
A Feasible Approach to Disjunctive Knowledge in Situation
Calculus

by

Stavros Vassos

A thesis submitted in conformity with the requirements
for the degree of Master of Science

Graduate Department of Computer Science
University of Toronto

Copyright c
 2005 by Stavros Vassos



Abstract

A Feasible Approach to Disjunctive Knowledge in Situation C alculus

Stavros Vassos

Master of Science

Graduate Department of Computer Science

University of Toronto

2005

In this thesis we presentL P , a reinterpretation of situation calculus based on intuitions

from many-valued logics. The key di�erence is that the notionof truth is based on the fact

that a term is interpreted into a set of objects rather than onesingle object and equality is

interpreted as \possibly equals".L P is suitable for de�ning action theories that capture


uent-based disjunctive knowledge, which means that any incomplete knowledge the

theory captures is limited to be about the value of one 
uent each time. This essentially

enforces an independence assumption on the 
uents which allows for e�cient evaluation

mechanisms. We show that like situation calculus a similar regression theorem holds in

L P . Furthermore, we prove that L P can be embedded in situation calculus and show

how a special form ofL P theories can be soundly implemented in Prolog and the agent

programming language Indigolog.
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Chapter 1

Introduction

In the �eld of knowledge representation and reasoning about actions we are interested in

logical systems which are capable of representing dynamic domains. We view this problem

from the standpoint that these formalisms are intended to be implemented and applied

to real robotic systems or disembodied agents in the internet, providing a representation

of the world and the means to reason about it. There are two mainrequirements:

� We want a logical formalization which is rich enough to express most of the intuitive

facts about dynamic domains.

� We want it to be e�cient enough so that even computationally modest middle-ware

devices can use it to do reasoning.

In this classical trade-o� between expressiveness and e�ciency,it is not di�cult to see

that disjunctive knowledge plays a key role. The representation of disjunctive knowledge

is crucial in terms of which domains can be represented and what kind of the reasoning

can be performed, but is always related with some form of exponential complexity in the

theorem proving task. Also, note that we are interested in approaches that essentially

account for a dynamic epistemic state of the agent, in the sense that the agent's model

of the world is a�ected by directly sensing the real world.
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Chapter 1. Introduction 2

The situation calculus [MH69] is a standard formalism used in the �eld of reasoning

about actions and much research has been done on approaches which provide various lev-

els of expressiveness, while solving some of the classical identi�edproblems (quali�cation,

frame and rami�cation problem). In this thesis we explore somealternative semantics

for the situation calculus, based on intuitions frommany-valued logics. We presentL P ,

a logical formalism which features extended expressiveness in the way the disjunctive

knowledge is treated.

The key di�erences are that the notion of truth is based on the fact that a term

is interpreted into a set of objectsrather than one single object and that equality is

interpreted as \possibly equals". In this setting, unlike standard semantics, disjunctive

knowledge canalso be capturedinside the structures themselves. This feature allows for

expressiveness, regarding disjunctive knowledge, which resembles the distinction between

Know(� _ � ) and Know(� ) _ Know(� ), as appears in a modal setting of knowledge.

We utilize this expressiveness to de�ne theories of action which capture incomplete

knowledge, but also allow for e�cient evaluation mechanisms. We de�ne theories such

that the general disjunctive knowledge whichL P allows for, is bounded to be
uent-based

only; that is, any incomplete knowledge the theory captures, refers to one 
uent of the

language only.

In recent results [PL02], Petrick and Levesque show that in order for a situation cal-

culus theory to capture this kind of incomplete knowledge, it is not enough to ensure that

the initial situation S0 has this intended property. On the contrary, it must be seriously

restricted to exclude some intuitive behaviors, such as successor state axioms which relate

the value of one 
uent with the value of some other 
uent. Unlikethe situation calculus,

L P is suitable for re�ning the e�ect of formulas, such as the aforementioned successor

state axioms, so that 
uent-based disjunctive knowledge persists in all situations. In

fact, this re�nement is mainly based on the non-standardL P semantics rather than the

syntax, which is kept very similar to the syntax of situation calculus.
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We de�ne L P theories of action and we show that a restricted form of these theories

capture 
uent-based disjunctive knowledge only and can therefore be e�ciently imple-

mented in Prolog. When these theories capture no incomplete knowledge at all, then they

reduce to basic action theories. What is more interesting is that the implementation of

these theories can be done naturally on top of the existing *Golog interpreters [LRL+ 97],

[DGLL00], [DGL99].

We note that L P is implicitly modal and is intended to represent the epistemicstate

of the agent. L P theories are used to describeonly what the agent knows about the

world without modeling what is happening to the real world as well. The interaction with

the real world can be achieved via sensing actions which a�ect the epistemic state of

the agent. The sensing results are intended to be acquired by thereal world, \online"

and whenever needed, augmenting properly the initial theory. In what follows we will

be talking about expressing knowledge and what the agent knows,even if L P does not

include any Know symbol. The adopted stance implies that whatever can be provedis

known and whatever cannot be proved is not known. In fact, in most of the cases we

consider, the symbol of logical consequencej= can be understood as proving what the

agent knows.

The rest of the thesis is organized as follows. In chapter 2, we present the technical

background needed for the following chapters and brie
y discuss approaches in the liter-

ature which focus on e�cient ways to deal with special forms ofincomplete knowledge.

In chapter 3, we present the syntax and semantics ofL P languages and discuss some

important properties which illustrate the intuitions behind the de�nitions of L P lan-

guages.

In chapter 4, we present theDK theories of actionas the analog of the basic action

theories in situation calculus [Rei91], [Rei01] inL P . We discuss regression in these

theories and show that a similar regression theorem holds.
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In chapter 5, we present theclosed formDK action theories as the analog of basic

action theories that can be soundly implemented in Prolog [Rei01]. TheseDK action

theories are very restricted, but nevertheless extend the basic action theories to account

for 
uent-based disjunctive knowledge. We show how they can be correctly implemented

in Prolog and present a detailed example.

The thesis ends with some conclusions and observations about future work in chapter 6.



Chapter 2

Literature Review

This chapter presents some technical background needed for the following chapters and

discusses ideas found in the literature, that inspired and in
uenced the work for this

thesis. In the �rst part, we present the situation calculus basic action theories and discuss

the logic agent programming languages Golog and Indigolog which are based on them.

Then, we present some characteristic approaches in the literature about representing the

epistemic state of an agent and the intuitions behind them.

2.1 Situation Calculus

The situation calculus [MH69] is a logic language speci�cally designed for representing

dynamically changing worlds. As presented in [Rei01], it is a second order many-sorted

language with equality, featuring three disjoint sorts: one for actions, one for situations

and one for everything else needed. We brie
y discuss the basic elements of the situation

calculus language.

Actions and situations are �rst order terms of the correspondingsort. The dynamics

of the world is captured as the result of actions happening at situations: a situation

represents a possible world history, as a sequence of actions. The constant S0 is used

to denote the initial situation where no action has been performed. The sequences of

5
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actions are built using the function symboldo, such that do(a; s) denotes the successor

situation resulting from performing actiona in situation s.

The dynamic elements of the world are captured by the
uents . The relational 
uents

represent relations that their truth values can change from situation to situation and

functional 
uents represent functions with dynamic behavior. A 
uent is denoted by

including a situation argument as its last argument, indicating the value of the 
uent at

that situation.

The language also includes a binary predicatePoss(a; s) which is used to state that

it is possible to perform an actiona in situation s. The formal de�nitions and the details

missing can be found in [Rei01].

2.1.1 Basic Action Theories

Following earlier ideas in the literature, Reiter presents the basic action theories[Rei91]

which are situation calculus theories with appealing properties, such as providing solution

for the frame and quali�cation problems [MH69].

A basic action theoryD is a collection of axioms of the following form

D = � [ D ss [ D ap [ D una [ D S0

where

� For each 
uent f l , the set Dss includes asuccessor state axiomof the form

f l (~x; do(a; s)) � �( ~x; a; s)

if it is a relational 
uent or

f l (~x; do(a; s)) = y � � (~x; a; s; y)

if it is a functional 
uent. These axioms characterize the conditions under which

the 
uent has a speci�c (truth) value at situation do(a; s) as a function of situation

s.
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� For each actionA, the set Dap includes aaction precondition axiomof the form

Poss(A(~x); s) � � A (~x; s)

These axioms characterize the conditions under which some action A(~x) can be

performed in situation s.

� DS0 is a set of �rst order formulas describing the initial situation that syntactically

only mention situation S0.

� � is a set of domain independent foundational axioms which de�ne the legal situ-

ations andDuna includes the uniqueness of names axioms for actions.

We brie
y present some important notions regarding these action theories, which we

will be referring to in the next chapters.

A situation calculus formula is uniform in some situation s i� it does not mention

the predicate Poss, it does not quantify over variables of sort situation, it doesnot

mention equality on situations and whenever it mentions a term of sort situation in the

situation argument position of a 
uent, then that term is s. Also, by do([a1; :::; an ]; S0)

we denote the situation term which we get, when starting fromS0, action a1 is per-

formed, then action a2 is performed and so on up to actionan . That is the term

do(an ; do(an� 1; :::do(a1; S0):::)).

Regressionis a central computational mechanism in the situation calculus which is

based on the intuition that, by regressing the e�ect of the actions performed in some

situation, we can determine a logical equivalent formula in the initial situation S0. Reiter

discusses regression in basic action theories [Rei91] and de�nes an intuitive regression

operator R on regressable formulas. The regression theorem, which is proved in [PR99],

shows that entailment of a formula with respect to a basic actiontheory D can be reduced

to entailment of the regressed formula byDS0 [ D una .

Basic action theories can be restricted to have aclosed initial database[Rei01] so that

to be soundly implemented in the logic programming language Prolog. The restrictions
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needed are such that the basic action theory is ade�nitional theory which satis�es the

requirements of Clark's theorem [Cla78] for implementing �rst order theories in Prolog.

Intuitively, these restrictions force uniqueness of names to all terms and force the theory

capture no incomplete knowledge of any kind. [Rei01] discussesin detail an implemen-

tation method and proves theimplementation theoremfor basic action theories.

2.1.2 Golog and Indigolog Logic Programming Languages

Basic action theories can be used as the representation of real-world environments for

embodied or software agents. One of the basic requirements for such agents is the ability

to reason about the outcome of a sequence of actions. This is known as the projection

task. Furthermore, it is common that the main functionality of the agents relies on

planning techniques which compute the necessary sequence of actions, such that after

the execution of the actions a given goal holds. It is not di�cult to see that this quickly

becomes infeasible as the domains become non-trivial.

Levesque et al [LRL+ 97] suggest an alternative to planning for specifying agent be-

havior. Instead of taking into account only the goal and then perform search among all

possible sequences of actions, domain-dependant high-level programs are speci�ed which

essentiallyguide the planning procedure to follow certain action paths in trying to sat-

isfy the goal. Such a high-level program can be variably non-deterministic and resembles

a sketch of plan that gives strong clues-restrictions about the intended solution. This

is very important, as the search space is drastically reduced and planning on complex

domains can be done in variable e�ciency.

Golog [LRL+ 97] is a logic programming language built on top of Prolog according to

this intuition. It provides a generic way of describing a domain as a situation calculus

basic action theory and also the functionality ofcomplex actionsthat are suitable for

de�ning intuitive high-level execution plans on the domain. The complex actions act

as abbreviations for logical expressions in the language of situation calculus and can
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be though of as macros which expand to normal situation calculus formulas. This is

achieved with the aid of the abbreviationDo(�; s; s0), whose de�nition follows. Intuitively,

Do(�; s; s0) holds whenever the situations0 is a terminating situation of an execution of

the complex action� starting in situation s.

� Primitive actions: Do(a; s; s0)
def
= Poss(a[s]; s) ^ s0 = do(a[s]; s).

The primitive actions are the actual actions that can be executed in the represented

domain. By the notation a[s] we mean the result of restoring the situation variable

s to any functional 
uent mentioned by the action term a.

� Test actions: Do(� ?; s; s0)
def
= � [s] ^ s0 = s.

Here, � is a pseudo-
uent expression which stands for a formula in the language of

the situation calculus, but with all situation arguments suppressed. By the notation

� [s] we mean the result of restoring the situation variables to any 
uent (relational

or functional) mentioned in � .

