecbut to consider a useful
way of semantically forcing the intended behavior, so that weao achieve an e cient

way of doing theorem proving.

a7



4.1 DK Action Theories

In the DK action theories setting, therigid terms are intended to capture theobjects and
states of the domain which is represented and thaient terms are intended to capture
notions about those objects and state$he emphasis is on how disjunctive knowledge is
treated and, as we mentioned before, the intention is to deenDK theories that we can
force to capture only uent-based disjunctive knowledge.

The basic elements for ®K theory of action are the same as the basic action theories.
We will see the de nitions of thesuccessor state axionfior a functional uent symbol fl ,
as well as theaction precondition axiom for an action function symbolA, and discuss
their e ect. We start the discussion aboutDK action theories by introducing theinitial
speci cation axiom which gives some insight on issues that arise in tHep context of
possible values. These axioms will be used in the next chapter tosene that disjunctive
knowledge is limited appropriately in the initial situation.

In what follows, we will be using8x and 9% to denote 8x;:::8x, and 9x,:::9x,, for

some natural numbem which will be implicit by the context.

De nition 4.1.1  (Initial speci cation axiom) . An initial speci cation axiom (ISA) for

the n + 1-ary functional uent symbol fl is anLp-sentence of the form:

8x8y fl(x;S) vy n(xy)
where ¢ mentions only rigid terms and all its free variables are amanx;y.

The initial speci cation axiom for a uent fl is intended to force all uent terms
of the form fl (t; Sp) to a speci ¢ interpretation de ned by ¢ (x;y). Intuitively, this is
because the axiom acts like a generic strorig(%; Sp)-formula which de nes exactly the
interpretation of the uent symbol fl for the initial situation, for any structure M : it
essentially de nesfl M (€;g,) for all € whereS}! = fcs,0.

Note that uent terms are not allowed in ¢, so that to avoid ISAs to form counter-

intuitive loops in the way the values of uents are de ned. Sme examples of ISAs for



uents follow.

Example 4.1.1 (Initial speci cation axiom) . The next sentence is an ISA for the unary
uent weatherwhich states that it is de nite that the value of weathe(Sp) in the initial
situation is rainy .
8y weathe(Sy) y vy rainy
The next sentences are ISAs for the binary uentocationwhich is intended to rep-

resent the location of objects. The rst ISA states that for all oljects x, the value of

location(x; Sp) is exactly either place or place or place;.

8x8y location(x;Sy) y y place_y place_y placg

The axiom acts as a strondocation(x; Sp)-formula of the form
8x location(x; Sp) = [place; place; place]

This ISA states that for all objects x, the possible values fotocation(x; Sg) are exactly
f placqz)g.
8x8y locationx;Sg) y 9 zy placdz)

The axiom acts again as a a strontpcation(x; Sp)-formula which now captures an in nite
number of possibilities forlocation(x; Sp).

Following the notation of the dice examples we saw in chapter 3 and speci cally
example 3.3.6, the next formula expresses that all objects ihg domain which are dice,
have the value 1,2,3 or 4 in the initial situation. Note that thevalue ofdicgx; Sp) is also

de ned for the case thatx is not a dice and in that case the term has all possible values.

8x8y dicgx;Sg) y isdice(x) > (y 1y 2y 3y 4) _isdice(x) ?" true

The successor state axiom for the uents has the same syntax as in lwasiction

theories.



De nition 4.1.2  (Successor state axiom)A successor state axiom (SSApr the n+1-

ary functional uent symbol fl is anLp-sentence of the form:

8Xy; 1, 8%,8a8s8y fl (Xq;::;;xn;do(a;s)) vy f1(Xy i Xn Yy a;s)

where is a formula uniform in s and all its free variables are amongy; :::; X,; a;S.

Note that in Lp, this standard successor state axiom syntax also achieves a similar
closure e ect as the strong| (t)-formula macro. In the same way that the ISA of a uent
de nes its possible values for the initial situation, the SSA dees its possible values for
all the rest of the situations.

In basic action theories there is one valugsuch thatfl (x%; s) = y for each instantiation
of %; s and the universal quanti cation for y has the completeness e ect that the atomic
formula fl (%;s) = y is not true for any othery. Here, there are possible many values
y such that fl (x;s) vy for each instantiation of ;s and the quanti cation of y has
also the e ect that for each instantiation ofx; s, the interpretation of fl (x; s) is speci ed
constructively in the same way a strondl (x; s)-formula would do it.

Note also that the successor state axiom does nelate the value of the uent between
the two situations, but merely de nes the possible values for the next situation. As
discussed also in chapter 3 in example 3.3.3, this is weaker thdrete ect of successor
state axioms in situation calculus, but we appeal to it becauseénsures that the successor
state axiom preserves uent-based disjunctive knowledge.

It is interesting to examine the interpretation offl (t; do(A; S)), when the arguments
of fl also capture disjunctive knowledge. This may be disjunctive knvledge about the
value of some arguments, as well as disjunctive knowledge about the action performed
A. In both cases the possible values for the uerfi are treated by the semantics in the
standard way.

We explore further these remarks in the following detailed exnples.



Example 4.1.2 (Successor state axionglice(t;s)). The following sentence is a SSA for

uent dicdt;s).

8x8a8s8y dicgx;do(a;s)) vy a rollDice(x)"(y 1.y 2.y 3.y 4
_ a setDiceValueTd(x)"y 1

_ . (a rollDice(x) _a setDiceValueTd(x))"y dicgXx;s)
This SSA is intended to force the following behavior for thealue of dicet, dicgt; do(A; s)).

When an action A %' rollDice (t) is performed at situation s, then the possible

values fordicet; do(rolldice(t); s)) are exactly 1,2,3 or 4.

When action A &' setDiceV alueTd(t) is performed at situation s, then it is

de nite that dicgt; do(rolldice(t);s)) has the value 1.

When the action performed ins is none of the above, then the possible values for

dicgt; do(rolldice(t); s)) are exactly the possible values ddicgt; s).

We can see that the disjunctive knowledge regarding the valué a uent can both
become more specic (e.g. by actiorsetDiceV alueT d (x)) and less specic (e.g. by
action rollDice (x)), depending on the form of the SSA.

It is interesting to see the e ect of the SSA when there is disjutiwe knowledge
captured by the terms appearing in the uent term in question.The arguments' disjunc-
tive knowledge is propagated to the disjunctive knowledge abt the possible values of
dicgt; do(A; S)) in the standard way the semantics de ne. In detail, accordig to the
de nition of term denotation 3.2.5, the interpretation of dicet; do(rolldice(t); S)) is the
union of the interpretation of the term for all simple structures. Even if sometimes there
is no clear intuition about what the results should be, we clainthat the results this
formalism entails are intuitive.

Suppose that the theory entails

dicg1;S) = [3]; dicd2;S)= [4] and t = [1,;2]



Then it also entails

dicdt; S) = [3;4]

which is what we expect for the possible values dfcegt; S). We get similar results when
action A captures disjunctive knowledge. In this case, though, a ligl more thought
is needed in order to see that the results are indeed intuitiveln the same setting, we
consider actionA ®" setDiceV alueT d(t). Then, according to the SSA about uentfl,

the theory also entails
dicqt; do(setDiceV alueT d (t); S)) = [1]

but also

dicg1; do(setDiceV alueTd(t);S)) = [1; 3]
dicg2; do(setDiceV alueTd.(t); S)) = [1;4]

We do expect that it is de nite that the value of dicet is 1 after performing actionA,
since, regardless of which dicerefers to (1 or 2), after the action is performed, its value
will be 1. On the other hand, regarding dice 1, we expect that has two possible values:
one because it is possible that actioA refers to that dice and therefore its value is set
to 1, and another one because it is possible that the action doestnefer to that dice
and so its value remains the same, 3. The same argument appliesdize 2.

Following similar reasoning it is not di cult to verify that th e theory also entails the

following results.

dicqt; do(setDiceV alueTd.(1); S)) = [1,;4]
dicg1; do(setDiceV alueT d.(1); S)) = [1]

dicq?2; do(setDiceV alueTd (1); S)) = [4]



Example 4.1.3 (Successor state axiompcation(t;s)). The following sentence is a SSA

for uent locatiorn(x;s).

8x8a8s8y location(x;do(a;s)) vy a moveTolocatior(x;y)

‘9 za moveTolLocation(x;z) ™y location(x;s)

This SSA is intended to capture the possible values for the |agan of any object x. In
this simple form, it states that the location of an object remais the same, unless there
is a moveT oLocationaction which involves that object. In that case, the object'snew
location is the one mentioned in the action. As in the previousxample, the possible
disjunctive knowledge about the arguments of the uentocationis propagated appropri-
ately.

The successor state axioms ibhp have a non-standard e ect which is easy to identify
when they are context-sensitive Consider the following SSA for uentlocation(x;s)
which, instead of actionmoveT oLocatior(x;y), includes the actionmoveT oObjectx; y).

This action captures that objectx is moved to the location of objecty.

8x8a8s8y location(x;do(a;s)) y 9 za moveToObjectx;z)”y location(z;s)
9 za moveToObjectx;z)*y location(x;s)

Unlike situation calculus, it is not the case thatthe value of the location of the one

object is the same as the valuef the location of the other, in the resulting situation

after a moveT oObjectaction. Instead, when there is anoveT 0Objectx;y) action, it is

the possible value$or the location of objectx that are the same. For example, suppose

that the following hold for the initial situation.
locatiorn(boxl; Sp)) = [room1]

location(boxX2; Sp)) = [rooml; room2; room3|

Then, according to the previous successor state axiom,

location(boxl; do(moveT oObjectboxl; box2); Sp))) = [rooml; room2; room3]



This is one of the key features in the behavior d)K action theories. As mentioned
before, this keeps the disjunctive knowledge uent-based, ioontrast to the situation
calculus behavior. In a similar way as we saw in example 3.3.8jg SSA fails to capture
that the actual values of the uents should be the same. In this ay, in the resulting
situation, both of the uents can haveany of the possible valuewhich is something that
can besummarizedin an Lp structure utilizing the uents' interpretation to sets and
the cross-product-like behavior for the possible values. On themtrary, the e ect that
a situation calculus SSA captures, rules out some of these posgiieis so that only the
ones that the uents have the same values persist. This e ect caot be summarized in
an Lp structure and expresses a form of general disjunctive knowledgaich we intend

to avoid.

Before moving on to the next de nitions, there is last remark onsuccessor state
axioms and the dynamics of the possible values. A SSA is essenyiallset of rules which
de ne, for each possible value of a uentl in situation s, what the next possible value(s)
should be in situationdo(a;s). In this way, the SSA de nes all the possible values for
fl (x;dda;s)). Note though, that fl (x%;s) and fl (x;dda;s)) are two terms that are
only related through the SSA and apart from that they are treged by the semantics
as two di erent and independent entities. This can result in conter-intuitive behavior
when both terms appear in the same formula, as the semantics &akito account any
combination of possible values for the terms, even if they may nhbe justi ed by some
rule of the SSA. We do not discuss this in detail and we note that loes not a ect our

results, as we focus on formulas which are uniform in some situaitis.

The action precondition axiom is a little di erent than in basic action theories, as

hereP ossis a function symbol.