� Sequence:Do([� 1; � 2]; s; s0)
def
= 9s00:Do(� 1; s; s00) ^ Do(� 2; s00; s0).

� Non-deterministic choice of two actions:

Do(� 1 j � 2; s; s0)
def
= Do(� 1; s; s0) _ Do(� 2; s; s0).

� Non-deterministic choice of action arguments:Do(�x:� (x); s; s0)
def
= 9x:Do(� (x); s; s0)

This means to nondeterministically pick an individualx, and for that x, perform

� (x).

� Non-deterministic iteration: Execute � zero or more times.

Do(� � ; s; s0)
def
= 8P:f8 s1P(s1; s1)^8 s18s28s3:[P(s1; s2)^ Do(�; s 2; s3) � P(s1; s3)]g �

P(s; s0).

Note that second order functionality is needed to express this.

� Conditional: Do(if � then � 1 else� 2; s; s0)
def
= Do([� ?;� 1] j [: � ?;� 2]; s; s0).
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� While-loops: Do(while � do �; s; s0)
def
= Do([� ?;� � ] j [: � ?;� 2]; s; s0).

Using the presented Golog functionality, one can specify high-level programs in the

context of the domain that is modeled. The Golog interpretersearcheso�-line in the

restricted search space so that to provide an instance of the program, as a valid sequence

of primitive actions (that is, actions that can be executed inthe domain). One can view

these programs as specifying a high-level behavior for the agent, or as a guided way to do

planning for a desired set of goals. For example, the goals can becaptured in the Golog

program using test actions to ensure that the intended properties hold.

Note that the �nal plan to be executed by the agent is computed o�-line. So, the

interpreter is required to look all the way until the last action, before a single action

can actually be executed in the world by the agent. In some casesthis is the desired

approach, as the total success of the plan can depend strongly inthe choices made in

very early steps of the sequence of actions. Nevertheless, this is aserious problem when

large programs are considered and moreover in the presence of sensing actions, which

provide essential information only after they are executed inthe world.

To deal with this issue, De Giacomo and Levesque [DGL99] propose anewincremental

way of interpreting such high-level programs and a new high-level language construct

which together provide re�ned control over the actual execution of the primitive actions.

Indigolog executes each complex actionon-line, which means that at each step of the

high-level program, the agent commits to appropriate primitive actions that are actually

executed in the world. Furthermore, o�-line planning is triggered using a newsearch

operator �. The complex action � � forces the interpreter to searcho�-line for a successful

terminating state for program � . Indigolog functionality is very useful in the presence

of sensing actions, which are intended to be executed on-line. It is then in the hands

of the user to exploit the language constructs so that to specify programs which rely on

appropriate o�-line planning and on-line execution of actions.

Similarly to Golog, Indigolog programs refer to some situation calculus basic action
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theory which accounts for sensing actions too. Sensing is treated as in [Lev96], using

the special predicateSF and sensed 
uent axioms, one for each primitive action, which

characterizeSF.

Indigolog functionality is based on the special predicatesT rans and F inal , which

were �rst introduced in [DGLL97]. T rans(�; s; � 0; s0) expresses that, by executing pro-

gram � in situation s, one can get to situations0 in one elementary step, with the program

� 0 remaining to be executed. In a sense, this captures the fact that there is a possible

transition from the con�guration ( �; s ) to the con�guration ( � 0; s0). F inal (�; s ) expresses

that program � can successfully terminate in situations, or equivalently that the con�g-

uration (�; s ) is �nal. An appropriate T rans and F inal axiom is de�ned for each Golog

complex action [DGLL97] and the new search operator � [DGL99]. The incremental

execution of the programs is then determined byT rans and F inal . De Giacomo and

Levesque also provide an incremental interpreter in Prolog.

We do not proceed into more details regarding the theory and implementation of

Indigolog. For the scope of this thesis, we are only interested inthe functionality that

Indigolog provides: incremental execution of high-level programs in the context of do-

mains which are represented in the Indigolog framework as situation calculus basic action

theories. In chapter 5, we present some details on how domains are represented in the In-

digolog language, as we discuss that Indigolog functionalitycan be used as is to represent

our theories.

2.2 Reasoning about Actions and Knowledge

We now focus on approaches in the literature that account forthe epistemic state of the

agent. Essentially, we are interested in logical formalisms that can capture incomplete

knowledgeabout the represented domains and provide ways of updating itwith the use

of sensing.
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2.2.1 An Epistemic Fluent in the Situation Calculus

The situation calculus formalism represents the world and doesnot account for the epis-

temic state of some agent. Scherl and Levesque [SL03] formalizeknowledge in the sit-

uation calculus by adapting a standard possible worlds model ofknowledge [Hin62], as

was done by Moore [Moo85]. A similar approach is adopted by Thielscher in the 
uent

calculus [Thi00] and by Lobo et al [LMT97] in theA language [SB01].

Following the possible worlds approach, a binary relationK (s0; s) is introduced which

captures that situation s0 is accessible froms. Note that the \o�cial" situation argument

for the 
uent is the last one. K (s0; s) is treated like any other 
uent and informally

K (s0; s) holds when, as far as an agent in situations knows, it could be in situation s0.

The expressionKnows (W; s) is an abbreviation for a formula that usesK and is used

to state that W is known in situation s. For example:

Knows (Broken(x); s) = 8s K (s0; s) ! Broken(x; s0)

Note the convention regarding the situation argument.

Like any other 
uent, the truth value of K (s0; s) changes due to actions and there

is a successor state axiom which captures the 
uent's dynamics among situations. The

possible situations forming the epistemic state of the agent are a�ected by knowledge

producing actions. In order that all actions are treated uniformly, there is a sensing

result function SR and for each actiona there is a sensing result axiom of the following

form.

SR(a(~x); s) = r � � a(~x; r; s)

For ordinary actions the result is always the same with the speci�c result not being

signi�cant. The successor state axiom for the epistemic 
uentK is then the following.

K (s00; do(a; s)) � (9s0 s00= do(a; s0) ^ K (s0; s) ^ Poss(a; s0) ^ SR(a; s) = SR(a; s0))

A basic action theory also includes axioms that de�ne the possible world alternatives for
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K in the initial situation S0. These speci�cations essentially de�ne what is known and

what is not known initially.

Scherl and Levesque discuss many interesting properties of the theories presented.

They show that a particular modal logic can be modeled by including axioms that place

restrictions on the accessibility relation. For instance, the S4 modal logic is modeled by

including re
exivity and transitivity axioms. Provided these properties hold for theK

relation in initial situations, then they will also hold in every situation resulting from an

executable sequence of actions. Finally, they also talk about regression in this setting,

where the de�ne a regression operatorR � and show that a similar regression theorem as

in normal situation calculus holds.

Theories of action and knowledge presented in [SL03] o�er a large expressive power,

but su�er from the di�culties found in all possible worlds approaches to modeling knowl-

edge. The main issue is e�ciency, as theorem proving of knowledge formulas may need

to check all possible worlds, leading easily to intractability.As a result, there are many

approaches in the literature which account for knowledge, but under strong restrictions

that guarantee the intended e�ciency. We now focus on approaches which do not fol-

low the possible worlds paradigm, but capture only some key features that the possible

worlds account for, in a standard �rst order or propositional setting.

2.2.2 Restricted Knowledge Approaches

In treating theories of action e�ciently, disjunctive knowledgeplays a key role. We refer

to disjunctive knowledge as the modeling of arbitrary disjunctions that cannot be broken

apart into knowledge of the individual disjuncts. For instance, disjunctive knowledge is

captured by the following sentences in the Scherl and Levesquebasic action theories of

knowledge.

Knows (Door1IsOpen _ : Door2IsOpen; S0)

Knows (Dice = 1 _ Dice = 2 _ Dice = 3 _ Dice = 4; S0)
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The �rst sentence expresses that in the initial situation the agent knows that either door

1 or door 2 is open, while the second expresses that in the initialsituation the agent

knows that some dice has one of the four possible values 1,2,3 or 4. Note that the second

sentence captures disjunctive knowledge which is about a single 
uent Dice(s).

In reasoning about action, we are mainly concerned in expressing disjunctive knowl-

edge about the values of 
uents. The representation of disjunctive knowledge is a source

of intractability, as it leads to exponential number of possibilities for the values, for a

�xed number of 
uents. One way of limiting the expressiveness so that to avoid the

exponential blow-up, is to force 
uents to beindependent. In this way, any disjunctive

knowledge captured is about one 
uent each time, which is what we call 
uent-based

disjunctive knowledge. Disjunctions can then be broken apartand this brings theorem

proving back to tractability. This is called in [PL02] as theweak disjunctive knowledge

property.

Results in [PL02] have shown that basic action theories of knowledge cannot be forced

to capture only 
uent-based disjunctive knowledge, unless they are seriously restricted

to exclude very common and intuitive behaviors. Even if it would seem logical that if

we restrict the description of the initial situation to captureonly 
uent-based disjunctive

knowledge then this property should persist in all situations, unfortunately it is not true.

We examine this point in detail.

Consider the following example, as presented in [PL02].

F (do(a; s)) � (a = A ^ G(s)) _ F (s)

G(do(a; s)) � G(s)

9s19s29s39s4 K (s1; S0) ^ K (s2; S0) ^ K (s3; S0) ^ K (s4; S0)^

F (s1) ^ G(s1) ^ F (s2) ^ : G(s2)^

: F (s3) ^ G(s3): F (s4) ^ : G(s4)

In the initial situation nothing is known about the truth valu es of the relational 
uents
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F and G. The 
uents' truth values are not related in any way and it is easy to see that

the disjunctive knowledge captured in the initial situation is 
uent-based. The successor

state axioms are straightforward, capturing that the only change that can happen is

that action A makes the truth value ofF be the same asG. Nevertheless, even in this

very simple setting the intended property does not hold: In thesituation S = do(A; S0)

Knows (F _ : G; S) holds, but neither Knows (F; S) nor Knows (: G; S) hold.

The point is that the successor state axioms actually relate the values of the 
uents

in ways which form general disjunctive knowledge. The only safe way out seems to be to

avoid context-sensitive successor state axioms that mention morethan one 
uent, which

is a serious and not wanted restriction.

Note that this issue also arises in normal situation calculus. In this case, we refer to

the normal disjunctions and whether theorem proving can be broken down to proving

that either of the disjuncts holds. Disjunctive knowledge as a term, makes more sense

in a modal setting, but we will be using it in settings that do not explicitly account for

knowledge, such as normal situation calculus.

We now brie
y present two characteristic approaches in the literature which capture

some form of incomplete knowledge in an e�cient way. These are based on the situation

calculus and have in
uenced our work for this thesis. The section ends with a short

discussion on other logical approaches for dealing with incomplete knowledge which are

not based in the situation calculus. In some of these approaches itis not the case that

both the real world and what the agent knows are represented. In this case, the formalism

captures the epistemic state of the agent only, in an essentiallyimplicit modal setting.

2.2.3 Modal Fluents in Situation Calculus

Demolombe and Pozos Parra [DPP00] present a di�erent approach of modeling knowledge

in the situation calculus, which forces knowledge be about 
uent literals only. They

introduce a modal operatorK which is combined syntactically with a relational 
uent
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literal P to form a knowledge 
uent KP . Informally, KP (s) is a 
uent capturing that

P is known to be true in situation s.

In this way, the modal 
uents are used to explicitly model literal-based knowledge,

without manipulating possible worlds. The epistemic state of theagent is then captured

with the aid of pairs of modal 
uents, KF and K : F for each relational 
uent F . Func-

tional 
uents are encoded into relational 
uents with one extra argument. In addition

to specifying a standard successor state axiom forF , a theory includes successor knowl-

edge state axioms for bothKF and K : F . These axioms have the same form as normal

successor state axioms. For example,

KF (~x; do(a; s)) � 
 +
KF (~x; a; s) _ KF (~x; a; s) ^ 
 �

KF (~x; a; s)

K : F (~x; do(a; s)) � 
 +
K : F (~x; a; s) _ K : F (~x; a; s) ^ 
 �

K : F (~x; a; s)

Note that the theory should ensure that bothKF (~x; s) and K : F (~x; s) do not hold in

the same situations, so that knowledge remains consistent.

Demolombe and Pozos Parra also discuss regression in this setting.A regression

operator R T is de�ned and it is proven that a regression theorem similar to the one

presented in [SL03] holds. Finally, they prove that if the theory includes axioms which

de�ne KF and K : F in the initial situation S0, then this results to a complete description

of the epistemic state in every situation.