De nition 4.1.3  (Action precondition axiom). An action precondition axiom (APA) for



the n-ary action function symbolA is anLp-sentence of the form:

8X1; i1 8X,8s8y PosqA(X1;::55Xn);S) Y AlXy i Xns) Ny >

a(X X s)hy ?

where A is a formula uniform in s that does not mentionP ossand all its free variables

are amongxs; :::; Xn; S.

As we saw in section 3.3 and speci cally in examples 3.3.5, 3.36e atomic formulas
involving uents which emulate predicates need some atterdn. We discuss that for the
case ofP ossin the next examples. Note also that for reasons that will becoméear in
chapter 5, we appeal to action precondition axioms which use and ? as presented in
the de nition, so that all possible values forP oss are always exactly at most> and ?.

An APA of the form

8X1; 111 8Xn8s POosSqA(Xy; i Xn);S) > A(X1; 5 X0, S)

does not ensure that there are at most two possible values fBoss

Example 4.1.4 (Action precondition axiom). The following sentence is a very simple
precondition axiom for actionrollDice (x) which is intended to capture that the action
can be performed, if the agent is holding object in situation s and that object is in fact

a dice.

8x8y PosqrollDice (x);s) vy AlX;9)Ny > A(X;s)My ?

where

a(Xx;s) isdice(x) >” holdindx;s) >

This APA relies on some appropriate de nition of the function synbolsisdice(x) and

holdindx; s) so as to emulate predicate functionality (see discussion on exgl@ 3.3.5).



Note that like all atomic formulas inLp, PosqA;S) > expresses thatt is possible
that action A can be performed in situationS. This is important when the action term
A captures disjunctive knowledge. In that case we can distinguidietween saying that
it is possiblethat the action can be performed and thatt is de nite that the action can

be performed.

Example 4.1.5 (Action precondition axiom 2). Suppose that the theory entails
t=1[12]; isdice(l) > ; isdice(2) >

holdindisdice(1);S) > ; holdindisdice(2);S) ?

and actionrollDice (t) is performed at situation S. Then the theory also entails
PosqrollDice (t);S) >

as it is indeed possible that the action can be performed. We caso express that the

action can de nitely be performed by the next sentence
8aa rollDice(t)! Posqa;S) >
which is not entailed by the theory, as actiorrollDice (2) cannot be performed.

There is one more set of axioms we need to specify, before we gethe de nition
of DK action theories, thefoundational axioms for situations This is de ned in [Rei01]
using a second order logic axiom and has the e ect of limiting thsort situation to the
smallest set containingSy and closed under the application of the functiordo to an
action and a situation. Here, instead of the second order axiom,ewprefer an in nite
rst order axiomatization for situations. This choice is made lecause we nd that it
would be complicated and maybe unclear to talk about seconddar L languages, as
Lp semantics are non-standard in many ways. Note, that this in niteset of axiomsis
not equivalent with the second order onéut has the intended e ect for the formulas we

will be dealing with.



De nition 4.1.4  (First order foundational axioms for situations) The rst order foun-

dational axioms for situations are the countable in nite serénces, summarized by the

following induction schema for anyl -formula

8s (s)*8a8s® (sH! (doa;sh)!8 s (s)

and the following formula:

8a;8a,8s:8s; do(a;;s;) do(ag;sy)! ar axsy S

DK action theories are de ned similarly as the situation calculsi basic action theories.

De nition 4.1.5 (DK action theories) Let L be anLp language. ADK action theory

D for L is a collection of axioms of the following form:

D= [D ssalD apa [D una [D s,
where
are the (rst order) foundational axioms for situations.

D ssa IS a set of successor state axioms for the functional uents. The sa&ciudes

one SSA for each functional uent symbol irL.

Dapa is a set of action precondition axioms for the action functiosymbols. The

set includes one APA for each action function symbol.
D una is the set of unique names axioms for actions function symbols.

D g, Is a set ofL-sentences that are uniform inSy,. Dg, will function as the initial
theory of the world, before any actions are executed. Folling the standard naming
conventions in the literature, we will often callDs, as the initial database. Note

that the incomplete knowledge that the initial database capires can be restricted



according to our needs using initial speci cation axioms or gnsentences uniform

in Sp. *

Furthermore, D must satisfy the following functional uent consistency propery. For

eachn + 1-ary uent fl

Duna [D s, F 8a8s8x1;:::;8X,9y 11 (X155 Xn; Y; @, 9)

The functional uent consistency property is su cient for preventing a source of
inconsistency in the successor state axioms. Note that, unlike the d»@ action theories,
here is only needed that there existsomevaluey for each uent for each situation and
not that it is also unique. This is a result of dealing with the pasible values of the

uents.

4.2 Regression in DK Action Theories

In this section we discuss regression IDK action theories. We will see that the syntac-
tic regression operator is similar to the one used in basic actiohdories and that the
corresponding regression theorem holds.

The basis of the regression operator fdDK action theories is the same as in basic
action theories but needs some tuning due to the non-standanderpretation of equality
and terms. Similarly, the structure of the regression theorem pof for DK action theories
is the same as the one about basic action theories, but since som@stef the proof are
not trivial in Lp, we need to prove some helping lemmas. The essential di erences ha
do with the treatment of functional uent symbols and the notion of possible values. We

now move on to the necessary de nitions.

1we will see more about limiting the initial database using ISAs in the next chapter, where we discuss
about implementing DK action theories in Prolog.



Regressable formulas and the regression operator are de ned $amy as in basic
action theories. Also, in what follows, we will be using thdo([as; :::; a,]; So) notation for

situation terms.
De nition 4.2.1  (Regressable Formula) An L-formula W is regressabld

Every term of sort situation mentioned byW has the formdo([as; ::;; an]; Sp) for

somen 0 and for termsay; :::; a, of sort action.

The function symbolP ossappears only in atoms of the formrPosy ;S ) t, where

has the formA(ty;:::; t,) for somen-ary action function symbol A of L.

W does not quantify over situations.

De nition 4.2.2  (Prime functional uent term). A uent term is prime i it has the
syntactic form fl (t; do([as; ::;; an]; Sp)) for n 1 and each of the termstaq;:::;a, IS
uniform in Sq.

As proved in [PR99], any regressable uent term mentions a primiinctional uent

term.

We now move to the de nition of the regression operator fobK theories. It is easy
to see that the main idea is the same as in basic action theories;etloperator is only

tuned to comply with the L, semantics of possible values.

De nition 4.2.3  (Regression operator) For a DK action theory D of someL p language
L and a regressablé -formula W, the regression operatorR is de ned by induction as

follows:

W is a regressable atomic formula. Then it is of the formy,  t,. We consider all

the possible cases fan; t,.



1. W is such that Sy is the only term of sort situation (if any) mentioned int4; t».
Then,

R[W]= W.

2. ty;t, are situation terms, soW is do([a; :;;am]; So)  do([al; ::x; &0); So) for
somem;n. The casem = n=0is covered by 1. fIm=n 1, then
RW]=R[aa a"::"a, al
Otherwise, ifm 6 n, then

R[W] = false.

3. W is a regressablé® oss atomic formula of the form PosqA(t);S) t% By
the de nition of DK action theories, 4.1.5, there must exist irD an action
precondition axiom for A of the following form:
8x%8s8y PosqA(x%);s) VY A(X9) Ny > A9y ?

Without loss of generality, assume that all quanti ers (if any)of A (%;s) have

had their quanti ed variables renamed to be distinct from thefree variables

(if any) of PosqA(1);S). Then,

R[W] = R[9%;:::9x,9a v Xi tita A(%

NOAGS)MY > 0 A9 2 )]

Here, the regression operator replaces thossatomic formula by a logically

equivalent formula (in the context of theoryD) and regresses the resulting
formula. Note that we pick xy;:::; Xn; a to be variables that does not appear

free inW;t A;S.

4. W mentions a term of the formfl 4t% do(A% S%) for some functional uent
fl ©. Then, according to de nitions 4.2.1 and 4.2.2fl {t°% do(A% S9) mentions
a prime uent term fl (t;do(A;S)). By the de nition of DK action theories,
4.1.5, there must exist inD a successor state axiom foil of the following
form:

8x8a8s8y fl (x;dda;s)) vy a6y, a9



Without loss of generality, assume that all quanti ers (if any)of A(%;y;a;9
have had their quanti ed variables renamed to be distinct frm the free vari-
ables (if any) offl (t;do(A; S)). Then,

R[W] = R[9x1:::9xn9a9yv Xi tt~a A

Noaltysa; S)n Wiy TR

Note that we pick Xi;:::;Xn; a;y to be variables that do not appear free in
W;t A;S. Like the previous step, the regression operator replac®é by a
logically equivalent formula (in the context of theoryD) and regresses the

resulting formula.
R[W]=:R W]

R W Wo] = RIW1] MR [Wo]
R [9XW] = 9XR[W]

We now move on to prove that this regression operator has the amnded e ect in
the Lp setting and DK action theories. In order to do that, we follow the proof of
the regression operator for basic action theories. The non-staard interpretation of
Lp-terms poses some complication and in order to apply that prgofve need to prove
the functional uent regression principle and the P oss regression principle

This is basically the proof that the regression operator replas the atomicP oss
formulas and the functional uent terms with logically equialent sentences. Due to the

non-standard behavior of the uents inLp, it is not obvious that it is correct.

Lemma 4.2.1 (Functional uent regression principle). Consider anLp languageL, a
DK theory D and a regressable atomit -formula W which mentions the uent term
fl (tq;::;ty; do(A; S)). By the de nition of DK action theories, 4.1.5, there must exist in

D a successor state axiom fol of the following form:

8x8a8s8y fl (x;doa;s)) vy 16y, as



Without loss of generality, assume that all quantiers (if any)of ¢ (x;y;a;9 have
had their quanti ed variables renamed to be distinct from th&ee variables (if any) of
fl (t;do(A;S)). Then,
A
DiEW 9 x1:9%,9a9s9y  xi tha A" A(ty;aS) "~ Wi (FeMS)

Note that we pickxy;:::; Xn; a;y to be variables that do not appear free W;t A;S.

Proof: W is atomic, so it is anL-formula of the formt; t,. Let M be an arbitrary
L-model and variable assignment such thatM j= D[ ]. By the de nition of truth in a

structure 3.2.6,M j= W] ]i there exists some simple structureM ° such that
M®° M and M°%E W[ ] (4.1)

SinceM is a simple structure and by lemma 3.3.2 about the interpretadin of terms in

a simple structure, the interpretation offl (t; do(A; S)) is a singleton set,
fl (t; do(A; S)M T ] = fcg; for somec

By applying twice the corollary 3.3.8 for the termg; fl (t; do(A; S)) and t,; fl (t; do(A; S)),

we get that (4.1) holds i there exists some simple structuré/ ° such that
0 . 0; +fl (tdo(A;S —
M® M MOE WjjERESIT (c=y)]

where

fl (t do(A; S)M°[ ] = fcg; for somec

By the de nition of truth in a structure 3.2.6 and lemma 3.3.3,that holds i
Mj= Wi CCASI (c=y)]; and ¢ 2 fI (t; do(A; S)™ [ ]
By lemma 3.3.5, that is true i

M j= Wjfl CAS[ (c=y)] and M j = fl (do(A;S)) Y[ (c=y)] (4.2)



for somec in the corresponding domain.
By corollary 3.3.6 we also get that,
Mj=x t[ (g=x)]
Mj=a A[ (ca=a)]
for somec,; :::; Gy; Ca in the corresponding domains. So, since we carefully chase:::; x,; a;y
to be variables that do not appear free inWW;t, A; S, (4.2) holds i
M j = Wij FCASIT (c=y)(G=x )(ca=a)]
Mj=fl(tdo(A;S)) vy [ (c=y(c=x)(ca=a)
Mj=x ti [ (c=)(G=x)(ca=a)]
Mj=a A (c=)(g=x)(ca=a)]

for somec; G; :::Cy; Ca in the corresponding domains.