2.2.4 Interval Arithmetic in Situation Calculus

In [Fun99], Funge presents a method of incorporating interval arithmetic into the situa-

tion calculus. Interval arithmetic is used to account for knowledge by providing means

of expressing incomplete knowledge about the value of 
uents.

The approach distinguishes between normal 
uents andsensory 
uents whose value

can be sensed through a knowledge producing action. For each sensory 
uent f , a

corresponding interval-valued epistemic (IVE) 
uent I f is introduced. This epistemic
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uent captures the possible values for the corresponding normal 
uent, using interval

arithmetic to represent them in a restricted but concise way.

In more detail, the possible values can be an interval of some number systemX, for

which a new number system of sortI X is de�ned. The constants ofI X are the set of pairs

hu; vi such that u; v 2 X and u � u. For an interval x = hu; vi , x = u and x = v are the

lower and upper bound respectively. A valuex is contained inx = hu; vi i� u � x � v

and interval y containsx, x � y i� y � x and x � y . Also, for two intervals x; y we say

that x � y i� x � y .

This approach to knowledge is mainly motivated by the need toexpress incomplete

knowledge about 
uents that have real numbers as values, usingfor example intervals of

I R+ . Nevertheless, any number system can be de�ned so that to capture the needs of spe-

ci�c domains. Note for instance the case ofI B. This number system includes exactly three

intervals h0; 0i , h0; 1i and h1; 1i which have the properties thath0; 0i � h 0; 1i � h 1; 1i and

also that h0; 0i � h 0; 1i and h1; 1i � h 0; 1i . 1 and 0 can be used to represent true and

false and the intervalsh1; 1i , h0; 1i and h0; 0i can be used to represent \known to be

true", \unknown" and \known to be false" respectively, which imitates the behavior of

a three-valued logic.

The intention is to use the interval-valued epistemic 
uents to replace the epistemic

K 
uent of the Scherl and Levesque approach. In this setting, theagent knows that a


uent has a speci�c value i� I f has collapsed into a \thin" interval.

Knows 0(f = c; s) � I f = hc; ci

This notion is extended to account for knowledge about arbitrary formulas using

I Knows (t; s) as uniform mechanism to express the \interval value" of any term t in situ-

ation s. Finally, the necessary state constraints are presented so thatI Knows subsumes

the epistemicK 
uent.
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2.2.5 Other Approaches to Incomplete Knowledge

We now mention two approaches in the literature which account for some limited form

of incomplete knowledge and are not based on the situation calculus.

The �rst one borrows functionality and intuitions from many-valued logicsor multi-

valued logics. In such formalisms, the standard semantics are extended to include more

than the two common truth values, true and false [Bel77], [Urq86], [Gin88]. One way

this can be utilized to represent lack of knowledge is by the useof an \unknown" truth

value added to the usual ones.

The second approach utilizes database functionality to do reasoning about actions

with incomplete knowledge. Similar approaches to planningin presence of incomplete

knowledge and sensing are [EGW97] and [PS92].

Proper Knowledge Bases

Levesque [Lev98] presents a way of dealing with incomplete knowledge in �rst-order

theories, based on the introduction of a third truth value standing for \unknown". Proper

knowledge basesare theories of �rst order languages with equality that include no function

symbols. These theories include uniqueness of names axioms for the possibly countably

in�nite constant symbols and a �nite consistent set of formulas ofthe form

8(e ! � ) or 8(e ! : � )

where e is a quanti�er free formula whose only predicate is equality and � ranges over

predicate atoms.8(� ) denotes the universal closure of formula� .

The problem of determining whether a sentence is logically entailed by a proper KB

is undecidable, even though only a very limited form of incomplete knowledge is allowed.

Levesque proposes the reasoning procedureV which always terminates and is logically

sound. V evaluates formulas into 1,0 or12 which correspond to false, true and unknown

respectively. This is done in an intuitive way by evaluating the atoms in a standard way
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and extending this to arbitrary formulas usingmin and max appropriately.

A syntactic normal form N F is also de�ned and it is proved that for queries in this

normal form V is also complete. It is also shown that in the propositional case for every

formula there exists a logical equivalent one inN F . Finally, in [LL03] it is shown that

V can be e�ciently implemented using database techniques.

Planning with Knowledge and Sensing

The PKS planning system [BP98] is a generalization of STRIPS [FN71]. In STRIPS, the

state of the world is represented by a database and actions are represented as updates to

that database. Instead of a single database, the PKS system uses a set of four databases

that collectively represent the epistemic state of the agent rather than the state of the

world. Updates in the databases are modeled to modify agent's knowledge appropriately.

Each of the databases capture a di�erent type of knowledge which corresponds to a

formal interpretation in a �rst-order modal logic of knowledge.

� The K f database stores positive and negative ground literals which are known

to the agent. This is not complete knowledge, as no closed world assumption is

applied.

� The K w database stores conjunctions of ground atomic formulas whose truth value

is known by the agent. Intuitively, if formula a is in K w then at planning time either

the agent knowsa or it knows : a; which one holds will be resolved at execution

time. This database is used for plan-time modeling of the e�ects of sensing actions.

� The K v database stores un-nested function terms whose values are knownto the

agent at execution time.K v is used for plan-time modeling of the e�ect of sensing

actions that return numeric values.

� The K x database captures information about \exclusive or" disjunctive knowledge

of ground literals of the form (l1jl2j:::jln ). Intuitively, this formula represents the
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fact that the agent knows that exactly one of thel i is true.

Note that the incomplete knowledge that can be expressed in PKS is limited to

complete lack of knowledge about an atom, by leaving it out ofK f , and knowledge that

only one of a �nite set of literals are true, usingK x .



Chapter 3

L P Languages

The syntax of anL P language is similar to the syntax of Situation Calculus as presented

in [Rei01]. Predicate symbols and relational 
uent symbols are missing inL P , but their

e�ect can be emulated by function symbols.

L P semantics are based on standard �rst order Tarskian semantics. The main dif-

ference is that the notion of truth in a structure is based on thefact that a term is

interpreted as a (non-empty and possibly singleton)set of objectsrather than one ob-

ject. This is a result of allowing the interpretation of 
uent symbols to range over the

powerset of the object domain, while also providing a consistentway of \propagating"

these sets of objects to the interpretation of terms built uponthem.

This way, the semantics intend to provide a re�ned way of treating disjunctive knowl-

edge. Each structure inherently captures a special form of incomplete knowledge: the set

of objects which a term is interpreted into are intended to represent thepossible values

for that term. Essentially, it is a restricted form of disjunctive knowledge about that

term, which we will be calling
uent-based disjunctive knowledge.

In this setting, equality gets a di�erent interpretation than the standard one. Based

on this, we will be using some useful macros for capturing speci�c notions regarding


uent-based disjunctive knowledge. To emphasize the di�erence and to avoid confusion,

21
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we will be using� as the equality symbol.

We now move to the formal de�nitions and some examples that give the intuitions

behind them.

3.1 Syntax

An L P languageL is a �rst order language with three disjoint sorts:A for actions,S for

situations and O for all the rest of the objects.L has the following alphabet:

� Countably in�nite variable symbols for each sort. We will usex; y; ::: for variables

of any sort, a; a1; ::: for variables of sortA and s; s1; ::: for variables of sortS.

� Three function symbols of sortS,

� A constant symbolS0, denoting the initial situation.

� A binary function symbol do : A � S 7! S, denoting the successor situation

function.

� A binary function symbol Poss : A � S 7! 2O, which is intended to capture

that it is possible to perform an actiona at situation s and will be forced to

map to > ; ? .

� Two constant symbols> ; ? of sort O, denoting true and false. These will be used

to emulate predicates and relational 
uents using functional 
uent symbols.

� Countably in�nite function symbols (A [ O)n 7! O which are used to denote situ-

ation independent functions. We useh; h1; h2::: to denote these function symbols.

� Countably in�nite function symbols (A[ O)n 7! A which are calledaction functions.

We useA; A 1; A2; ::: to denote action function symbols.
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� Countably in�nite function symbols (A [ O)n � S 7! 2A or (A [ O)n � S 7! 2O,

which are calledfunctional 
uents. We usef l; f l 1; f l 2; ::: to denote functional 
uent

symbols.

� the logical symbols^ ; : ; 9; � ; (; ).

All function symbols of arity zero are also calledconstant symbols. Also, we will use

f; f 1; f 2; ::: to denote any function symbol of the above. Note that there areno predicate

and no relational 
uent symbols. Relational 
uents can be treated as functional 
uents

with two possible values,> ; ? and similarly predicates can be treated as functions. We

will see an example of that in section 3.3. Functional 
uent symbols will be printed in

a di�erent font, like dice,weather, while non-
uent function symbols will be printed in

normal math font, like sunny; rainy; 1; 2.

All terms appearing in formulas are assumed to be of the correct sort, according to

the de�nition of the predicate or function in which they appear. We will use t; t 1; t2; :::

to denote terms, and the vector notation to denote tuples of terms, ~t; ~t1;~t2; :::. Also, we

will use �; �; ::: to denote arbitrary formulas.

The formal de�nitions follow for an L P languageL .

De�nition 3.1.1 (L -term).

� Every variable is anL -term of the same sort.

� If f is an n-ary function symbol of sorthi 1; :::; in ; in+1 i and eacht j is an L -term of

sort i j , then f (t1; :::; tn ) is an L -term of sort i n+1 .

An L -term that includes no variable symbols is aground L -term. An L -term that

includes no 
uent symbols is arigid L -term. �

Example 3.1.1. x; f (x); senses(f l 1); t; t 1; dice(1; s); 1; rollDice are allL -terms of various

sorts. �
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De�nition 3.1.2 (L -formula).

� If t1; t2 are L -terms, then t1 � t2 is an atomic L -formula.

� If � and � are L -formulas, then: �; (� ^ � ) are alsoL -formulas.

� If x is a variable and� is an L -formula, then 9x� is a L -formula.

An L -formula that includes no variable symbols is aground L -formula. An L -formula

that includes no 
uent symbols is arigid L -formula. �

Example 3.1.2. dice(1; s) � 1, dice(2; s) � 5, dice(1; s) � dice(2; S0), succ(1) � x,

succ(dice(1; s)) � dice(2; s) are atomic L -formulas. �

The logical symbols_; ! ; $ ; � and the universal quanti�er 8 are de�ned as macros

based on: ; ^ ; 9, in the standard way. Furthermore, we de�ne three macros thatcapture

intuitive notions regarding 
uent-based disjunctive knowledge and which will be useful in

the next sections. Since their use and e�ect will become clear after we see the semantics

of L P languages, we postpone their de�nition until after the semantic de�nitions.

Finally, in L P syntax we will be using the standard rules for omitting parenthesis.

We now move to the semantics ofL .

3.2 Semantics

L P semantics extends the standard semantics using intuitions frommany-valued logics.

As usual, a structure for someL P languageL has a domain of objects for each of the

sorts. The important di�erence with standard semantics is that the interpretation of


uent symbols ranges over the powerset of the object domain, excluding the empty set.

Intuitively, this captures the fact that it may not be de�nit e which is the value of a 
uent,

but it is de�nite what the options are, even if this is an in�ni te number of possibilities.

Since having no possible value is essentially inconsistent, the empty set is not allowed as
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an interpretation of a 
uent. The rest of the parameters of thelanguage get the standard

interpretation.

In general, the interpretation of anL -term is a set of objects of the correct sort, as the


uent-based disjunctive knowledge propagates to form incomplete knowledge about the

terms built upon the 
uent symbols. This form of incomplete knowledge is inherently

captured inside the structuresand provides an extra way of talking about disjunctive

knowledge. In chapter 5 we will see that we can de�ne action theories which capture

only this form of 
uent-based disjunctive knowledge and because of that, evaluation can

be done e�ciently.

Before we move to the formal de�nitions, we emphasize once morethat L P semantics

is not standard in many aspects: every structure can capture 
uent-based disjunctive

knowledge by itself and functional 
uents are interpreted into non-standard functions to

name a few. Also, note that we will follow the same notation as in [End72].

De�nition 3.2.1 (L -structure). An L -structure M consists of the following:

� A non-empty setM i for each of the sorts of the language, called the universe ofM

of sort i . We usejMj to denote the union of the universes of all sorts. Variables in

an L -formula range over the singleton sets of the correspondingM i and terms get

their interpretation from 2M i for the correspondingi .

� For eachn-ary functional 
uent symbol f l in L of sort hi 1; :::; in ; Si , an associated

function f l M : M i 1 � � � � � M i n 7! 2M S � ; .

� For eachn-ary function symbol f in L of sort hi 1; :::; in ; in+1 i that is not a functional


uent, an associated functionf M (c1; :::; cn ) = f g(c1; :::; cn )g for all cj 2 M i j , where

g : M i 1 � � � � � M i n 7! M i +1 . �

Before proceeding to the next semantic de�nitions, we need to see some notions about

these non-standard structures. The form of the 
uent symbols' interpretation implies a

partial ordering among the structures.
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De�nition 3.2.2 (Order relation on L -structures). Let M 1; M 2 be L -structures, identi-

cal except for the interpretation of functional 
uent symbols. M 1 � M 2 i� for all 
uents

in L and for all possible arguments~c, f M 1 (~c) � f M 2 (~c).

Note, that the relation � is a partial order on the set ofL -structures. �

The structures which have the property that they capture no 
uent-based disjunctive

knowledge, are calledsimple structures.

De�nition 3.2.3 (Simple structure). A simple structure is a structure that captures no


uent-disjunctive knowledge. That is, all 
uent symbols are interpreted into functions

that always return singleton sets: for all 
uents in L and for all possible arguments~c,

jf M (~c)j = 1. �

Now we can see the de�nition of term denotation, which relies onthese notions.L P

semantics provides a consistent way of propagating the 
uent-based disjunctive knowledge

to form incomplete knowledge about the terms built upon the 
uent symbols. In detail,

the interpretation of a function-term f (~t) is the set of the objects you get if you applyf M

to all possible tuples~t, produced by the cross-product of the arguments' interpretation,

subject to the restriction that in each tuple, syntactically equal terms are bound to the

same interpretation.

De�nition 3.2.4 (L -term denotation in a simple structure). Let M be a simple L -

structure and let � be a variable assignment forM which assigns an object of the

correspondingM i to every variable. EachL -term t is then assigned asingleton setof the

corresponding universeM i . This is de�ned by induction on terms t, as follows:

� For any variable x, xM [� ] is f � (x)g

� For any n-ary function symbol f and L -terms t1; :::; tn ,

f (t1; :::; tn )M [� ] = f M (c1; :::; cn )

wheretM
i [� ] = f ci g. �
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De�nition 3.2.5 (L -term denotation). Let M be anL-structure and let � be a variable

assignment forM which assigns an object of the correspondingM i to every variable.

Each L -term t is then assigned anon-empty subsetof the corresponding universeM i .

Formally, tM [� ] ranges over the powerset ofM i . This is de�ned on the partial ordering

of structures, as follows:

tM [� ] =
[

tM 0
[� ] for all simple M 0 such that M 0 � M

�

So, in this setting, 
uents range over the powerset of the object domain rather than

the domain itself. As mentioned earlier, this is exactly how 
uent-based disjunctive

knowledge is captured. We explore this a little more in the following example.

We consider a 
uentdice(t; s) which expresses which face of the dicet is facing upwards

at situation s. It is reasonable to expectdice(1; s)M [� ] to be f 1; 2; 3; 4; 5; 6g, if dice 1

is a six-sided dice ordice(2; s)M [� ] to be f 1; 2; 3; 4g, if dice 2 is a four-sided dice. On

the other hand, when we consider the non-
uent function symbolthat is intended to

express the successor function,succ(t), it does not seem right to havesucc(1)M [� ] to be

anything more thanf 2g, or at least somesingletonset. That is the reason why functional


uents are interpreted into functions which range over the powerset ofM i , while the other

function symbols are interpreted in the standard way as functions which range overM i ,

with the particularity that they actually return the singlet on set of the object, so that

to be compatible with the set machinery.

According to the term denotation de�nition, any term that contains some 
uent can

capture 
uent-based disjunctive knowledge, as it propagatesat term composition. For

instance in the dice example, it seems quite reasonable to get that succ(dice(2; s))M [� ]

is f 2; 3; 4; 5g and this is what the formalism would actually do ifsuccM is interpreted as

the successor function.

The observation to be made here is thatL -structures can capture 
uent-based dis-



Chapter 3. L P Languages 28

junctive knowledge inherently and functional 
uents are the basic elements which make

that possible.

Note also that non-simple structures need special treatment in the way the complex

terms' interpretation is treated and the 
uent-based disjunctive knowledge is propagated.

This is because the recursive rule that works for the simple structures would lead to

counter-intuitive behavior, when syntactically equivalent terms appear as arguments of

some complex term.

For example, consider the term

sum(dice(2; s); dice(2; s))M [� ]

If sumM is interpreted as the sum function, then according to the termdenotation

de�nitions 3.2.4 and 3.2.5, the interpretation of the sum term is the intuitive one

sum(dice(2; s); dice(2; s))M [� ] = f 2; 4; 6; 8g

On the other hand, the (FOL) recursive rule for term interpretation would give

sum(dice(2; s); dice(2; s))M [� ] = f 2; 3; 4; 5; 6; 7; 8g

It is easy to see that some of the values come from the applicationof sumM to di�erent

possible valuesof dice(2; s)M [� ]. This is counter-intuitive, as we expect the interpretation

of each term to rely only onone possible value for each distinct sub-term that appears in

it . In this example, we want the interpretation of the sum termnot to consider di�erent

possible values for the two appearances of the termdice(2; s)M [� ]. We now proceed to

the de�nition of truth for L -formulas.

De�nition 3.2.6 (Truth in a structure) . For an L -formula � , an L -structure M and

a variable assignment� , the notion of truth in the structure M j = � [� ] is de�ned by

structural induction on formulas � as follows:
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� For L -terms t1; t2, M j = t1 � t2[� ] i� t1; t2 are of the same sort and there exists a

simple M 0 such that M 0 � M and tM 0

1 [� ] = tM 0

2 [� ]. Intuitively, this means that it

is possiblethat the two terms have the same value.

� For an L -formula � , M j = : � [� ] i� M 6j= � [� ]

� For L -formulas �; � , M j = � ^ � [� ] i� M j = � [� ] and M j = � [� ]

� For an L -formula � and a variablex of sort i ,

M j = 9x� (x)[� ] i� M j = � (x)[� (c=x)]

for some objectc 2 M i . �

From the de�nition of truth of atomic L -formulas we see that logical connective� gets

a very di�erent interpretation than true equality on sets, which is nevertheless appropriate

for expressing what we need in respect to this setting of incomplete knowledge. Here,

equality should be interpreted as capturing that twoL -terms arepossibly equal. In some

L-structure M , which inherently captures 
uent-based disjunctive knowledge, that is

true when there exists some simple structureM 0 such that M 0 � M and interprets the

terms to be the same singleton set.

This way of de�nition, that relies on the notion of simple structure, is necessary for

a similar reason that we used it in the term denotation de�nition: It is necessary that

syntactically equal sub-terms are bound to the same interpretation, so that no counter-

intuitive results occur. Continuing the dice example, when considering

M j = prec(dice(2; s)) � succ(dice(2; s))[ � ] (3.1)

we want both instancesof dice(2; s)M [� ] to be bound to a single possible valuewhen

considering all possibilities for the values ofprec(dice(2; s))M [� ] and succ(dice(2; s))M [� ].

In this example, by considering the simple structures we prevent that (3.1) gets true, as

a result of

2 2 succ(dice(2; s))M [� ] and 22 prec(dice(2; s))M [� ]
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Also, note that this interpretation of equality is enough for expressing all we may need

regarding incomplete knowledge. We will see that in detail inthe next section, where

we de�ne some useful macros for dealing with 
uent-based disjunctive knowledge and we

discuss their e�ect in some examples.

We now move to the last semantic de�nitions.

De�nition 3.2.7 (Satis�ability, validity and entailment L ). Satis�ability, validity and

entailment in L are de�ned in the same way as in �rst order logic. Let�; 
 beL -sentences,

M an L-structure and � a variable assignment.

� 
 is satis�able i� M j = 
 [� ] for someM and � .

� 
 is valid i� M j = 
 [� ] for all M and � .

� 
 j= � i� for all M and � , if M j = 
 [� ] then alsoM j = � [� ].

The same de�nitions hold if 
 is a set of formulas. �

We are only interested in the truth of sentences, that is formulas with no free oc-

currences of variables and we will not consider variable assignment � in general. When

the variable assignment� is absent, it means that it could actually be anything, without

a�ecting the results we consider.

Closing this section, it is important to note that L P also accounts for general disjunc-

tive knowledge expressed by the logical connective_. As we will see,L P provides nice

functionality to express exactly the kind of incomplete knowledge that it is desired. In

the next section we will see among others that there areL P properties which allow us to

do that easily. In chapter 5, we will be using these to de�ne theories that capture only


uent-based disjunctive knowledge.
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3.3 Properties of L P

In this section we discuss the behavior ofL P languages. First, we focus on the non-

standard interpretation of equality in L P languages and present some useful macros

which utilize it. Then, we proceed to showing some useful lemmasabout L P semantics.

3.3.1 L P macros and expressiveness of L P

Here, we see three useful macros that we will be using in the next chapters. These macros

are based on the interpretation of equality inL P as possibly equalsand capture notions

which resemble notions expressed in situation calculus theories of action and knowledge.

We discuss this non-standard interpretation of equality and the e�ect of the macros in a

few illustrative examples.

The t-formulas intend to capture all the disjunctive knowledge about the value of a

term t.

De�nition 3.3.1 (t-formula macros). If t; t 1; :::; tn are L -terms then

t = [t1 :::; tn ]

is called astrong t-formula and stands for theL -formula 1

8x t � x � x � t1 _ ::: _ x � tn

Also, we will �nd useful a weaker notion of capturing the disjunctive knowledge about

the value of anL -term t.

t v [t1 :::; tn ]

is called aweak t-formula and stands for theL -formula

8x t � x ! x � t1 _ ::: _ x � tn

1Here, we do not expand the macros for_; � ; 8 for the sake of readability. The actual L -sentence is
the one we get after replacing all macros according to their de�nition. The same remarks applies to the
de�nition of the other macros.
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When it is not speci�ed if we are talking about a strong or weakt-formula, we mean

a strong t-formula by default. �

Example 3.3.1. dice(1; s) = [1; 2; 3; 4] is adice(1; s)-formula, weather(s) = [sunny; rainy ]

is a weather(s)-formula and f l (~t) = [t1; :::; tn ] is a f l (~t)-formula. �

The K macro is intended to capture the fact that there is no incomplete knowledge

about the value of anL -term t.

De�nition 3.3.2 (K macro). For an L -term t, Kt stands for theL -formula

9x t = [x]

�

A strong t-formula is true when the uncertainty captured by termt is exactly the

uncertainty de�ned by the interpretation of terms t i appearing in brackets and note that

the terms t i need not be rigid. The strongt-formula macro can be intuitively seen as

checking or assigning a speci�cdisjunctive knowledge \value"to a term t. The list in the

t-formula can be intuitively seen as that value.

The weak t-formula has similar e�ect, it is true when the uncertainty captured by

term t is at most as much asthe uncertainty de�ned by the interpretation of terms t i .

The notion that a term has a de�nite value and there is no incomplete knowledge about

its value is captured by theK macro. Kt is true in a structure whent is interpreted into

some singleton set.

We �rst discuss the behavior of equality and the macros we de�nedin regard to truth

in a structure2.

Example 3.3.2 (Satisfaction). Consider anL P languageL which includes the symbols

1; 2; 3; S0; f l of the intuitive sort and arity. Let M be anL-structure such that

f l (S0)M [� ] = f 1; 2g; 1M [� ] = f 1g; 2M [� ] = f 2g; 3M [� ] = f 3g

2Here, we abuse notation a little by using the number symbols both as syntactic and as semantic
objects. The context is always enough to distinguish which notion is the intendedone
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This means that there is incomplete knowledge about the value of f l (S0), it could be 1

or it could be 2.