(4.3)

Now, sinceM j = D, then?
Mj= 8x8a8s8y fl (x;do(a;s)) vy a6y a9 ]
and by the de nition of truth in a structure 3.2.6,
Mj= fl (x;dda;s)) vy n(xy;a;9[ (d=y)(d; =X )(da=8)(ds=9)]

for all d;d;d,;ds in the corresponding domains. Therefore, this also holds for= c,

d = ¢, da= cy and ds = cs, whereSM [ ] = fcsg
Mj=fl(x;dda;s)) vy n(y;a 90 (c=))(G=x)(cs=5)(Ca=a)]
or equivalently
Mj=fl(x;doa;S)) vy 1 (%Y 90 (c=)(g=x)(ca=a)]

Therefore

Mj=fl(xddaS)) yI[ (c=y)(g=x)(ca=a)]

2Note that we may need to do some change of variable names in order for the SSA to qutify over
the same variables &; a; s;y), but this is not a problem.



Mj= n(y;a9[ (c=Y)(G=X )(ca=3a)]

So, (4.3) holds, i

Mj= Wiy CRASIT (c=y)(g =x)(ca=a)]
Mi= n(xy;a9[ (c=)(g=x)(ca=a)]
Mj=x ti[ (c=0)(g=x)(ca=a)]
Mj=a AT (c=)(g=x)(ca=a)]
for somec; q;:::G,;ca in the corresponding domains. By the de nition of truth in a

structure 3.2.6, that is true i

AN

Mj= Xi A ij (tdo(A;S)) A aGcy;a 9t a A (c=)(G=x)(ca=a)

for somec; c; :::c,; ca in the corresponding domains. By the same de nition, that is tre
i
N

Mj=9x;:19x,9a%y X t;ha AN q(6y;,9" ijyl(r,do(A;S))[ ]

So,

N

Mj=W 9 x;::9x,989y Xxi tra A" q(xy a9~ Wi EOASI ]
SinceM is an arbitrary model which satis esD, the lemma holds.

Lemma 4.2.2 (P ossregression principle) Consider anLp languagel, a DK theory D

and a regressable atomit -formula W of the form PosgA(t);S) t°% By the de nition

of DK action theories, 4.1.5, there must exist irD an action precondition axiom forA

of the following form:

8x8s8y PosqA(x);s) Y A(X9)Ny >0 A9y ?

Without loss of generality, assume that all quanti ers (if anypf A(%;s) have had their

quanti ed variables renamed to be distinct from the free varides (if any) of P osgA(1); S).



Then,

. \Y
DEW 9 x::9%,9a  xj tiha A(%
NoA(S9) M0 > A(S) M0 2?2 ]

Note that we pickxy; :::; X, ; @; to be variables that do not appear free iW.

Proof: The proof procedure is similar to the proof of the functional uent regression

principle 4.2.1.

The proof of the regression theorem is done by induction andex(W) for a formula
W. index(W) is exactly the same as in [PR99] except for that it does not agant for
atomic sentences of the formty @t,. Intuitively, it is de ned so that to give precedence to
the regression oP ossatomic formulas, then situation atomic formulas and then reggs-
sion of functional uents starting from the primal uent terms. We copy the de nition

here, for completeness.

De nition 4.2.4  (index(W)). Consider the set of all countably in nite sequences
of natural numbers with a nite number of non-zero elementsrad the following reverse

lexicographic order relation on this set:
(1 20 (% $uniforsomem; < % andforaln>m; ,= ¢

( ; ) is well founded with minimal element (0,0,...). Next, let2 be the set of all 2-
tuples of natural numbers. We overload the relation by de ning a reverse lexicographic

ordering on2:
(Mmy;mz)  (N;nz) i my<nzormy=nz;andmy<n;
Finally, we overload again to de ne an ordering on 2:
(:f) (°%f9%i f<f %rf=fand < °

Therelation on  2is well founded with minimal element ((0,0,...),(0,0)) andherefore

can serve as a basis for an inductive proof.



For n 0, we de ne thelength of the situation term do([as; :::; a,]; Sp) to be n. Also,
wheneverg(ty;:::;;t,) is an L-term, ty;:::;t, are said to beproper subtermsof g(ts; :::; tn).
An occurrence of a situation term in arL -formula W is maximal i its occurrence is not
a proper subterm of some situation term.

Now, given a regressable formuls/, we can de ne theindex of the formula
index(W) = ((C; 1; 2::);(P;E))
where
C is the total number of connectives and quanti ers mentionedh W.

For m > 1, . is the number of occurrences iW of maximal situation terms of

length m.

P is the number of atoms of the formrPosqA;S) > orPosqA;S) ? andE is
the number of atoms of the formS; S, mentioned inW, whereS;; S, are terms

of sort situation.

The proof of the regression theorem is by complete induction ahe index of regress-
able formulas, relative to the ordering . As we mentioned earlier, we follow the proof
of the regression operator for basic action theories as in [PR98uned to comply with

Lr and using the necessary lemmas 4.2.1 and 4.2.2 which we provethia section.

Theorem 4.2.3 (Regression theorem) Consider anLp languageL. SupposeW is a
regressablel -formula and D is a DK action theory of L. Then, R[W] is a formula
uniform in Sy and

DEW R [W]:
Proof: By complete induction on the index of regressable-formulas W, index(W).

Base case: When the index is ((Q0;::);(0;0)), then W is an atomic formula

uniform in Sy which does not mentionP oss or equality between situation. By the



de nition of the regression operator,R[W] = W and it is easy to see that the

theorem holds.

Induction hypothesis:  The theorem holds for all regressable-formulasW such

that ((0;0;::2);(0;0)) index(W)

Induction step: We prove the theorem for formulaw such that index(W) =

Following the de nition of the regression operator, there ar¢he following cases:

W is a regressable atomic formula that mentions equality betweesituations.
In other words W has the form do([ay; :::; am]; So) do([a?;::;; ;' So), for
somem;n.

fm=n=0,then WisS, Sy soR[W]= W and the theorem holds.

If m6 n, then R[W] = false and E W false, so the theorem holds.

If m=n 1, then

FW a &7r:ra, a (4.4)

Moreover, a; a‘{ NN an a% is regressable and has some index v.
Therefore, by induction hypothesisR[a; a2” :::” a, a%] is uniform in

Sy and

0

D a & 0 0

Noifhan a) R [a ahinfra, &l (4.5)
The theorem follows from (4.4) and (4.5).

W is a regressablé oss atomic formula of the form PosgA(t);S) t% By
the de nition of DK action theories, 4.1.5, there must exist irD an action

precondition axiom for A of the following form:
8x8s8y PosqA(x%);s) Y A9y >_1 aA((9)nNy ?

Without loss of generality, assume that all quanti ers (if any)of A (%;s) have

had their quanti ed variables renamed to be distinct from thefree variables



(if any) of PosqA(1);S). Then, by the de nition of the regression operator

R[W] = R[W (4.6)

whereW?is

N
9x:9xn9a X tifa AGON ANt > 1 A9 t° 2
Note that we pick x1;:::; X,; @ to be variables that do not appear free inV.

According to the P ossregression principle 4.2.2,
DiEwW W° (4.7)

Now, W?is uniform in S and in particular it does not mention P oss nor it

mentions equality between situation terms. Therefore,
index(W9%  index(W)

Furthermore, becauseW is regressable andV? is uniform in S, W°is also
regressable and by so by induction hypothesR[W?9 is a formula uniform in
Sy and

Dji=W° R WY (4.8)

The theorem follows from (4.6), (4.7) and (4.8).

W is a regressable atomic formula that mentions a term of the form
fl (t% do(A% SY) for some functional uent fl © Then, according to de nitions
4.2.1 and 4.2.2f1 t°% do(A% SY) mentions a prime uent term fl (t; do(A; S)).
By the de nition of DK action theories, 4.1.5, there must exist ilD a successor

state axiom forfl of the following form:
8x8a8s8y fl (x;dda;s)) vy n(xy a9

Without loss of generality, assume that all quanti ers (if any)of A(%;y;a;9
have had their quanti ed variables renamed to be distinct frm the free vari-

ables (if any) of fl (t;do(A;S)). Then, by the de nition of the regression



operator
R[W]= R[WY (4.9)

whereW?is

AN

Ox1:::9%x,9a9%y x; ti*a AN A(ty;a;s)/\wjfyutdo(A;s»

Note that we pick Xy;:::;X,; @;y to be a variables that do not appear free in

Wt A;S. According to the uent regression principle 4.2.1,
DiEW W° (4.10)

( ty;A;S) is uniform in S and in particular, it does not mention P oss
or equality between situation terms, or the function symboldo. Also,

fl (ty;A;S) is a prime functional uent term. Therefore,
index(W9  index(W)

Furthermore, WP is regressable becausd' is and W?is uniform in S, so by

induction hypothesis,R[W9 is uniform in Sy and
D= W° R [W9 (4.11)

The theorem follows from equations (4.9), (4.10) and (4.11)

W is a regressable formula of the formV = : W;. By the de nition of the
regression operator,

R[: Wi] = :R [Wi] (4.12)

Clearly, index(W;) index(W) and formula W, is regressable. So, by induc-

tion hypothesis, R[W;] is uniform in S and

DF W; R [W4]

Therefore,

D j: W R [W]_]



and by (4.12)
Dj: W; R [: Wl]
and the theorem holds.

W is a regressable formula of the forrdv = W; ~ W,. Then,
R[W1 " Wo] = R[W] "R [W;]

and the theorem is proved similarly, as in the case whek&¥ = : W;.

W is a regressable formula of the formdv = 9vW,. Then,
R[OVW] = 9vR[W]
and the theorem is proved similarly, as in the case whek = : W;.

So, we have proved that the theorem holds for all the possibleses forW.

Thus, induction follows and the regression theorem holds.

4.3 Sensing and DK Action Theories

We now brie y discuss the issue of sensing iDK action theories. Lp and DK action
theories are de ned in such way that the sensing approaches fatusition calculus found in
the literature can be incorporated in a straightforward maner. The approach presented
in [Lev96] is based on an epistemic uerk which models the fact that the agent is unsure
about which situation it is in and the use of a special predicat8 F which captures the
e ect of a sensing actiona in some situations.

Nevertheless, the intention is to usé p theories to model the epistemic state of the
agent and therefore the e ect ofSF should a ect what the theory entails and not some
other epistemic uent. Using intuitions from [SLO3], we present simple way to treat
sensing inDK theories with the use of a functionSR(a; s), which expresses the sensing

result of the actiona in situation s.



All sensing actions are actions are of the forreensegfl (t)). This is intended to be
the action that senses the value of some uerfl (t;s) at some situations that the action
is performed. This action, instead of a ecting some epistemiauent K , it directly a ects
the possible values of the sensed uent. A simple way to do that is et sensing actions
a ect the value of the uents in the same way as the non-sensing thans do, by setting
their value to the sensed inputThis is similar to the approach used in *Golog languages
[LRL*97], [DGLLOO], [DGL99].

Furthermore, because of the similarity with regular actions, @ chose to embed the
sensing actions into the successor state axiom. The successor stateraxior some uent

fl has then the following form:
8x8a8s8y fl (x;dda;s)) vy n(xy a9

where g is

a a,"N::

_a sensdf (%)) "y SR(a;s)

Note that similarly to any other action, there is no restrictionon what the next value
of a uent can be. What we know about a uent in some situations does not a ect
its possible value after some action, sensing or not. So, the sensinght increase or
decrease the number of possible values, make the value precise akerit even unknown,
depending on the type of sensing.

This simple approach is problematic in the sense that the sensingsults cannot be
used to reason about the situations before the sensing occurred. sénsing action has

more the e ect of asetting action, which sets the disjunctive value of a uent to the sensed



one. Nevertheless, our intention is to useK theories of action which are carefully de ned
so that to capture only uent-based disjunctive knowledge. In sth theories, the uents
are essentiallyindependentand therefore such backward reasoning would not contribute
to proving anything about other uents in previous situations, but only that the sensed

value of the uent \persists" in the past.

Example 4.3.1 (Sensing) Consider the SSA for uentlocatiorn(x; s) we saw in example

4.1.3, tuned to include the sensing actiosensglocation(x)).

8x8a8s8y locatior(x;do(a;s)) vy a moveTolLocatior(x;y)
_a sensdlocation(x))*y SR(a;s)

_:(9za moveTolLocatior(x;z) _a sensglocation(x))) ~y locatior(x;s)
Like example 4.1.3, suppose that the following hold for the il situation.
location(boxl; Sp)) = [rooml]

location(box2; Sp)) = [room1; room2; room3|

Then, according to the previous successor state axiom,
locatiorn{boxl; do(moveT oObjectboxt; boxX2); Sp))) = [rooml; room2; room3|
Now suppose that the sensing actiosensglocation(box2)) occurs with the sensing result
SR(sensglocation(boxX2); do(moveT oObjectboxl; box); Sp))) = [room3]
Then, for the resulting situation
s % do(sens€location(box2)); do(moveT oObjecthoxl; boxX2); Sp)))
the successor state axiom entails

location(box2; S)) = [room3]



but

location(boxl; S)) = [room1; room2;room3]

The way sensing is treated here is simple but can represent a larggiety of domains
in terms of dynamics. Even if it is restricted in sensing the valuef some uent, there
are ways of encoding other sorts of sensing into that, as for expl®m sensing whether a
uent's value has some property. Also, sensing involving many uds is broken down
into sensing each of the uents involved.

We close this section saying once more that@K action theory with sensing is not
intended to model the real world too. It models only the epistaic state of an agent
and the sensing of the real world is intended to happen by direatteraction with it.
The sensing results are intended to be acquired by the real warldnline” and whenever
needed, augmenting properly the initial theory withSR atoms. DK theories with sensing
are intended to be implemented into frameworks like Indigoh and theSR functionality

is intended to be provided by real sensors which interact withhe world in real time.



Chapter 5

Implementation of DK Action

Theories

This chapter presents a method for soundly implementing a spatiform of DK action
theories in the logic programming language Prolog. The soumess of the implemen-
tation relies on the embedding ofLp in situation calculus and the soundness of the
implementation of a special form of situation calculus basic aien theories, as presented
in [Rei01].

In section 5.1, we de neE-normal form which is a syntactic normal form forLp-
formulas, such that in each atom there is at most one appearancétbe symbols that
need special attention for the implementation. These are theuent symbols and the
function symbols which intend to capture predicate functioality which we call predicate
function symbols We de ne a transformation for the syntax and semantics of.p to
situation calculus and prove that for theories and formulasi E-normal form, entailment

in Lp can be reduced to entailment in situation calculus.

In section 5.2, we de ne theclosed formDK action theories as the analog of the
restricted situation calculus basic action theories which cabe soundly implemented in

Prolog, as presented in [Rei01]. These carefully de ndd> theories capture uent-based
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disjunctive knowledge only and moreover, according to the deed transformation, they

are embedded in situation calculus as appropriate basic aatidheories such that the
implementation theorem[Rei01] for sound implementation in Prolog applies. In this wa
we getthe implementation theorem foIDK action theories which states that closed form
DK action theories can be soundly implemented in Prolog.

The last section presents a simple example of implementing suclb& action theory
in Prolog and also discusses how this can be done in the Indigolagniework using
Indigolog primitives.

We close this short summary of the technical work that follows, wh a general re-
mark about the limitations of the theories we consider in thichapter. Closed formDK
action theories are very much restricted in a similar way thathe basic action theories
implemented in Prolog are, but at the same time they essentiallgxtend the situation
calculus basic action theories to account for uent-based disjctive knowledge. This
is achieved through the treatment of possible values and the mna@tion is that since
such theories capture only uent-based disjunctive knowledgéhey allow for an e cient

implementation.

5.1 Embedding Lp in Situation Calculus

In this section we will be showing howLp can be embedded in the situation calculus.
We focus onL p -formulas of a speci ¢ syntactic normal form which is appropate for the
implementation theorem we will be proving in the next section

Starting from the fact that Lp semantics rely on the simple structures for the evalu-
ation of atomic formulas, the next two lemmas show how to constctilogical equivalent
formulas which syntactically illustrate this property. This is done by \unpacking” the
nested uent-terms. What follows is essentially a generalizain of two properties which

we used in the uent regression principle proof, 4.2.1.



Lemma 5.1.1 (Possibly equals) Consider anLp languageL. For any n-ary function

symbolf , L-terms t;t% L-structure M and variable assignment,

N

Mi=f@® 9] Mj=9x x trf(x t]]

Proof: By the de nition of truth in a structure 3.2.6, Mj= f(t) tJ ]i there exists

a simple structureM °such thatM ® M and
FOY 1=t ] (5.1)
SinceM %is a simple structure, there existy,;:::;; ¢, such that
1= fog
and by corollary 3.3.8,
FO"T 1= " (o =x)]; where " 1= fc,g

and variablesx do not appear int;t% Therefore, (5.1) holds i there exists a structure

M °such thatM ® M and
FEOMT 1=t (o =x)l; where £ 1= fo,g
By the de nition of truth in a structure 3.2.6 and lemma 3.3.3,this holds i
Mj=f(x) t1 (o=x); where ¢, 2t/ [ ]

By the de nition of truth in a structure and lemma 3.3.5, this holds i

N

Mi=  x  2f(0  tT (g =x)]

and by the de nition of truth in a structure once more, this holds i

N

Mj=9x x t2f(% 9]



Lemma 5.1.2 (Possibly equals 2) Consider anLp languagel.. For any L-terms t;t,,

L -structure M and variable assignment,
Mj=t; t[]1 Mj=9t; x"t, Xx[]
Proof: In a similar manner as the previous lemma.

The last two lemmas suggest a way of expandirig-formulas into logical equivalent
ones, so that each atom mentions at most a desired number of furmetisymbols. For
instance, anL -formula can be expanded into one that has atoms that mentioat most
one function symbol. We use these lemmas to de rfe-normal form for L-formulas, so
that DK action theories in that normal form can be embedded in situain calculus and
implemented in Prolog using techniques for implementing basaction theories [Rei01].

The important issue is the fact that functions have unique nantein Prolog and so
the theories to be implemented will have to be restricted to eoply with this. Therefore,
functional uents, which take terms as values, and functions, hich intend to emulate
predicates using constants and ?, need to be translated into predicates appropriately.
In order to do this, we will be translating such function symbols ad their value into
corresponding predicates with one extra argument. These issuedl become clear later
in this section where we de ne the transformation of p to situation calculus and in the
next section where we formally see the restrictions needed fonpglementing situation

calculus basic action theories in Prolog. The formal de nitins follow.

De nition 5.1.1  (Predicate function symbols) Consider anL p languagel. and a subset
of the non- uent function symbolsinL, P, which are intended to capture the functionality
of predicates. We call this the set opredicate function symbolsand includes all non-
uent function symbols which are intended to be used as preditss, with the aid of >
and ?.

We call the non- uent symbols inL which are not in P, pure function symbolsand

in the same manner, gure L-term is a rigid L -term that mentions no symbols inP and



a pure L-formula is a formula which mentions only pure terms.

In what follows, we may be talking about_, predicate functions and pure terms, while
keeping the declaration oP implicit. Now, we de ne a normal form for L -formulas, such
that all atomic formulas mention at most one uent symbol or onepredicate function

symbol. We call this, E-normal form.

De nition 5.1.2  (E-normal form). Consider anLp languagel. and P the set of predicate
function symbols. AnL-formula is in E-normal form i every atomic formula in is

one of the following:

either pure

or of the form
f t°
wheref is a predicate symbol or a uent symbol and;t°are purelL -terms.

We de ne E to be a recursive operator which applies lemmas 5.1.1 to repéathe non-
pure arguments and 5.1.2 to replace the equality atoms betae uents and predicate

function symbols in the intuitive way, so thatE[ ] is in E-normal form.
Example 5.1.1. Let be the formula
dicg (t1;S);S) dicgtz; S)

wheredice are uent symbols andty;t,; S are pure terms. Then, according to de nition

5.1.2, the following is a logical equivalent formula ife-normal form.

X9y (t1;S) x~ dicgx;S) y~dicdty;S) vy

Corrolary 5.1.3 (E-normal form). Consider anLp languagelL with predicate function

symbolsP. For any L-formula , L-structure M and variable assignment,

Mj= [1i Mj=E]]



Proof: By the de nition of operator E, at every stepE replaces formula by a logical

equivalent formula according to lemmas 5.1.1 and 5.1.2.

Based on the intuition that non-pure function symbols are inteded to be captured
by predicates, we de ne the transformation forLp syntax and semantics into situation

calculus. From now on we will be focusing on formulas that are B-normal form only.

De nition 5.1.3  (Situation calculus languagel’). For an Lp languageL, we de ne I

to be the situation calculus language which is the same &asexcept that
instead of symbol it includes symbol =

for eachn-ary predicate function symbolf 2 P, it includes the (n+1)-ary predicate

symbol P; instead.

for everyn-ary uent symbol fl, it includes the (n+1)-ary relational uent symbol

P; instead.

De nition 5.1.4  (Situation calculus formula ». For an L-formula  which is in E-

normal form, we recursively de ne to be a formula of”, as follows.
is a pure atomic formula,t; t,. Then, Mist; = t,.

is an atomic formula which mentions a predicate function syn@ f . Since isin
E-normal form, it is of the form f (t)  t° wheret;t°are pure terms of the correct

sort andf is a predicate function symbol. Then, /s P; (t;t9.

is an atomic formula which mentions a uent symbolfl . Since is in E-normal
form, it is of the form fl (t;S) t° wheret; S;t%are pure terms of the correct sort

and fl is a uent symbol. Then, "~ is Py (1% S).
iS: 1. Then Nis: 7.

is 1™ 5. Then Nis MM Ay,



is9x 1. Then " is 9x”;.
For a set ofL-formulas , “is fA: 2 g
Example 5.1.2 (Situation calculus formula 7). Continuing example 5.1.1, let be
X9y (t1;S) x~"dicgx;S) y~dicdty;S) vy

Then N is

X9y P (t1;X;S) " Pgice(X; Y; S)  Puice(t2;y; S)

De nition 5.1.5  (Situation calculus structure M'). For an Lp languageL and anlL-

structure M , we de ne M' as the following structure of situation calculus languagg'.