First of all, let us see in this simple setting that the logical symbol of equality expresses

that it is possible that terms have the same value. It is easy to verify that according to

the de�nition of truth in a structure 3.2.6,

M j = f l (S0) � 1[� ] and M j = f l (S0) � 2[� ] and M j = f l (S0) 6� 3[� ]

Note that since equality expresses that terms arepossiblyequal, we can use it in formulas

in ways which do not seem intuitive at �rst glance. The previousequation actually implies

that

M j = f l (S0) � 1 ^ f l (S0) � 2[� ]

On the other hand, the strongf l (S0)-formula macro expresses that the term on the

left hand side has exactly the disjunctive knowledge expressed in the right hand side.

According to the de�nition of truth in a structure 3.2.6 and the de�nition of the macro

3.3.2,

M 6j= f l (S0) = [1][� ] and M 6j= f l (S0) = [2][� ]

which should be interpreted as \it is not true that f l (S0) has the value 1 (respectively

2)".

According to the same de�nitions,

M j = f l (S0) = [1; 2][� ] and M 6j= f l (S0) = [1; 2; 3][� ]

which should be interpreted as \it is true that the value off l (S0) is exactly either 1 or

2 (respectively not true that it is exactly 1 or 2 or 3)".

One can view this as if the interpretations of the termf l (S0) and the list encapsu-

late the disjunctive knowledge into a \disjunctive knowledge value" in the intuitive way.

According to this view, the previous reasoning is as follows:
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If it is true that f l (S0) has the disjunctive knowledge value[1; 2] then it is

not true that it has the disjunctive knowledge value[1], or [1; 2; 3].

In a similar way, the weak version of thef l (S0)-formula has the intuitive behavior:

M 6j= f l (S0) v [1][� ]; M j = f l (S0) v [1; 2][� ] and M j = f l (S0) v [1; 2; 3][� ]

which adopting the previously described point of view is as follows:

If it is true that f l (S0) has the disjunctive knowledge value[1; 2] then it is

not true that it's disjunctive knowledge value isless than[1].

If it is true that f l (S0) has the disjunctive knowledge value[1; 2] then it is

also true that it's disjunctive knowledge value isless than[1; 2] or [1; 2; 3].

Also, it is interesting to see how the notion ofhaving the same value with no un-

certainty can be captured inL . First we see the e�ect ofK in the truth of the terms.

According to the de�nition of truth in a structure 3.2.6 and the de�nition of the K macro

3.3.2,

M 6j= Kf l (S0)[� ] but M j = K1[� ]; M j = K2[� ]; M j = K3[� ]

Formula t1 � t2 ^ Kt1 ^ Kt2 expresses thatt1 has the same value witht2 with no

uncertainty. The next formula expresses that notion for termsf l (S0) and 1, which is not

true in hM ; � i .

M 6j= f l (S0) � 1 ^ Kf l (S0) ^ K1[� ]

Note that t1 � t2 ^ Kt1 ^ Kt2 is logical equivalent tot1 = [ t2] ^ Kt2 and t2 = [ t1] ^ Kt1. �

In this example we focused on evaluating various formulas in aspeci�c interpretation.

We now make an important remark on the e�ect of strongf l -formulas when included in

L P theories.

For any 
uent symbol f l , strong f l -formulas are of special interest, as they directly

restrict the interpretation of f l and thus the 
uent-based disjunctive knowledge of the
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theories they are part of. In the same way as in �rst order logic asentencef = 1 forces

the interpretation of the function symbol f , f M to be 1M in all of its modelsM , here a

strong f l (S0)-formula

f l (S0) = [1; 2]

forces the interpretationf l M (cS0 ) to be 1M [ 2M , whereSM
0 = f cS0 g. This e�ect can be

generalized so that an axiom can de�nef l M entirely. This strong f l -formula functionality

will be used in chapter 5 to de�ne theories which restrict the disjunctive knowledge of

the initial situation to be 
uent-based.

Until now, we focused on expressing facts about incomplete knowledge regarding one


uent only. We now brie
y discuss the expressiveness ofL P regarding general disjunctive

knowledge.

Example 3.3.3 (Disjunctive knowledge). L P theories can capture disjunctive knowledge

about di�erent 
uents in many ways. A sentence of the followingform

f l 1(S0) � 1 _ f l 2(S0) � 1

expresses aweak formof disjunctive knowledge (It is possible that f l 1(S0) has the value

1, or it is possible that f l 2(S0) has the value 1). We can also express inL P what in

normal situation calculus would be

f l 1(S0) = 1 _ f l 2(S0) = 1

by the L -sentence

f l 1(S0) = [1] _ f l 2(S0) = [1]

The fact that in L P we deal with the possible values of the terms, proves to be very

important in cases where the disjunctive knowledge is propagated through constraints.

Consider the simple situation calculus theoryDSC , which consists of the two following

sentences.

f l 1(S0) = 1 _ f l 1(S0) = 2 f l 2(S0) = f l 1(S0)
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This has the e�ect that there are two classes of models which satisfy DSC , one such

that both f l 1(S0) and f l 2(S0) have the value 1 and one such that both 
uents have the

value 2. Note that the theory captures disjunctive knowledge which is not 
uent-based.

Intuitively, this is so, because there are no sets of possible values for each 
uent that

can have the same e�ect, or equivalently this e�ect cannot be captured inside a single

(non-simple) L P structure.

This e�ect can be expressed inL P by the following theory D1.

f l 1(S0) = [1] _ f l 1(S0) = [2] 8x8y f l 2(S0) � x ^ f l 1(S0) � y ! x � y

The theory is not as trivial asDSC , because we need to talk about the possible values of

the two 
uents. This illustrates nicely, though, the connection between the two 
uents

which according to our intuition, correctly results to disjunctive knowledge that is not


uent-based. Similar to DSC , there are two classes of models which satisfyD1, one such

that both f l 1(S0) and f l 2(S0) have the value 1 and one such that both 
uents have the

value 2.

Nevertheless, we can force the disjunctive knowledge be 
uent-based by losing some

information. This can be done if, instead of posing the constraint that the 
uents have

the same value, we pose the constraint that they have thesame possible values. This

e�ect can be expressed inL P by the following theory D2.

f l 1(S0) = [1; 2] 8x f l 2(S0) � x � f l 1(S0) � x

Clearly, theory D2 does not express the same thing asD, but captures 
uent-based

disjunctive knowledge, losing the least possible information: 
uent f l 1 has two possible

values 1 and 2 andf l 2 has the same possible values. In this way, the 
uents' values are

independent andD2 is satis�ed by a class of non-simple models such that both 
uents

are interpreted to have the possible values 1 and 2. Such a modelsummarizes four classes

of simple models, one for each combination of values 1 and 2 for the two 
uents.
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This is important because we intend to deal with theories which capture 
uent-based

disjunctive knowledge only, so that 
uents are independent and theorem proving can be

done e�ciently. Note that in general, this e�ect cannot be expressed in situation calculus.

We can express that two terms have the same possible values only ina constructive

manner when we can identify the possible values. �

The last two examples illustrate the intuition behind the design of L P semantics.

Even if it allows for general disjunctive knowledge that isimplied by the many models

satisfying the theory in question, there is functionality which can force all incomplete

knowledge to be 
uent-based disjunctive knowledge, summarized and captured inside

the models themselves. Example 3.3.2 gives the intuition on how to restrict the initial

situation to capture 
uent-based disjunctive knowledge only and 3.3.3 gives insight on

how we can de�ne the successor state axioms so that this persists in all situations. We

postpone the detailed discussion of this until next chapter and proceed to some more

remarks about the expressiveness ofL P .

Even in this very simple example withf l (S0), we can see that there are many interest-

ing and useful notions which can be expressed inL P , some of which cannot be captured

by the situation calculus and normal �rst order logic. The interpretation of the equality

symbol aspossibly equalsprovides ways to capture notions which can be expressed only

in a modal logic setting of knowledge. One can viewL P theories as if they represent the

epistemic state of some agent and that the theorems entailed areimplicity referring to

what the agent knows. In what follows, we will be talking about what is known, even if

there is no explicit Knows element in the language.

Example 3.3.4 (Epistemic). The strong f l -formula

f l (S0) = [1; 2]

can be viewed as expressing thatit is known that the value of f l (S0) is either one of

the options but it is not known which one. Notice though, that if a theory entails this
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f l -formula, it cannot entail Kf l (S0) ^ f l (S0) � 1 or Kf l (S0) ^ f l (S0) � 2 because that

would be inconsistent. This is becausef l (S0) = [1; 2] is a strong f l (S0)-formula which

uses� to de�ne the 
uent-based disjunctive knowledge aboutf l . On the other hand,

the weakf l (S0)-formula

f l (S0) v [1; 2]

captures that it is known that the value of f l (S0) is either one of the options and in

general it is not known which one is the actual value (i.e. it also allows for the possibility

that we can actually prove that one of them is the value off l ). That is exactly what is

expressed by the formula

Knows (f l = 1 _ f l = 2; s)

in a situation calculus theory of action and knowledge that uses the epistemic 
uent

Knows [SL03].

This is something that by itself is not very important, since even in normal situation

calculus, we can view disjunctions as implicitly being the argument of an appropriate

Knows formula. It is important though, if we can also express that it is either known

that f l (S0) has the value or it is known that it has the value 2, which in a situation

calculus theory of action and knowledge is captured by the following sentence.

Knows (f l = 1; s) _ Knows (f l = 2; s)

Indeed, this can be expressed inL P as

f l = [1] _ f l = [2]

or using theK macro

Kf l (S0) ^ (f l (S0) � 1 _ f l (S0) � 2)

In fact, the notation of K macro was chosen due to this relation it has with knowl-

edge. Note, that in a similar way that Knows (f l = 1 _ f l = 2; s) does not imply

Knows (f l = 1; s) _ Knows (f l = 2; s), f l (S0) v [1; 2] does not implyf l = [1] _ f l = [2]3.

3Consider a non-simple modelM such that f l M = f 1; 2g
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It is out of the scope of the work presented here, but it is not di�cult to see that the

correlation of L P theories and situation calculus theories with or without theepistemic


uent Knows can be made precise. �

We now illustrate some issues regarding predicates andL P behavior. First, we see a

simple example on how predicates can be modeled in someL P theory.

Example 3.3.5 (Predicate emulation, dice). Suppose that a predicateIsDice (x) is

needed, which classi�es which objects of the domainO are dice. We can express this in

L P using a functionisdice(x) and constants> ; ? . Our theory should include a uniqueness

of names axiom for> ; ? and we have to use atomic formulas of the formisdice(x) � >

and isdice(x) � ? instead of IsDice (x) and : IsDice (x). Furthermore, if isdice(x) is

forced to have as a value exactly one of> or ? for each object in the domain, then we

need only useisdice(x) � > in formulas other than the one(s) de�ning it. An axiom

that de�nes isdice(x) in this manner is the following.

8x isdice(x) � y � (x � 1_ x � 2_ x � 3) ^ y � > _ : (x � 1_ x � 2_ x � 3) ^ y � ?

In some appropriate theory which includes this axiom, the following formula expresses

that 1 is a possible value for all dice in the domain in the initial situation.

8x isdice(x) � > ! dice(x; S0) � 1

�

Things get a little complicated when functions that intend to capture predicates

(like isdice(x)) mention 
uents as arguments. Then, we get results which do not seem

intuitive, but are nevertheless correct according to the interpretation of equality in L P .

Example 3.3.6 (Predicate emulation,odd). Suppose that we have a theory that includes

a de�nition for the function odd(x) which is intended to express the functionality of

predicateOdd(x). If the theory also includes the formula

dice(2; S0) = [1; 2; 3; 4]
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then, it is easy to verify that this theory entails

odd(dice(2; S0)) � >

That is because it is actuallypossiblethat the value of dice(2; S0) is an odd number. We

can also express that it isde�nite that the value of dice(2; S0) is an odd number, by the

formula

8x x � dice(2; S0) ! odd(x) � >

or

odd(dice(2; S0)) = [> ]

which are not entailed by the theory. �

3.3.2 Lemmas about L P semantics

In this section, we present some lemmas about the semantics ofL P which will prove

useful in the proofs we will be doing on the following chapters.

First, we see some easy lemmas regarding term interpretation. These are included for

clarity, since the basic semantic de�nitions rely on the notions of simple and non-simple

structure and this makes things not obvious, even for simple facts.

Lemma 3.3.1 (Variable interpretation in non-simple structures). Consider anL P lan-

guageL and an L -structure M . For any variable x and any variable assignment� ,

xM [� ] = f � (x)g.