For each sorti of the languagel”, M’ includes the same univers#l; asM .

For each relational uent symbol Py in I, there is a functional uent symbolfl in

L and PM is the following relation de ned on structureM :
fhe; 6 ci 1o, 2 fIV (€ 6)g

Intuitively, the possible valuesc, are encapsulated in the predicate relation appro-

priately, keeping the situation argumentc, last.

Similarly, for each predicate symboP; in L, me Is the following relation:
fhe;gi :c, 2 fM(€g

The possible values, are encapsulated in the predicate relation.

For each pure function symboF in L, f M (¢ = d, wherefM (€ = fdg.

Note that sincejMj and jMj are identical and since the variable symbols are the
same inL and I, we can use a variable assignment both for reasoning about truth in
an L-structure M and an L-structure M. We now proceed to prove the main theorem

that will lead to the result that L, can be embedded in the situation calculus.



Theorem 5.1.4 (Embedding theorem) For an Lp languagelL, L-structure M , variable

assignment and L-formula in E-normal form,
Mj= []i Mj=~[]
Proof: By induction on the construction of L-formulas in E-normal form.

Base case: is an atomicL-formula.

If is pure then it has the formt, t, wheret;;t, are pureL-terms. Sincet;;t,
are pure, they are also rigid and therefore they are interpretl into singleton sets.

Then, by the de nition of truth in a structure 3.2.6,
Mi= [1i t®[1=61T]

wheretY' [ 1= fcigand ty [ 1= fc,g for somec; ¢, in jMj . By the de nition of

structure M’ 5.1.5,tM [ 1= ¢, and tf [ 1= ¢, so
Mi= [1i t'[1=t7]
Mj= [1i Mj=ti=1t)]]
and by the de nition of ~ 5.1.4,
Mi= [1i Mj=~[]
If mentions the (M + 1)-ary uent symbol fl, then since it is in E-normal form,
it has the form fl (t;S) t° wheret;t% S are pure. Since;t% S are pure, they are

also rigid and so they are interpreted into singleton sets. Thenylthe de nition

of truth in a structure 3.2.6 and lemma 3.3.3,
Mj= [1i t™M12fI@E&S)M[]
where

tM"[1="fgg t™M[1="fcl SY[]1=fcsg for someg;cs; 2 M



By the de nition of term denotation 3.2.5,
Mj= [1i 2fM(c:snc:cs) ]
Now, by the de nition of structure M,
1= 1= s'[]=c
and
Mi= (10 [ L[ e sz e
or equivalently

Mj= [1i Mj=Pu(&ts9) ]
Finally, by the de nition of # 5.1.4,
Mj= [1i Mj=~[]
If mentions a predicate symbof , then since it is in E-normal form, it has the

form f () t% wheret;t%are pure. The proof of the theorem for this case is very

similar to the one when has the formfl (tS) t%and we omit it.

Thus, the theorem holds for the base case.
Induction hypothesis:  The theorem holds for formulas 1; ».
Induction Step: We prove the theorem for formulas 4, 1" , 9X ;.
is: 1. By the de nition of truth in a structure 3.2.6,
Mj= [11 M6F 4[]
By induction hypothesis,
Mj= [1i MéEn[]
and by the de nition of ~ 5.1.4,

Mj= [1i Mj="[]



is 1N 5. By the de nition of truth in a structure 3.2.6,

Mj= []i Mj= 4 ]JandMj= o[ ]
By induction hypothesis,

Mi= [1i Mj="4 landMj="[]
Therefore,

Mj= [1i Mj=r177]
and by the de nition of ~ 5.1.4,
Mj= [1i Mj=~[]

is 9x ;. By the de nition of truth in a structure 3.2.6, Mj= [ ]i there
exists ac 2 jMj of the correct sort, such thatM j= [ (c=X)].
By induction hypothesis and sincgMj and jMj are identical, Mj= [ ]i
there exists ac 2 jMj of the correct sort, such thatM'j = ~ ;[ (c=X)]. There-
fore,

Mj= [1i Mj=9x~[]
and by the de nition of » 5.1.4,
Mi= [1i Mj=~[]
So, we have proved that the theorem holds for all non-atomi@ses of .

Thus, induction follows and the embedding theorem holds.

We can now prove that entailment inLp can be reduced to entailment in situation
calculus. There is an issue regarding predicate function symbpolwe prove that entail-
ment can be reduced when consideririge theories that treat the predicate functions in
the intended way, that is, they are forced to be interpreted ito exactly one of> or ?.

We state this precisely in the next corollary about reducing @ailment.



Corrolary 5.1.5 (Entailment). Consider a theoryD of an Lp languagelL such that it
consists of formulas inE-normal form and for every predicate function symbdi in P,

D includes exactly one axiom of the form

8x8y f (%) vy y >N (%) _y ?™: ( %

where ( %) is a situation independent formula whose free variables are ang %. Then,

for any L-formula in E-normal form,
D i DjE~A

Proof: (( ) Assume that D j= ~. For any structure M that satis es D, we get by
theorem 5.1.4 thatM' satis es D. Now, sinceD j= ~, M’ also satis es & Therefore, by
theorem 5.1.4 againM j =

(O ) Assume thatD j= . The proof is the same as the other direction but in order to
use theorem 5.1.4, we need to show that for any moddl ° of D there is anL -structure
M such that M = M © We prove this by showing that we can construct & as the
reverse transformation ofv °

Let M °be an arbitrary model of 3. We construct L-structure M as follows.
For each sorti of the languageL, M includes the same univers#l; asM ©°

For each uent symbolfl in L, there is a relational uent symbolPs in " and fI M

is de ned on structure M ° as follows:
fIM(e:¢)= fc, i he;gici2 PV °g

Similarly, for each function symbol inL that appears in P, there is a predicate

symbol Ps in “ andf™ is de ned on structure M ° as follows:

fM=fc :hegi2 PMg



Note that in order for M to be anL -structure, f M (€) must be a singleton set. This
is guaranteed by the form ofD and the fact that M is a model ofD: For each

function symbol ofL in P, D includes an axiom of the form

8x8y f (%) vy y >N (% _y ?2M (%)

where ( %) is a situation independent formula whose free variables arenang x.

Therefore, for each predicate symbd?; in [*, D includes the axiom

8x8y Pr(%y) y=>"{%_y=2" 1%

where { %) is a situation independent formula whose free variables arenang x.
This axiom guarantees that for eachx there is only one element of the fornx; yi

in relation PM°, asM %is a model ofD. Thus, f ™ (€ is a singleton set.

Finally, for each function symbolf in L that does not appear inP, fM (€) = fdg,

wheref M °(¢) = d.

It is easy to verify that M = M © Therefore, sinceM °was arbitrary, for any modelM °
of D there is anL-structure M such that M = M °and we can use theorem 5.1.4 to

prove this direction in the same way as the other one.

5.2 Implementation Theorem for DK Action Theo-
ries

By corollary 5.1.5 follows that under conditions, entailmenin Lp can be reduced to
entailment in situation calculus using the transformation forformulas 5.1.4. We now
show howDK action theories can be soundly implemented in Prolog, utilizg this result

and the fact that a special form of situation calculus basic aan theories can be soundly

implemented in Prolog.



In order to achieve this, we need to de ne a restricted form dDK action theoriesD
which, when reduced to situation calculus theoriel® using the transformation 5.1.4, they
form appropriate basic action theories such that thémplementation theorempresented
in [Rei01] applies. The necessary restrictions for the \translatl" basic action theories
D essentially ensure that the theories conform with the requireamts of Clark's theorem
[Cla78], [LIo87] for soundly implementing theories in Protp

The key notion that summarizes the restrictions needed for basaction theories in
situation calculus is that they should have aclosed form initial database[Rei01]. In
the same manner and following closely this de nition, we de nehe notion of a closed
form initial database for DK action theories; the de nition is only tuned to apply to the
syntax of Lp. Then, we de ne theclosed formDK action theorieswhich can be soundly

implemented in Prolog.

De nition 5.2.1 (Closed form initial database forDK action theories) Consider anLp
languagelL which includes only nitely many function symbols andP the set of predicate
function symbols. An initial databaseDs, of a DK action theory of L is in closed form

For every uent symbol in L, Ds, contains exactly one initial speci cation axiom

for that uent,

88y fl(%S) y  n(%y)

where ( x%;y) is a formula uniform in S, and whose free variables are amongy.

For every predicate function symbof in P, Dg, contains exactly one axiom of the

form
8x8yf(») y 'y >N (®¥_y ?": (%

where ( %) is a situation independent formula whose free variables arenang x.



The rest of Dg, consists of the following (countably in nite) sentences:

(a) For each pair of distinct pure function symbolsf; g of sort object (including

constant symbols),

(0 9y

(b) For each pure function symbolf of sort object,
fixuznxn)  flniswm !t Xoo i it X n
(c) For each pureL-term t of sort object other than the variablex of sort object,
Ct[x] X
(d) For each pureL-term A of sort action other than the variablea of sort action,
:Alal] a

In some restricted language which does not include the uentsid predicate func-
tions, or in ': Axioms (a) and (b) are uniqueness of names axioms for objects.
Axioms (c) and (d) strengthen the uniqueness of names axioms factions and
objects and, as mentioned in [Rei01], they essentially captthe occur-check re-

guirement for the uni cation algorithm of proper Prolog systens.

A closed form initial databaseDsg, for a DK action theory is carefully de ned so that
when it is translated to situation calculus according to de niion 5.1.4, it results to a
closed form initial databaselﬁs0 for a situation calculus basic action theory, as presented
in [Rei01]. In the same manner, closed for@K action theoriesD satisfy the necessary
requirements so that the corresponding situation calculus basaction theory D can be
soundly implemented in Prolog. Essentially, these requiremenare the projection of the
ones needed by the implementation theorem for basic actiondbries in situation calculus

[Rei01], inLp.



De nition 5.2.2 (Closed formDK action theory). A DK action theory of anL p language

L is aclosed formDK action theory i
L includes only nitely many function symbols
the initial database Dg, is in closed form

So, we nally come to the intended result: By corollary 5.1.5entailment of a closed
form DK action theory D is reduced to entailment of a situation calculus theorfd which
satis es the requirements for the implementation theorem fdpasic action theories [Rei01]
and can be soundly implemented in Prolog. Actually, there is a sai complication in
this procedure which has to do with the treatment of predicas.

Lp is designed to be fully functional and so, as we saw in the prevewhapters,
predicate functionality needs to be emulated by special fuons with the aid of constants
> and ?. On the other hand, functions in Prolog have unique names antherefore
non-pure symbols inLp, need to be emulated by non-standard predicates in order to
get implemented appropriately. In this way, the treatment & an intended predicate
symbol is a little awkward, as it is rst captured by a function symbol f in L which is
then translated into a predicate symbolP; with an extra argument in L. Despite being
awkward, this poses no complications for the predicate furion symbols except foilP oss
The problem with Possis that in D, Possis translated into Pposs Which is no longer
the standard binary predicate symbol used in situation calculugut a ternary predicate
symbol which encapsulates its truth value in its last extra argaent.