Proof: By the de�nition of term denotation 3.2.5,

xM [� ] =
[

xM 0
[� ]

for all simple structuresM 0 such that M 0 � M . By the de�nition of term denotation in

simple structures 3.2.4, that is true i�

xM [� ] =
[

f � (x)g
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for all simple structuresM 0 such that M 0 � M . Therefore,xM [� ] = f � (x)g. �

Lemma 3.3.2 (Term interpretation in simple structures). Consider anL P languageL

and a simpleL -structure M . For any L -term t and any variable assignment� , tM [� ] is

a singleton set.

Proof: By induction on the construction ofL -terms. �

Lemma 3.3.3 (Term interpretation in non-simple structures). Consider anL P language

L and an L -structure M . For any L -term t and any variable assignment� , c 2 tM [� ]

i� there exists a simple structureM 0 such thatM 0 � M and tM 0
[� ] = f cg.

Proof: Directly from the de�nition of term denotation in simple and non-simple struc-

tures, 3.2.4,3.2.5. �

Lemma 3.3.4 (Term interpretation is a non empty set). Consider an L P languageL

and an L -structure M . For any L -term t and any variable assignment� , tM [� ] is a

non-empty set.

Proof: If M is a simple structure, then the lemma follows by lemma 3.3.2. IfM is a

non-simple structure, then by the de�nition of term denotation 3.2.5

tM [� ] =
[

tM 0
[� ] for all simple M 0 such that M 0 � M

It easy to see that there exists at least one such structureM 0, so by lemma 3.3.2, the

lemma follows. �

Lemma 3.3.5 (Term interpretation and atomic formulas). Consider anL P languageL

and an L -structure M . For any L -term t, variable x not appearing in t, object c of the

corresponding domain and variable assignment� ,

M j = x � t[� (c=x)] i� c 2 tM [� ]



Chapter 3. L P Languages 42

Proof: By lemma 3.3.3,c 2 tM [� ] i� there exists a simple structure M 0 such that

M 0 � M and tM 0
[� ] = f cg

That holds i� there exists a simple structureM 0 such that

M 0 � M and xM 0
[� (c=x)] = tM 0

[� (c=x)]

By the de�nition of truth in a structure 3.2.6, that holds i� M j = x � t[� (c=x)]. �

Corrolary 3.3.6 (For every term there exists a possible value). Consider anL P language

L and an L -structure M . For any L -term t, any variablex not appearing in t and any

variable assignment� ,

M j = x � t[� (c=x)]

for somec in the corresponding domain.

Proof: By lemmas 3.3.4 and 3.3.5. �

Before we move to the next less obvious lemmas, we clarify a notation issue. In

general, whenW is an L -formula and t; t 0 are L -terms, then Wj tt0 denotes the formula

obtained by W by replacing all occurrences oft by t0. This can be viewed as ifW is a

function of t, W(t) and Wj tt0 = W(t0). We choose to use theWj tt0 notation becauseW(t)

can be ambiguous with the syntax ofL P .

It is easy to see that in some simple structure, the (singleton) interpretation of a term

t is the same with the interpretation oftj t
0

y when y has the same interpretation witht0.

This is a straightforward fact which is true in �rst order logic and therefore in simple

L P -structures which have the same behavior. In the next lemma, weextend and prove

this notion for any L structure.

Lemma 3.3.7 (Term substitution in terms). Consider an L P languageL . For any

L -terms t; t 0, L -structure M and variable assignment� ,

tM [� ] =
[

tj t
0

y
M [� (c=y)]; for all c 2 t0M [� ]
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wherey does not appear int; t 0.

Proof: By induction on the construction ofL -term t.

� Base case: t is a variablex. If t0 is the same variablex, the lemma is true i�

xM [� ] =
[

yM [� (c=y)]; c 2 xM [� ]

Otherwise, the lemma is true i�

xM [� ] =
[

xM [� (c=y)]; c 2 t0M [� ]

By lemma 3.3.1, it is easy to see that in both cases, the lemma holds.

� Induction hypothesis: Assume that the lemma holds for theL -terms t1; :::; tn .

That is, for any L -term t0, L -structure M and variable assignment� ,

tM
i [� ] =

[
t i j t

0

y
M [� (c=y)]; for all c 2 t0M [� ]

and y does not appear int1; :::; tn ; t0.

� Induction Step: We prove the lemma for theL -term f (t1; :::; tn ), where f is an

n-ary functional 
uent of language L . We want to prove that

f (t1; :::; tn )M [� ] =
[

f (t1; :::; tn )j t
0

y
M [� (c=y)]; for all c 2 t0M [� ]

If t0 is f (t1; :::; tn ), then the lemma is true i�

f (t1; :::; tn )M [� ] =
[

yM [� (c=y)]; c 2 f (t1; :::; tn )M [� ]

By lemma 3.3.1, it is easy to see that the lemma holds.

Now we consider the case wheret0 is not f (t1; :::; tn ). We start by the right hand

side of the equality.

RHS =
[

f (t1; :::; tn )j t
0

y
M [� (c=y)]; for all c 2 t0M [� ]
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By lemma 3.3.3,

RHS =
[

f (t1; :::; tn )j t
0

y
M [� (c=y)]; for all simple M 0; M 0 � M

where

t0M 0
[� ] = f cg

By the de�nition of term denotation 3.2.5,

RHS =
[

f (t1; :::; tn )j t
0

y
M 0

[� (c=y)]; for all simple M 0; M 0 � M

where

t0M 0
[� ] = f cg

(Here, we omit the second union over all simple structuresM 0 : M 0 � M , since it

does not have any additional e�ect.) Now, sincet0 is not f (t1; :::; tn ),

RHS =
[

f (t1j t
0

y ; :::; tn j t
0

y )M 0
[� (c=y)]; for all simple M 0; M 0 � M

where

t0M 0
[� ] = f cg

By the de�nition of term denotation in simple structures 3.2.4,

RHS =
[

f M 0
(c1; :::; cn ); for all simple M 0; M 0 � M

where

t i j t
0

y
M 0

[� (c=y)] = f ci g; t0M 0
[� ] = f cg

Now, by induction hypothesis,

tM 0

i [� ] =
[

t i j t
0

y
M 0

[� (c=y)]; for all c 2 t0M 0
[� ]

and sinceM 0 is a simple structure, the induction hypothesis becomes,

tM 0

i [� ] = t i j t
0

y
M 0

[� (c=y)]; for any c such that t0M 0
[� ] = f cg
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So,

RHS =
[

f M 0
(c1; :::; cn ); for all simple M 0; M 0 � M

where

tM 0

i [� ] = f ci g

By the de�nition of term denotation in simple structures again, 3.2.4,

RHS =
[

f (t1; :::; tn )M 0
[� ]; for all simple M 0; M 0 � M

By the de�nition of term denotation 3.2.5,

RHS = f (t1; :::; tn )M [� ]

So, we have proved that the lemma holds forf (t1; :::tn ).

Thus, induction follows and the lemma holds for all termst. �

Corrolary 3.3.8 (Term substitution in terms, simple). Consider anL P languageL . For

any L -terms t; t 0, simple L -structure M and variable assignment� ,

tM [� ] = tj t
0

y
M [� (c=y)]; wheret0M [� ] = f cg

and y does not appear int; t 0. �

Note that we can view these results as substitutingy and not t0 in a term t. This

is easy to verify if we think the term t as a function oft0, as stated earlier. The above

corollary can be viewed also in the following way.

Corrolary 3.3.9 (Term substitution in terms, simple). Consider anL P languageL . For

any L -terms t; t 0, simple L -structure M and variable assignment� ,

tjyt0
M [� ] = tM [� (c=y)]; wheret0M [� ] = f cg

�
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We close this section with a remark about entailment inL P . The de�nition of the

entailment relation in L P is exactly the same as in �rst order logic. Therefore, it is a

direct consequence thatL P is monotonic in the following sense.

Remark 3.3.1 (L P is monotonic). Consider anL P languageL . For any consistent sets

of L -formulas � ; � such that � � � and any L -formula � ,

If � j= � then � j= �

�



Chapter 4

DK Action Theories

In this chapter, we present theDK theories of action. Syntactically, DK theories of

action are essentially the same as the situation calculusbasic action theories (BAT)

in the L P setting. Due to the non-standardL P semantics, though, the behavior of the

theories regarding disjunctive knowledge di�erentiates them from that of the basic action

theories. We will be showing that a similarregression operatoras in the basic action

theories can be used inDK theories and that a similarregression theoremholds. At the

end of the chapter, we also discuss how sensing can be treated inDK theories.

The de�nitions in this section extend the ones of basic action theories, as presented

in [Rei91],[PR99] and [Rei01]. In particular, the regressiontheorem proof forDK action

theories follows closely the one for basic action theories found in [PR99].

DK action theories is the basis for next chapter, where we presenta restricted version

which captures 
uent-based disjunctive knowledge only. Note that this is a \semantic-

oriented" way of restricting the e�ect of action theories. In the light of the results in

[PL02], this approach is a result of the choice taken not to syntactically restrict the basic

action theories of situation calculus to achieve such an e�ect, but to consider a useful

way of semantically forcing the intended behavior, so that we can achieve an e�cient

way of doing theorem proving.

47
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4.1 DK Action Theories

In the DK action theories setting, therigid terms are intended to capture theobjects and

states of the domain which is represented and the
uent terms are intended to capture

notions about those objects and states. The emphasis is on how disjunctive knowledge is

treated and, as we mentioned before, the intention is to de�ne DK theories that we can

force to capture only 
uent-based disjunctive knowledge.

The basic elements for aDK theory of action are the same as the basic action theories.

We will see the de�nitions of thesuccessor state axiomfor a functional 
uent symbol f l ,

as well as theaction precondition axiom for an action function symbolA, and discuss

their e�ect. We start the discussion aboutDK action theories by introducing theinitial

speci�cation axiom which gives some insight on issues that arise in theL P context of

possible values. These axioms will be used in the next chapter to ensure that disjunctive

knowledge is limited appropriately in the initial situation.

In what follows, we will be using8~x and 9~x to denote 8x1:::8xn and 9x1:::9xn , for

some natural numbern which will be implicit by the context.

De�nition 4.1.1 (Initial speci�cation axiom) . An initial speci�cation axiom (ISA) for

the n + 1-ary functional 
uent symbol f l is an L P -sentence of the form:

8~x8y f l (~x; S0) � y � 	 f l (~x; y)

where 	 f l mentions only rigid terms and all its free variables are among ~x; y. �

The initial speci�cation axiom for a 
uent f l is intended to force all 
uent terms

of the form f l (~t; S0) to a speci�c interpretation de�ned by 	 f l (~x; y). Intuitively, this is

because the axiom acts like a generic strongf l (~x; S0)-formula which de�nes exactly the

interpretation of the 
uent symbol f l for the initial situation, for any structure M : it

essentially de�nesf l M (~c; cS0 ) for all ~c, whereSM
0 = f cS0 g.

Note that 
uent terms are not allowed in 	 f l , so that to avoid ISAs to form counter-

intuitive loops in the way the values of 
uents are de�ned. Some examples of ISAs for
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uents follow.

Example 4.1.1 (Initial speci�cation axiom) . The next sentence is an ISA for the unary


uent weatherwhich states that it is de�nite that the value of weather(S0) in the initial

situation is rainy .

8y weather(S0) � y � y � rainy

The next sentences are ISAs for the binary 
uentlocationwhich is intended to rep-

resent the location of objects. The �rst ISA states that for all objects x, the value of

location(x; S0) is exactly either place1 or place2 or place3.

8x8y location(x; S0) � y � y � place1 _ y � place2 _ y � place3

The axiom acts as a stronglocation(x; S0)-formula of the form

8x location(x; S0) = [place1; place2; place3]

This ISA states that for all objects x, the possible values forlocation(x; S0) are exactly

f place(z)g.

8x8y location(x; S0) � y � 9 z y � place(z)

The axiom acts again as a a stronglocation(x; S0)-formula which now captures an in�nite

number of possibilities forlocation(x; S0).

Following the notation of the dice examples we saw in chapter 3 and speci�cally

example 3.3.6, the next formula expresses that all objects in the domain which are dice,

have the value 1,2,3 or 4 in the initial situation. Note that thevalue ofdice(x; S0) is also

de�ned for the case thatx is not a dice and in that case the term has all possible values.