Nevertheless, this is merely a technical issue, rather than an edsanproblem. The
de nition of a closed form DK action theory D is such that for every ground instance of
a Possterm it is the case that the theory entails either thatP oss has the value> or
the value ? and this holds forD and Pp.ss atoms too. We can have the standard oss

syntax in I as a macro based oRp os.



De nition 5.2.3 (Poss macro in V). For an Lp languageL and the corresponding

situation calculus languagd”, we de ne the macroP osgA; S) to be the L"-formula
PPoss(A; S; > )

For a closed formDK action theory D, the corresponding situation calculus theoryd

and the action precondition axiom for an actionA(t) in D,
8%8s8y Pposs(A(X);S;Y) A(9)ry=>_1 A((9)"y=7?
we de ne an alternative action precondition axiom

8x%8s PosqA(%);s) A(%9)

Lemma 5.2.1 (Correctness ofP oss macro in ). For a closed formDK action theory

D of anLp languageL and the corresponding”, D,
Dj= PosqA;S) i D= Pposs(A;S;>)
Dj= : PosqA;S) i D= Pross(A;S;?)

and for the purpose of evaluating regressable formulaslii the alternative action pre-
condition axiom

8x%8s PosqA(x%);S) A(%9)

can be used instead of the action precondition axiom fér in D,
8x8s8y Pposs(A(%);S;Y) aA(X9)"y=>_1 aAlxs)"y=7?
Proof: Directly from the de nition of the action precondition axiom in . Note that
DFF Pross(A(1);S;>) i DF a(tS)

D= Pross(A(D);S;?) i DjE: A(tS)



We will be using theP oss macro and the alternative action precondition axioms so
that D has the standard basic action theory syntax. There is one last i we need to
make precise before we present the implementation theorem fdosed formDK action
theories. Since we will be using th® ossmacro for the evaluation of formulas, we need
to ensure that all L-formulas which will be translated inl” are restricted to mention
Possin atoms of the formPosqA;S) > or PosqA;S) ? only and also that they
are translated appropriately inl" using the P ossmacro. For the next results we need to
focus in formulas which are irE™ -normal form which is essentially the syntacti&-normal

form with the needed restriction forP oss atoms.

De nition 5.2.4  (E"-normal form). A formula L- is in E*-normal form i it is in

E-normal form and for all atoms of the form
Posqt) t°
t%is either> or ?.

In what follows we assume that allL-formulas are inE" -normal form. This is not
a restriction because all formulas can be transformed in some ilc equivalent formula
in E-normal form (corollary 5.1.3) and furthermore, in the congxt of a closed formDK
action theory, every formula of the fornf (t)  tCis logically equivalent to eitherf (t) >
orf(t) ? ,orfalse. Also, for simplicity, we do not de ne another transformation flom
Lp to situation calculus, but assume that_ -formulas which mentionP ossare translated
according to 5.1.4 into appropriate atoms irl” utilizing the P ossmacro de ned in 5.2.3.

We now copy theimplementation theoremfound in [Rei01], applied toD according

to the previous remarks aboutP oss

Corrolary 5.2.2 (Implementation theorem for }). Consider anLp languagel which
includes only nitely many function symbols and the closedrfo DK action theory D of

L. Let D be the situation calculus basic action theory which we getrfrd, according



to the de nition 5.1.4. Then, D has nitely many relational uents and action function
symbols andﬁsO is in closed form. So, according to the implementation theore let G be
the Prolog program obtained from the following sentencedtea transforming them with

the Lloyd-Topor transformations, [LI087]:

For each de nition of a non- uent predicate of IﬁsO of the form 8% P (%) p(%):

(%! P

For each de nition of a uent predicate of Dg, of the form8x Py (%, o) "1 (%; S0):
"H(6S0) ! P (% So)

For each action precondition axiom ofapa Of the form 8x8s P osgA(x);s)
AA('X; S):

"A(%9 ! PosgA(%);s)

For each successor state axiom dbss, of the form 8x8a8s Py (>; dda; s))
"hesas):

“Heca9 ! Py (xdda;s)

Then, G provides asound Prolog implementation of the basic action theor for the

purposes of proving regressable sentences, in the follonsegse:

Whenever a proper Prolog interpreter succeeds on a normal Rugl goalG with
answer substitution , then D j= (8)& . (8)& denotes the result of universally

quantifying all the free variables (if any) of5 .

Whenever a proper Prolog interpreter returns failure (that iswhenever it nitely

fails to obtain derivation) on a normal Prolog goal5, then D j= ( 8): G.

Note that the queryG should be a regressablé-formula which is rst transformed by

the Lloyd-Topor transformation before execution by this pgoam.



So, closed fornDK action theories can be soundly implemented in Prolog with thaid
of the transformation de ned in 5.1.4 and the implementationtheorem for basic action

theories in situation calculus.

Corrolary 5.2.3 (Implementation theorem for D). Consider anLp languagelL which
includes only nitely many function symbols and the closedrfa DK action theory D of
L. Let D be the situation calculus basic action theory which we getrfrd, according to
the de nition 5.1.4 and G be the Prolog program we get according to the implementation
theorem for D (corollary 5.2.2).

Then, G provides asoundProlog implementation of the closed forrbK action theory
D for the purposes of proving regressable sentencesEinrnormal form, in the following

sense:

Whenever a proper Prolog interpreter succeeds on a normal Rugl goalG with
answer substitution , then D j= (8)G . (8)G denotes the result of universally

quantifying all the free variables (if any) ofG .

Whenever a proper Prolog interpreter returns failure (that iswhenever it nitely

fails to obtain derivation) on a normal Prolog goal5, then D j= ( 8): G.

Note that the queryG should be a regressablé-formula in E* -normal form which is rst

transformed by the Lloyd-Topor transformation before exedan by this program.
Proof: Directly, from corollary 5.1.5 and the implementation thecem 5.2.2.

The next section presents a simple example of the application thie implementation

theorem and discusses the implementation of closed foK action theories in Indigolog.

5.3 The Dice World { A Simple Example

As we saw in this chapter, the main issue for implementing closediio DK action theories

D is to reduce entailment to an appropriate basic action theorfd. This proved to be



guite intuitive: in just a few words, closed formDK action theories are de ned in such
way, so that the \possibly equals" e ect of equality inLp semantics can be encapsulated
into the de nitions of appropriate relational uents Py .

We now present an example of a closed forBK action theory which is based on de -
nitions and axioms we used in the examples of the previous cheys. This is not a typical
example of some interesting domain, rather than a simple exangplvhich summarizes the
implementation issues discussed in the previous section.

The Dice World consists of a number of four-sided dice on a tabl&he dynamics of
the domain is limited to the dynamic state of the dice which is acted by the actions
of picking up, rolling or placing down a dice setting its valuelLet L be theLp language

which includes the following symboils.

Two uent symbols: the binary function symbolsdice which is used the same way
as all previous examples, antholding which expresses that the agent is holding

some object.

Three action symbols: the unary function symbolsollDice; pickup and the binary
function symbol setDiceV alue Similar to what we saw in example 4.1.2, action
rolIDice (x) rolls the dice x to the table and setDiceV alugx;y) places the dicex
on the table setting so that its value isy. Action pickup captures the intuitive

e ect.

One unary function symbolisdice emulating predicate functionality as in example

3.3.5.

The setP of predicate functions consists oP ossand isdice. Also, all function symbols
are de ned so that they get arguments of the intuitive sort.

Let D be the followingDK action theory of L:

D= [D ssalD apa [D una [D s,



where

D s, includes a similar initial speci cation axiom fordiceas we saw in example 4.1.1
and one forholding These axioms express that in the initial situation the agent is

holding nothing and the dice are on the table with value 1 fang up.

8x8y dicgx;Sg) y isdice(x) >~ y 1 isdice(x) ?

8x8y holdindx;Sp) vy y ?

Ds, also includes the required axiom for the function symbakdice we saw in
example 3.3.5, which captures the fact that there are threaad with speci c names.

For simplicity we chose the numbers 1,2,3 for names.

8xisdice(x) y (x 1. x 2x 3"y >: (x 1.x 2x 3Ny ?

D ssa includes the successor state axiom falicewe saw in example 4.1.2 tuned for

setDiceV alue; pickupand an intuitive successor state axiom for uentolding

8x8a8s8y dicgx;do(a;s)) vy a rollDice(x)"(y 1.y 2 vy 3.y 4
_a pickupx)*(y 1_y 2_y 3_y 4
_a setDiceV alugx;y)
_ :(a rollDice(x)_a pickup(x)

_ 9z a setDiceValugx;z)) ™y dicgXx;s)

Action pickup has a similar e ect to the value of a dice as actiomollDice , which

is not very accurate. Nevertheless, we mention once again théti$ is not intended



to be a completely realistic real-world example.

8x8a8s8y holdindx; do(a;s)) vy a pickup(x)*y >
_a rollDice(x)y ?
_ 9z a setDiceValugx;z)"y ?
_: (a pickup(x) _a rollDice (x)

_ 9z a setDiceValugx;z)) "y holdingx;s)

Note that except for pickup, all the actions have the e ect that the agent is no

longer holding the dice.

Dapa includes an action precondition axiom for each of the the aon function

symbols.
8s8x8y PosqrollDice (x);s) vy 1(x;89) Ny > 1(x;s)y ?
8s8x8z8y P osqsetDiceV alugx;z);s) vy 2AAX;8)Ny > 2X;8)Ny ?
8s8x8z8y P osqpickup(x);s) vy 3(x;8) Ny > (x;s) My ?
where

1(X;8) o(x;y;s)  isdice(x) >” holdingx;s) >

3(X;s)  true

is the foundational axioms for situations and Dyna iS the set of unique names

axioms for actions function symbols.

5.3.1 The Dice World in Prolog

According to de nition 5.1.4, D is the following DK action theory of :
D= A[ |5SSA[ lﬁAPA [ ISUNA [ [Sso

where



Ds, includes the following sentences:
8x8Y Puice(X;Y;S0)  Pisdice (X) * Y =1 _ Pisdice (X)

8X8Y Prolding(X;¥;So) Yy = ?
8X Piggice(X) (x=1_x=2_x=23)
Dss,a includes the following sentences:
8x8a8s8y Pgice(X;Y; do(a; S)) a=rollDice(x)"(y=1_y=2_y=3_y=4)
_ a=pickup(x)* (y=1_y=2_y=3_y=4)
__a= setDiceV alugx;y)

_: (a= rollDice (x) _ pickup(x) _9z a= setDiceV alugx;z)) ™ Pgice(X;VY;S)

8x8a8s8Y Phoiding(X;y;do(a;s))  a= pickup(x) "y = >
_a=rollDice(x)"y="?
_ a= setDiceValugx;z)"y=?
_ . (a= pickup(x) _ a= rollDice (x)

_9z a= setDiceV alugx; z)) ® Phoiding(X; ¥; S)

Dapa includes the following sentences:
8s8x P osHrollDice (x); s) "X s)
8s8x8z PosgsetDiceV alugx;z);s)  "»(x;z;s)

8s8x Posg(pickup(x);s)  "s(x;s)

where
M6s)  Taxyis)  Pisdice (X) ™ Phoiding(X; > S)

"s(x;s)  true



“and Dyna are according to de nition 5.1.4.

Now, according to the implementation theorem foD, 5.2.3, we construct the Prolog

program G, which appears in table 5.3.1.

isdice(X) - (X=1; X=2; X=3).
dice(X,Y,s0) - (isdice(X), Y=1); \+isdice(X).
dice(X,Y,do(A,S)) - (A=rollDice(X), (Y=1; Y=2; Y=3; Y=4) );

(A=pickup(X), (Y=1; Y=2; Y=3; Y=4));
A=setDiceValue(X,Y);

(\+(A=rolIDice(X); A=pickup(X); A=setDiceValue(X,2)),
dice(X,Y,S)).

holding(X,Y,s0) - Y=bot.

holding(X,Y,do(A,S)) :- (A=pickup(X), Y=top);
(A=rolIDice(X), Y=bot);
(A=SetDiceValue(X,Z), Y=bot);
(\+(A=pickup(X); A=rollDice(X);
A=SetDiceValue(X,2)), holding(X,Y,S)).

poss(rollDice(X),S) .- isdice(X), holding(X,top,S).
poss(setDiceValue(X,Y),S):- isdice(X), holding(X,top, S).
poss(pickup(X),S) - true.

Table 5.1: Prolog programG,

We will be testing G; on SWI-Prolog Version 5.2.13 (Copyright (c) 1990-2003 Uni-
versity of Amsterdam). Before we do that, we note that the soundmss result of the

implementation theorem relies on a fundamental result of Kéi Clark [Cla78], [LI087]



that correlates rst order logic theories with Prolog prograns. Weemphasizehat this re-
sult holds about aproper Prolog interpreter which in particular includes theoccur-check
in the uni cation algorithm and does not ounder 2.

Most of the Prolog systems, including SWI-Prolog, fail both of thse conditions. The
absence of the occur-check is not a problem in general and [APP#ovides a mechanism
for transforming every program into one for which only the céd to the built-in uni cation
predicate need to be resolved by a uni cation algorithm with he occur-check.

What is more important is that in the existing Prolog systems, soutiness is granted as
long as negation as failure is useahly on ground atomsso as to avoid oundering. This
means, for example, that some negation that appears in the scagfea universal quanti er
is likely to falsify the soundness result. This is very restrictig, since the predicates that
are used in programs such a&,;, capture the possible values for the uents and the
universal quanti er is needed to express essential notions likke K macro.

We now see some examples on reasoning about actions in the cantéxtheory D,
using Prolog programG, and then we discuss how this issue regarding oundering can
be treated. Note that the second last argument of some uent prechte is essentially the

possible value for the functional uent that is intended to repesent.

What is a possible value for each of the dice in the initial situan?

?- dice(1,Y,s0).
Y =1,

No

?- dice(2,Y,s0).
Y =1;

No

?- dice(3,Y,s0).

IThe uni cation algorithm fails to unify the variable x with any complex term which includes x.
2 Application of negation as failure to non-ground terms.



Is is possible to execute the sequence of actiopgckup(1); rollDice (1)]?

?- poss(pickup(1),s0), poss(roliDice(1),do(pickup(1), s0)).
Yes

?-

What is a possible value for each of the dice after these action®gerformed? Let

this situation be S,.

?- dice(1,Y,do(rollDice(1),do(pickup(1),s0))).

Y =1;
Y =2;
Y =3;
Y =4 ;
No

?- dice(2,Y,do(rollDice(1),do(pickup(1),s0))).
Y =1;

No

?- dice(3,Y,do(rollDice(1),do(pickup(1),s0))).
Y =1,

No

?-

Is is possible to execute the actionollDice (2) or setDiceV alug2; 1) in situation

S,?



?- poss(setDiceValue(2,2),do(rollDice(1),do(pickup(1 ),s0))).
No

?- poss(roliDice(2),do(rolIDice(1),do(pickup(1),s0)) ).

No

?-

Is is possible to execute the sequence of actiopgckup(2); setDiceV alug2; 2)] in

situation S;?

?- poss(setDiceValue(2,2),do(pickup(2),do(rollDice(1 ),
| do(pickup(1),s0)))).

Yes

?-

What is a possible value for each of the dice after these actione gerformed?

?- dice(1,Y,do(setDiceValue(2,2),do(pickup(2),do(rol IDice(1),
| do(pickup(1),s0)))))-

Y =1;

Y =2

Y =3;

Y =4,

No

?- dice(2,Y,do(setDiceValue(2,2),do(pickup(2),do(rol IDice(1),
| do(pickup(1),s0))))).

Y =2 ;

No

?- dice(3,Y,do(setDiceValue(2,2),do(pickup(2),do(rol IDice(1),

| do(pickup(1),s0))))).



So, we can reason about the possible values of a udihtand we can actually get the
completeness e ect of a strondl -formula, like fl = [1;2;3;4], using Prolog's function-
ality that can give all the solutions for a goal. For instance, & saw that in situation S,

dice 1 has exactly the possible values 1, 2, 3, and 4. This is whhé formula

dicg1; S,) = [1;2;3; 4]

expresses. As we noted in the beginning though, any negation apgl to non-ground
terms will falsify the soundness result and therefore, the forrtauitself cannot be soundly
evaluated by the Prolog program. If we expand thdicg1; S,)-formula macro it becomes

clear why oundering is a problem.

8ydicdl;S;) y y 1_y 2_y 3_y 4

Negation that is hiding in the  macro is applied to non-ground atoms and so, any results
regarding closure on possible values is not guaranteed to be stun

Nevertheless, we can restrict universal quanti cation to be bouted and force the
variables in non-ground atoms to range over some nite set. Irhts way we lose expressive
power, which one could argue that is not very crucial in reakorld robotic domains, but
we also avoid oundering, ensuring soundness of the results. In erdo do this, we need
to de ne a generic mechanism for doing a bounded version of theiversal or existential
guanti er, instead of using normal Prolog uni cation and the Lloyd-Topor rules.

The *Golog languages [LRLE97], [DGLLOO], [DGL99], which we brie y talked about
in chapter 2, account for this issue and furthermore o er a comge way of representing
situation calculus basic action theories. The intention is to se the existing Indigolog

framework [DGL99] to represent closed forrDK action theories, instead of augmenting



programs like G, that are constructed according to the implementation theoma 5.2.3.
Furthermore, in doing this we bene t all the rich functionality of Indigolog, as described

in chapter 2.

5.3.2 Implementing Closed Form DK Action Theories in In-
digolog

We now brie y present how situation calculus basic action theags are represented in
Indigolog and then discuss how closed forf@K action theories can be implemented in
the Indigolog framework using the same primitives. The discussias informal and is
based on the intuitions behind the implementation of basic awn theories in Indigolog
and the observation that, in a sense, closed forK action theories are capturing the
e ect of many possible basic action theories.

The implementation of a basic action theory in Indigolog is ®ated in a generic way.
Instead of writing a Prolog program which captures the theorytself, the basic notions
of basic action theories are implemented in a generic evali@at module and the specic
details of the theory in question are provided by the user in a acise Prolog program.

The implementation of a basic action theory in Indigolog incldes:
The de nition of functional uents using predicate fun_fluent(Fluent)
The de nition of primitive actions using predicate prim_action(Action)

The de nition of sensing actions using predicatesenses(Action, Fluent) . The
sensing actions have the e ect that after they are executed, ¢hvalue of the uent

is set to be the sensed value.

The representation of situation independent action precontilbn axioms using the
predicate poss(Action, Condition) . This expresses that wherCondition holds,

action Action can be performed.



The representation of the initial situation Sy using predicate
initially(Fluent, Value) . This expresses that the uent Fluent has

value Value in S,.

The representation of the successor state axioms using predicate
causes_val(Action, Fluent, Value, Condition) . This expresses that
when Condition holds, the execution of actionAction causes the uentFluent

to get the value Value.

The representation of basic action theories is the same as in 6g] more details can be
found in [LRL* 97]. Details about sensing in Indigolog can be found in [DGL99]

We now review the way functional uents are treated in Indigtog. Since all func-
tion terms have unique names in Prolog, in order to implemerfunctional uents, their
e ect has to be compiled into predicates. This can be done in ¢hsame way aDK
theory D is translated in a basic action theoryD, using a predicate which encapsu-
lates the functional uent's value as an argument. Instead otfhat, in Indigolog there
is a special predicate which captures this e ect in a genericay. This is the predicate
has_val(Fluent, Value, History) and is intended to express that after performing
the sequence of actionslistory , the functional uent Fluent has the valueValue.

The evaluation of formulas in Indigolog relies orhas_val and a special predicate
holds(Formula, History)  which implements the revised Lloyd-Topor transformations
[Rei01]. Furthermore,holds provides bounded existential and universal quanti cation
functionality. The soundness of the Indigolog programs rekethen on the program-
mer who should ensure that the Indigolog programs are such thahey will produce
ground atoms whenever during the execution of the program gation as failure is
used. Note that the syntax of formulasFormula is very intuitive and includes opera-
tors neg(F), or(F1, F2) , and(F1, F2), all(X, F) , some(X, F), all(X, Domain, F) ,
some(X, Domain, F), impl(F1, F2) , equiv(F1l, F2) and the use of equality in the

normal way.



The intuition is that Indigolog functionality is convenient for implementing closed
form DK action theories too. The only di erence in implementing a dsed formDK ac-
tion theory using Indigolog primitives is that the predicates initially and causes_val
are not forced to have a unique solution fovalue for each instantiation of the arguments.
For example, the uent dicg1) may havetwo possible values the initial situation. This
is can be captured by havingwo initially clausesin the Prolog program implement-
ing the theory. In a similar way, the predicatecauses_val can be de ned so that to
capture many options for the value of some uent after an action has been performed.
In this way, the e ect of non-standard equality in Lp is captured by normal equality
in Prolog with the aid of predicate has_val, which under these circumstances is more
like has_poss_val, capturing the fact that a uent has a possible value rather tha a
de nite one. From another point of view, we could say that a clged form DK action
theory summarizes many possible basic action theories, each ofishhde nes a possible

value for the uents.

So, the implementation of closed fornbK action theories can be done in a similar way
as basic action theories using the Indigolog framework. The lgndi erence is that the
primitives are used so that to provide more options for theossiblevalues of the uents.
We will now focus only on the evaluation mechanism of Indigajothat essentially solves

the projection task.

Indigolog is built so that to be able to implement various actn theories and evaluate
formulas depending on the corresponding evaluation modul&Ve provide a new evalu-
ation module for doing projection in closed fornrDK action theories. The closed form
DK action theory evaluation module is the same as the one for basction theories,
without the optimizations which prevent backtracking for pedicate has_val. Indigolog
functionality as a high-level programming language, whiclwve discussed in chapter 2, is
implemented in another module. In the same manner, we can pide a new indigolog

incremental interpreter module so that the language constrig take into account the



possibility that there can be more than one solutions fanas_val. Again, the issue is to
remove any optimizations that are based on the assumption thatuents can be proven

to have at most one value.

5.3.3 The Dice World in Indigolog

Based on the previous remarks, we construct the following Indipg programG;, as the
implementation of the dice world theoryD we saw in section 5.3. We brie y explain the
structure of G,.