8x8y dice(x; S0) � y � isdice(x) � >^ (y � 1_y � 2_y � 3_y � 4)_ isdice(x) � ?^ true

�

The successor state axiom for the 
uents has the same syntax as in basic action

theories.
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De�nition 4.1.2 (Successor state axiom). A successor state axiom (SSA)for the n + 1-

ary functional 
uent symbol f l is an L P -sentence of the form:

8x1; :::; 8xn8a8s8y f l (x1; :::; xn ; do(a; s)) � y � � f l (x1; :::; xn ; y; a; s)

where � is a formula uniform in s and all its free variables are amongx1; :::; xn ; a; s. �

Note that in L P , this standard successor state axiom syntax also achieves a similar

closure e�ect as the strongf l (~t)-formula macro. In the same way that the ISA of a 
uent

de�nes its possible values for the initial situation, the SSA de�nes its possible values for

all the rest of the situations.

In basic action theories there is one valuey such that f l (~x; s) = y for each instantiation

of ~x; s and the universal quanti�cation for y has the completeness e�ect that the atomic

formula f l (~x; s) = y is not true for any other y. Here, there are possible many values

y such that f l (~x; s) � y for each instantiation of ~x; s and the quanti�cation of y has

also the e�ect that for each instantiation of~x; s, the interpretation of f l (~x; s) is speci�ed

constructively in the same way a strongf l (~x; s)-formula would do it.

Note also that the successor state axiom does notrelate the value of the 
uent between

the two situations, but merely de�nes the possible values for the next situation. As

discussed also in chapter 3 in example 3.3.3, this is weaker than the e�ect of successor

state axioms in situation calculus, but we appeal to it because itensures that the successor

state axiom preserves 
uent-based disjunctive knowledge.

It is interesting to examine the interpretation of f l (~t; do(A; S)), when the arguments

of f l also capture disjunctive knowledge. This may be disjunctive knowledge about the

value of some arguments~t, as well as disjunctive knowledge about the action performed,

A. In both cases the possible values for the 
uentf l are treated by the semantics in the

standard way.

We explore further these remarks in the following detailed examples.
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Example 4.1.2 (Successor state axiom,dice(t; s)) . The following sentence is a SSA for


uent dice(t; s).

8x8a8s8y dice(x; do(a; s)) � y � a � rollDice (x) ^ (y � 1 _ y � 2 _ y � 3 _ y � 4)

_ a � setDiceV alueTo1(x) ^ y � 1

_ : (a � rollDice (x) _ a � setDiceV alueTo1(x)) ^ y � dice(x; s)

This SSA is intended to force the following behavior for the value of dicet, dice(t; do(A; s)).

� When an action A
def
= rollDice (t) is performed at situation s, then the possible

values fordice(t; do(rolldice(t); s)) are exactly 1,2,3 or 4.

� When action A
def
= setDiceV alueTo1(t) is performed at situation s, then it is

de�nite that dice(t; do(rolldice(t); s)) has the value 1.

� When the action performed ins is none of the above, then the possible values for

dice(t; do(rolldice(t); s)) are exactly the possible values ofdice(t; s).

We can see that the disjunctive knowledge regarding the value of a 
uent can both

become more speci�c (e.g. by actionsetDiceV alueTo1(x)) and less speci�c (e.g. by

action rollDice (x)), depending on the form of the SSA.

It is interesting to see the e�ect of the SSA when there is disjunctive knowledge

captured by the terms appearing in the 
uent term in question.The arguments' disjunc-

tive knowledge is propagated to the disjunctive knowledge about the possible values of

dice(t; do(A; S)) in the standard way the semantics de�ne. In detail, according to the

de�nition of term denotation 3.2.5, the interpretation of dice(t; do(rolldice(t); S)) is the

union of the interpretation of the term for all simple structures. Even if sometimes there

is no clear intuition about what the results should be, we claimthat the results this

formalism entails are intuitive.

Suppose that the theory entails

dice(1; S) = [3]; dice(2; S) = [4] and t = [1; 2]
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Then it also entails

dice(t; S) = [3; 4]

which is what we expect for the possible values ofdice(t; S). We get similar results when

action A captures disjunctive knowledge. In this case, though, a little more thought

is needed in order to see that the results are indeed intuitive.In the same setting, we

consider actionA
def
= setDiceV alueTo1(t). Then, according to the SSA about 
uentf l ,

the theory also entails

dice(t; do(setDiceV alueTo1(t); S)) = [1]

but also

dice(1; do(setDiceV alueTo1(t); S)) = [1; 3]

dice(2; do(setDiceV alueTo1(t); S)) = [1; 4]

We do expect that it is de�nite that the value of dice t is 1 after performing actionA,

since, regardless of which dicet refers to (1 or 2), after the action is performed, its value

will be 1. On the other hand, regarding dice 1, we expect that it has two possible values:

one because it is possible that actionA refers to that dice and therefore its value is set

to 1, and another one because it is possible that the action does not refer to that dice

and so its value remains the same, 3. The same argument applies for dice 2.

Following similar reasoning it is not di�cult to verify that th e theory also entails the

following results.

dice(t; do(setDiceV alueTo1(1); S)) = [1; 4]

dice(1; do(setDiceV alueTo1(1); S)) = [1]

dice(2; do(setDiceV alueTo1(1); S)) = [4]

�
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Example 4.1.3 (Successor state axiom,location(t; s)) . The following sentence is a SSA

for 
uent location(x; s).

8x8a8s8y location(x; do(a; s)) � y � a � moveToLocation(x; y)

_ :9 z a � moveToLocation(x; z) ^ y � location(x; s)

This SSA is intended to capture the possible values for the location of any object x. In

this simple form, it states that the location of an object remains the same, unless there

is a moveToLocationaction which involves that object. In that case, the object'snew

location is the one mentioned in the action. As in the previousexample, the possible

disjunctive knowledge about the arguments of the 
uentlocationis propagated appropri-

ately.

The successor state axioms inL P have a non-standard e�ect which is easy to identify

when they are context-sensitive. Consider the following SSA for 
uent location(x; s)

which, instead of actionmoveToLocation(x; y), includes the actionmoveToObject(x; y).

This action captures that objectx is moved to the location of objecty.

8x8a8s8y location(x; do(a; s)) � y � 9 z a � moveToObject(x; z) ^ y � location(z; s)

_ :9 z a � moveToObject(x; z) ^ y � location(x; s)

Unlike situation calculus, it is not the case thatthe value of the location of the one

object is the same as the valueof the location of the other, in the resulting situation

after a moveToObjectaction. Instead, when there is amoveToObject(x; y) action, it is

the possible valuesfor the location of objectx that are the same. For example, suppose

that the following hold for the initial situation.

location(box1; S0)) = [room1]

location(box2; S0)) = [room1; room2; room3]

Then, according to the previous successor state axiom,

location(box1; do(moveToObject(box1; box2); S0))) = [room1; room2; room3]
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This is one of the key features in the behavior ofDK action theories. As mentioned

before, this keeps the disjunctive knowledge 
uent-based, incontrast to the situation

calculus behavior. In a similar way as we saw in example 3.3.3, this SSA fails to capture

that the actual values of the 
uents should be the same. In this way, in the resulting

situation, both of the 
uents can haveany of the possible valueswhich is something that

can besummarized in an L P structure utilizing the 
uents' interpretation to sets and

the cross-product-like behavior for the possible values. On the contrary, the e�ect that

a situation calculus SSA captures, rules out some of these possibilities so that only the

ones that the 
uents have the same values persist. This e�ect cannot be summarized in

an L P structure and expresses a form of general disjunctive knowledgewhich we intend

to avoid. �

Before moving on to the next de�nitions, there is last remark onsuccessor state

axioms and the dynamics of the possible values. A SSA is essentially a set of rules which

de�ne, for each possible value of a 
uentf l in situation s, what the next possible value(s)

should be in situation do(a; s). In this way, the SSA de�nes all the possible values for

f l (~x; do(a; s)). Note though, that f l (~x; s) and f l (~x; do(a; s)) are two terms that are

only related through the SSA and apart from that they are treated by the semantics

as two di�erent and independent entities. This can result in counter-intuitive behavior

when both terms appear in the same formula, as the semantics take into account any

combination of possible values for the terms, even if they may not be justi�ed by some

rule of the SSA. We do not discuss this in detail and we note that itdoes not a�ect our

results, as we focus on formulas which are uniform in some situation s.

The action precondition axiom is a little di�erent than in basic action theories, as

herePoss is a function symbol.

De�nition 4.1.3 (Action precondition axiom). An action precondition axiom (APA) for
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the n-ary action function symbolA is an L P -sentence of the form:

8x1; :::; 8xn8s8y Poss(A(x1; :::; xn ); s) � y � � A (x1; :::; xn ; s) ^ y � >

_ : � A (x1; :::; xn ; s) ^ y � ?

where � A is a formula uniform in s that does not mentionPossand all its free variables

are amongx1; :::; xn ; s. �

As we saw in section 3.3 and speci�cally in examples 3.3.5, 3.3.6,the atomic formulas

involving 
uents which emulate predicates need some attention. We discuss that for the

case ofPoss in the next examples. Note also that for reasons that will become clear in

chapter 5, we appeal to action precondition axioms which use> and ? as presented in

the de�nition, so that all possible values forPoss are always exactly at most> and ? .

An APA of the form

8x1; :::; 8xn8s Poss(A(x1; :::; xn ); s) � > � � A (x1; :::; xn ; s)

does not ensure that there are at most two possible values forPoss.

Example 4.1.4 (Action precondition axiom). The following sentence is a very simple

precondition axiom for actionrollDice (x) which is intended to capture that the action

can be performed, if the agent is holding objectx in situation s and that object is in fact

a dice.

8x8y Poss(rollDice (x); s) � y � � A (x; s) ^ y � > _ : � A (x; s) ^ y � ?

where

� A (x; s) � isdice(x) � > ^ holding(x; s) � >

This APA relies on some appropriate de�nition of the function symbols isdice(x) and

holding(x; s) so as to emulate predicate functionality (see discussion on example 3.3.5).�
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Note that like all atomic formulas in L P , Poss(A; S) � > expresses thatit is possible

that action A can be performed in situationS. This is important when the action term

A captures disjunctive knowledge. In that case we can distinguishbetween saying that

it is possiblethat the action can be performed and thatit is de�nite that the action can

be performed.

Example 4.1.5 (Action precondition axiom 2). Suppose that the theory entails

t = [1; 2]; isdice(1) � > ; isdice(2) � >

holding(isdice(1); S) � > ; holding(isdice(2); S) � ?

and action rollDice (t) is performed at situation S. Then the theory also entails

Poss(rollDice (t); S) � >

as it is indeed possible that the action can be performed. We canalso express that the

action can de�nitely be performed by the next sentence

8a a � rollDice (t) ! Poss(a; S) � >

which is not entailed by the theory, as actionrollDice (2) cannot be performed. �

There is one more set of axioms we need to specify, before we get to the de�nition

of DK action theories, thefoundational axioms for situations. This is de�ned in [Rei01]

using a second order logic axiom and has the e�ect of limiting the sort situation to the

smallest set containingS0 and closed under the application of the functiondo to an

action and a situation. Here, instead of the second order axiom, we prefer an in�nite

�rst order axiomatization for situations. This choice is made because we �nd that it

would be complicated and maybe unclear to talk about second order L P languages, as

L P semantics are non-standard in many ways. Note, that this in�niteset of axiomsis

not equivalent with the second order one, but has the intended e�ect for the formulas we

will be dealing with.
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De�nition 4.1.4 (First order foundational axioms for situations). The �rst order foun-

dational axioms for situations are the countable in�nite sentences, summarized by the

following induction schema for anyL -formula � :

8s � (s) ^ 8 a8s0 � (s0) ! � (do(a; s0)) ! 8 s � (s)

and the following formula:

8a18a28s18s2 do(a1; s1) � do(a2; s2) ! a1 � a2 ^ s1 � s2

�

DK action theories are de�ned similarly as the situation calculus basic action theories.

De�nition 4.1.5 (DK action theories). Let L be anL P language. ADK action theory

D for L is a collection of axioms of the following form:

D = � [ D SSA [ D AP A [ D UNA [ D S0

where

� � are the (�rst order) foundational axioms for situations.

� D SSA is a set of successor state axioms for the functional 
uents. The set includes

one SSA for each functional 
uent symbol inL .

� DAP A is a set of action precondition axioms for the action functionsymbols. The

set includes one APA for each action function symbol.