We rst de ne the nite domains which we will use for bounded quanti cation. These
will be also used with the predicatedomain(Variable, Domain) which assigns a user-

de ned domain to a variable, to make formulas more readable.

[* Domains, Sorts */

dice([1,2,3]). %The domain of dice names

diceValues4([1,2,3,4]). %The domain of possible values fo r 4-sided dice
dicevalues([1,2,3,4,5,6,7,8,9,10]).

%The domain of possible values for all dice

We then specify the functional uents and the primitive actims of the language.
Note that we also include functional uentt which will be used to illustrate the e ect of

possible nesting of uent terms, as in example 4.1.2.

[* Functional Fluents and Actions */
fun_fluent(dice()).
fun_fluent(holding( )).

fun_fluent(t).

prim_action(pickup()).
prim_action(rollDice( )).

prim_action(setDiceValue(_,_)).



Then, we specify the initial situation and the causal laws whicbapture the dynamics
of the uents. The initial situation axioms include the de nit ion of the predicate function

isdice.

[* Initial Situation */

initially(dice(X),Y):- domain(X, dice),Y=1.
initially(holding(_),Y):- Y=bot.
initially(t,Y):- Y=1;Y=2.

isdice(X):- domain(X,dice).

[* Causal Laws */

[* Fluent dice( ) */

causes_val(pickup(X), dice(X), Y, true):- domain(Y,dice Values4).
causes_val(rollDice(X), dice(X), Y, true):- domain(Y,di ceValues4).
causes_val(setDiceValue(X,Y), dice(X), Y, true).

/* Fluent holding(_) */

causes_val(pickup(X), holding(X), top, true).
causes_val(rollDice(X),holding(X), bot, true).

causes_val(setDiceValue(X,_), holding(X), bot, true).

Finally, we specify the preconditions for the actions in the @main.

[* Action Preconditions */

poss(pickup(X), true).
poss(rollDice(X),(isdice(X), holding(X,top))).
poss(setDiceValue(X),(isdice(X), holding(X,top))).

Now, following example 4.1.2, consider situatio® where the dice 1 has the value 3

and dice 2 has the value 4. The ternh of the example that has the possible values 1 and



2 is now the uentt. Let S be the situation which results after executing the sequence

of actions pickup(1); setDiceV alug1; 3); pickup(2); setDiceV alug?2; 4)].

First we verify that the possible values for the uents inS are the intended ones.

?- holds(dice(1)=Y,[setDiceValue(2,4),pickup(2),setD iceValue(1,3),
| pickup(1)]).

Y =3;

No

?-holds(dice(2)=Y,[setDiceValue(2,4),pickup(2),setD iceValue(1,3),
| pickup(1))).

Y =4 ;

No

?- holds(dice(3)=Y,[setDiceValue(2,4),pickup(2),setD iceValue(1,3),
| pickup(1))).

Y =1,

No

?-

As also mentioned earlier, in this framework we can also expresgetstrongdice-
formulas, using bounded universal quanti cation over all possib values of all dice.

dicg1;S) = [3]:

?- holds(all(v,diceValues,equiv(dice(1)=v,v=3)),
| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pic kup(1)]).

Yes

?-



dicg2;S) = [4]:

?- holds(all(v,diceValues,equiv(dice(2)=v,v=4)),

| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pic kup(2)]).
Yes

?-

dicg3; S) = [1]:

?- holds(all(v,diceValues,equiv(dice(3)=v,v=1)),
| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pic kup(2)]).

Yes

?-

Note also, that we can prove that wrong stronglice-formulas do not hold.

dicg3: S) = [2]:

?- holds(all(v,diceValues,equiv(dice(3)=v,v=2)),
| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pic kup(2)]).
No

?-

dicg3;S) = [1;2]:

?- holds(all(v,diceValues,equiv(dice(3)=v,or(v=1,v=2 )R

| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pic kup(1)]).
No

?-

Finally, we now verify that in S we get the correct results for some of the formulas

we examined in example 4.1.2. Note that the formulas to be eualted are rst



transformed into E* -normal form.

dicdt; S)) = [3;4]:

?- holds(all(y,diceValues,some(x,t,equiv(dice(x)=y,0 r(y=3,y=4)))),
| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pic kup(2)]).
Yes

?-

dicgl; do(setDiceV alueTd (1);S)) = [1]

?- holds(all(y,diceValues,equiv(dice(1)=y,y=1)),
| [setDiceValue(1,1),pickup(1),setDiceValue(2,4),pic kup(2),
| setDiceValue(1,3),pickup(1)]).

Yes

?-

dicgt; do(setDiceV alueTd.(1);S)) = [1;4]:

?-

holds(all(y,diceValues,some(x,dice,

| and(equiv(dice(x)=y,or(y=3,y=4)),t=x))),

| [setDiceValue(1,1),pickup(l),setDiceValue(2,4),pic kup(2),
| setDiceValue(1,3),pickup(1)]).

We close this chapter with a brief note on the complexity of dag theorem proving
in the context of a closed formDK action theory.
In closed formDK theories, incomplete knowledge is captured by the possible wak

of uents only and since the uents are forced to be always ingeendent, the intention



is that the truth evaluation of some formula breaks down to atms, which implies the
desired e ciency. This is not always true, though, because a meground uent atom
that appears in the scope of some existential quanti er can havaore than one ground
instances that satisfy it as a result of the interpretation of . So, as the variables in
may appear in other atoms of the same formula too, atoms of therfnula can in
general becorrelated essentially forming constraints about the possible values fohé
uent terms. In this way, the evaluation of a formula is a constaint satisfaction problem
on the possible values of the uents, which is in the worst case expential in the number

of uent symbols appearing in the formula.

This worst case scenario is not appealing but it illustrates extyg the design stance we
adopted which is toallow for variable e ciency according to the user's needs. Complex
properties regarding ( uent-based) disjunctive knowledgean be expressed, but the user
is warned that they do cost in e ciency. The dominating factor in the complexity
of determining the truth evaluation of a regressed formula in E-normal form is the
maximal number of correlated uentsin . Note, that the correlation of the uents is
easy to identify, as it is the correlation of some argument or thvalue of a uent with
some argument or the value of some other uent. It is something &t does not happen
accidentally when doing knowledge representatjdike perhaps some complex syntactic
property of the formula which does not correspond to sonsemantic property too. For
instance, this happens in the case of nested uents in-terms, which in E-normal form
are expanded appropriately. Note also, that even if it is commotwo uents to be
correlated, it is not common that many uents are correlatedmutually. There can be
many puzzles where this is true, but in common theories aboubbotic domains where
DK action theories are intended to be used, we expect the maxinmalmber of correlated

uents to be small, allowing for e cient theorem proving.

Finally, note that this issue about complexity arises when theser is reasoning about

the possible values using variables in a general way to form camsnts about them, or



when this e ect occurs by expanding nested uent terms. If the ser uses only the strong
fl -formula and the K macros when reasoning about the possible values, then the intexld

e ciency is guaranteed.



Chapter 6

Conclusion

In this thesis we explored some alternative semantics for the g#tion calculus, which
are based on the notion of possible valuek, languages feature extended expressiveness
regarding disjunctive knowledge, as a direct consequence lbé thon-standard semantics.
We regardL p theories to be implicitly epistemic in a limited way, as the nton of \being
possibly equal” is equivalent to the notion of \not known that t is not equal”, in the

normal modal logic sense.

In chapter 4, we showed that the normal situation calculus syntautilizes the features
of Lp semantics in a natural way, resulting to epistemic action theas with a special
treatment of disjunctive knowledge. The de nition of DK action theories is based on the
usual notions, such as the notion of the successor state axiom, kegpmnost of the syntax
identical to situation calculus basic action theories. For insince, the standard syntax
for a successor state axiom, when used lirp, has the e ect that it actually de nes how
the possible values of a uent change according to the executi@f actions, instead of
the value of the uent itself. This also illustrates the intuition behind our view ofLp
theories as being implicitly epistemic.

Lp expressiveness is suitable for restrictin@K action theories so that any disjunc-

tive knowledge captured refers to one uent only, each timeln this way, the uents
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are independent and the disjunctive knowledge captured by ¢éhtheory is limited to be
uent-based. This is a property that allows for variable e ciency depending on the rep-
resentational needs. In chapter 5, we showed that closed foldK action theories are
carefully de ned DK action theories which capture only uent-based disjunctive Rowl-

edge.

The implementation of such theories is based on their reductido some appropriate
situation calculus basic action theory. This essentially showshat we can achieve the
limited disjunctive knowledge e ect by directly de ning the resulting non-standard basic
action theories. These theories treat knowledge in a way thaesembles the modal
uents of Demolombe and Pozos Parra. In particular, it is asfiall uents are modal
and functional, incorporating the possible value as an extrargument of each uent.
Nevertheless, closed forK action theories bene t in that they feature intuitive syntax
based on the possible values for the uents and subsume the situaticalculus basic action
theories. Furthermore, in chapter 5 we showed that closed forBK action theories can be
implemented in languages like Indigolog in a natural way, usj the already implemented

language primitives.

A quick comparison with other approaches in the literature shws that closed form
DK action theories are weaker than the Scherl and Levesque episte uent approach,
which was actually our intention so that to allow for e cient evaluation mechanisms,
and that it has comparable expressiveness with the PKS system. Ohet other hand,
even if in this thesis we focused on (closed fornDK action theories which are based on
the standard situation calculus syntax, more generdlp theories of action can capture
the functionality of most of the approaches in the literature including the Scherl and
Levesque epistemic uent. An interesting question is then, whe#r the extended expres-
siveness regarding disjunctive knowledge, thatp, semantics provides, can reveal hidden
properties or correlations between the various approaches, a similar way that it did

regarding uent-based disjunctive knowledge.



Focusing on the structure ofL, semantics, we see that it is based on intuitions from
many-valued logics, so that terms are interpreted into multife objects. We saw that
this functionality along with the proper use of the constant syrols > and ? is capable
of emulating predicates. It would be interesting to explore tl possibility of using more
than two truth values along with the appropriate foundation axioms to express other
modalities such as likelihood for example. From a dierent pat of view, it seems
interesting to explore whetherLp semantics can capture the functionality of standard
many-valued approaches in the literature, such as for instaadhree-valued logics.

Finally, we point out some possible directions of future resedreegarding Indigolog
framework, in the context of closed formDK action theories. Based on the notion of
possible values, we can de ne variations of Indigolog constrct For instance, we could
de ne a search operator ong that returns a conditional plan based on the incomplete
knowledge represented in the epistemic state of the agent, or @ptimistic search operator

opt Which returns a linear plan that is only possible to be successfut@ording to the
epistemic state again.

We also note that in the context of possible values, the sensing fuimality that
Indigolog provides is very limited, as a sensing action can gntesult to setting the
value of a uent to be the sensed result, without any incomplete nowledge. In order
to fully utilize the Lp epistemic setting, though, it is necessary that sensing actionsrca
result in incomplete knowledge that depends on the situatiorhtit sensing was performed.
For example, this is necessary in order to represent sensing astiovhich can rule out
possible values for uents, essentially shrinking the incompletknowledge. Similarly,
sensing which results to certain incomplete knowledge is usefmldomains where there

are noisy Sensors.
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