� D UNA is the set of unique names axioms for actions function symbols.

� D S0 is a set ofL -sentences that are uniform inS0. DS0 will function as the initial

theory of the world, before any actions are executed. Following the standard naming

conventions in the literature, we will often callDS0 as the initial database. Note

that the incomplete knowledge that the initial database captures can be restricted
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according to our needs using initial speci�cation axioms or any sentences uniform

in S0. 1

Furthermore, D must satisfy the following functional 
uent consistency property. For

eachn + 1-ary 
uent f l

DUNA [ D S0 j= 8a8s8x1; :::; 8xn9y � f l (x1; :::; xn ; y; a; s)

�

The functional 
uent consistency property is su�cient for preventing a source of

inconsistency in the successor state axioms. Note that, unlike the basic action theories,

here is only needed that there existssomevalue y for each 
uent for each situation and

not that it is also unique. This is a result of dealing with the possible values of the


uents.

4.2 Regression in DK Action Theories

In this section we discuss regression inDK action theories. We will see that the syntac-

tic regression operator is similar to the one used in basic action theories and that the

corresponding regression theorem holds.

The basis of the regression operator forDK action theories is the same as in basic

action theories but needs some tuning due to the non-standard interpretation of equality

and terms. Similarly, the structure of the regression theorem proof for DK action theories

is the same as the one about basic action theories, but since some steps of the proof are

not trivial in L P , we need to prove some helping lemmas. The essential di�erence has to

do with the treatment of functional 
uent symbols and the notion of possible values. We

now move on to the necessary de�nitions.

1We will see more about limiting the initial database using ISAs in the next chapter, where we discuss
about implementing DK action theories in Prolog.
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Regressable formulas and the regression operator are de�ned similarly as in basic

action theories. Also, in what follows, we will be using thedo([a1; :::; an ]; S0) notation for

situation terms.

De�nition 4.2.1 (Regressable Formula). An L -formula W is regressablei�

� Every term of sort situation mentioned byW has the form do([a1; :::; an ]; S0) for

somen � 0 and for termsa1; :::; an of sort action.

� The function symbolPossappears only in atoms of the formPoss(�; S ) � t, where

� has the formA(t1; :::; tn ) for somen-ary action function symbolA of L .

� W does not quantify over situations.

�

De�nition 4.2.2 (Prime functional 
uent term) . A 
uent term is prime i� it has the

syntactic form f l (~t; do([a1; :::; an ]; S0)) for n � 1 and each of the terms~t; a1; :::; an is

uniform in S0.

As proved in [PR99], any regressable 
uent term mentions a primefunctional 
uent

term. �

We now move to the de�nition of the regression operator forDK theories. It is easy

to see that the main idea is the same as in basic action theories; the operator is only

tuned to comply with the L P semantics of possible values.

De�nition 4.2.3 (Regression operator). For a DK action theory D of someL P language

L and a regressableL -formula W, the regression operatorR is de�ned by induction as

follows:

� W is a regressable atomic formula. Then it is of the formt1 � t2. We consider all

the possible cases fort1; t2.
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1. W is such thatS0 is the only term of sort situation (if any) mentioned int1; t2.

Then,

R[W] = W.

2. t1; t2 are situation terms, soW is do([a1; :::; am ]; S0) � do([a0
1; :::; a0

n ]; S0) for

somem; n. The casem = n = 0 is covered by 1. Ifm = n � 1, then

R[W] = R[a1 � a0
1 ^ ::: ^ am � a0

m ].

Otherwise, if m 6= n, then

R[W] = false.

3. W is a regressablePoss atomic formula of the form Poss(A(~t); S) � t0. By

the de�nition of DK action theories, 4.1.5, there must exist inD an action

precondition axiom forA of the following form:

8~x8s8y Poss(A(~x); s) � y � � A (~x; s) ^ y � > _ : � A (~x; s) ^ y � ?

Without loss of generality, assume that all quanti�ers (if any)of � A (~x; s) have

had their quanti�ed variables renamed to be distinct from thefree variables

(if any) of Poss(A(~t); S). Then,

R[W] = R[9x1:::9xn9a
V

x i � t i ^ a � A(~x)

^ (� A (~x; S) ^ t0 � > _ : � A (~x; S) ^ t0 � ? ) ].

Here, the regression operator replaces thePossatomic formula by a logically

equivalent formula (in the context of theory D) and regresses the resulting

formula. Note that we pick x1; :::; xn ; a to be variables that does not appear

free in W;~t; A; S .

4. W mentions a term of the formf l 0(~t0; do(A0; S0)) for some functional 
uent

f l 0. Then, according to de�nitions 4.2.1 and 4.2.2,f l 0(~t0; do(A0; S0)) mentions

a prime 
uent term f l (~t; do(A; S)). By the de�nition of DK action theories,

4.1.5, there must exist inD a successor state axiom forf l of the following

form:

8~x8a8s8y f l (~x; do(a; s)) � y � � f l (~x; y; a; s)
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Without loss of generality, assume that all quanti�ers (if any)of � A (~x; y; a; s)

have had their quanti�ed variables renamed to be distinct from the free vari-

ables (if any) of f l (~t; do(A; S)). Then,

R[W] = R[9x1:::9xn9a9y
V

x i � t i ^ a � A

^ � A (~t; y; a; S) ^ Wj f l (~t;do(A;S ))
y ]

Note that we pick x1; :::; xn ; a; y to be variables that do not appear free in

W;~t; A; S . Like the previous step, the regression operator replacesW by a

logically equivalent formula (in the context of theoryD) and regresses the

resulting formula.

� R [: W] = :R [W]

� R [W1 ^ W2] = R[W1] ^ R [W2]

� R [9xW ] = 9xR[W] �

We now move on to prove that this regression operator has the intended e�ect in

the L P setting and DK action theories. In order to do that, we follow the proof of

the regression operator for basic action theories. The non-standard interpretation of

L P -terms poses some complication and in order to apply that proof, we need to prove

the functional 
uent regression principle and the Poss regression principle.

This is basically the proof that the regression operator replaces the atomicPoss

formulas and the functional 
uent terms with logically equivalent sentences. Due to the

non-standard behavior of the 
uents inL P , it is not obvious that it is correct.

Lemma 4.2.1 (Functional 
uent regression principle). Consider an L P languageL , a

DK theory D and a regressable atomicL -formula W which mentions the 
uent term

f l (t1; :::; tn ; do(A; S)). By the de�nition of DK action theories, 4.1.5, there must exist in

D a successor state axiom forf l of the following form:

8~x8a8s8y f l (~x; do(a; s)) � y � � f l (~x; y; a; s)



Chapter 4. DK Action Theories 62

Without loss of generality, assume that all quanti�ers (if any)of � f l (~x; y; a; s) have

had their quanti�ed variables renamed to be distinct from thefree variables (if any) of

f l (~t; do(A; S)). Then,

D j= W � 9 x1:::9xn9a9s9y
^

x i � t i ^ a � A ^ � A (~t; y; a; S) ^ Wj f l (~t;do(A;S ))
y

Note that we pickx1; :::; xn ; a; y to be variables that do not appear free inW;~t; A; S .

Proof: W is atomic, so it is anL -formula of the form t1 � t2. Let M be an arbitrary

L -model and variable assignment� such that M j = D[� ]. By the de�nition of truth in a

structure 3.2.6,M j = W[� ] i� there exists some simple structureM 0 such that

M 0 � M and M 0 j= W[� ] (4.1)

SinceM 0 is a simple structure and by lemma 3.3.2 about the interpretation of terms in

a simple structure, the interpretation off l (~t; do(A; S)) is a singleton set,

f l (~t; do(A; S))M 0
[� ] = f cg; for somec

By applying twice the corollary 3.3.8 for the termst1; f l (~t; do(A; S)) and t2; f l (~t; do(A; S)),

we get that (4.1) holds i� there exists some simple structureM 0 such that

M 0 � M ; M 0 j= Wj f l (~t;do(A;S ))
y [� (c=y)]

where

f l (~t; do(A; S))M 0
[� ] = f cg; for somec

By the de�nition of truth in a structure 3.2.6 and lemma 3.3.3,that holds i�

M j = Wj f l (~t;do(A;S ))
y [� (c=y)]; and c 2 f l (~t; do(A; S))M [� ]

By lemma 3.3.5, that is true i�

M j = Wj f l (~t;do(A;S ))
y [� (c=y)] and M j = f l (~t; do(A; S)) � y[� (c=y)] (4.2)
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for somec in the corresponding domain.

By corollary 3.3.6 we also get that,

M j = x i � t i [� (cj =xj )]

M j = a � A[� (cA =a)]

for somec1; :::; cn ; cA in the corresponding domains. So, since we carefully chosex1; :::; xn ; a; y

to be variables that do not appear free inW;~t; A; S , (4.2) holds i�

M j = Wj f l (~t;do(A;S ))
y [� (c=y)(cj =xj )(cA =a)]

M j = f l (~t; do(A; S)) � y [� (c=y)(cj =xj )(cA =a)]

M j = x i � t i [� (c=y)(cj =xj )(cA =a)]

M j = a � A [� (c=y)(cj =xj )(cA =a)]

(4.3)

for somec; c1; :::cn ; cA in the corresponding domains.

Now, sinceM j = D, then2

M j = 8~x8a8s8y f l (~x; do(a; s)) � y � � f l (~x; y; a; s)[� ]

and by the de�nition of truth in a structure 3.2.6,

M j = f l (~x; do(a; s)) � y � � f l (~x; y; a; s)[� (d=y)(dj =xj )(da=a)(ds=s)]

for all d; dj ; da; ds in the corresponding domains. Therefore, this also holds ford = c,

dj = cj , da = cA and ds = cS, whereSM [� ] = f cSg

M j = f l (~x; do(a; s)) � y � � f l (~x; y; a; s)[� (c=y)(cj =xj )(cS=s)(cA =a)]

or equivalently

M j = f l (~x; do(a; S)) � y � � f l (~x; y; a; S)[� (c=y)(cj =xj )(cA =a)]

Therefore

M j = f l (~x; do(a; S)) � y [� (c=y)(cj =xj )(cA =a)]

2Note that we may need to do some change of variable names in order for the SSA to quantify over
the same variables (~x; a; s; y), but this is not a problem.
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i�

M j = � f l (~x; y; a; S)[� (c=y)(cj =xj )(cA =a)]

So, (4.3) holds, i�

M j = Wj f l (~t;do(A;S ))
y [� (c=y)(cj =xj )(cA =a)]

M j = � f l (~x; y; a; S)[� (c=y)(cj =xj )(cA =a)]

M j = x i � t i [� (c=y)(cj =xj )(cA =a)]

M j = a � A [� (c=y)(cj =xj )(cA =a)]

for somec; c1; :::cn ; cA in the corresponding domains. By the de�nition of truth in a

structure 3.2.6, that is true i�

M j =
^

x i � t i ^ Wj f l (~t;do(A;S ))
y ^ � f l (~x; y; a; S) ^ a � A [� (c=y)(cj =xj )(cA =a)]

for somec; c1; :::cn ; cA in the corresponding domains. By the same de�nition, that is true

i�

M j = 9x1:::9xn9a9y
^

x i � t i ^ a � A ^ � f l (~x; y; a; S) ^ Wj f l (~t;do(A;S ))
y [� ]

So,

M j = W � 9 x1:::9xn9a9y
^

x i � t i ^ a � A ^ � f l (~x; y; a; S) ^ Wj f l (~t;do(A;S ))
y [� ]

SinceM is an arbitrary model which satis�esD, the lemma holds. �

Lemma 4.2.2 (Possregression principle). Consider anL P languageL , a DK theory D

and a regressable atomicL -formula W of the form Poss(A(~t); S) � t0. By the de�nition

of DK action theories, 4.1.5, there must exist inD an action precondition axiom forA

of the following form:

8~x8s8y Poss(A(~x); s) � y � � A (~x; s) ^ y � > _ : � A (~x; s) ^ y � ?

Without loss of generality, assume that all quanti�ers (if any)of � A (~x; s) have had their

quanti�ed variables renamed to be distinct from the free variables (if any) ofPoss(A(~t); S).
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Then,

D j= W � 9 x1:::9xn9a
V

x i � t i ^ a � A(~x)

^ � A (~x; S) ^ t0 � > _ : � A (~x; S) ^ t0 � ? ]

Note that we pickx1; :::; xn ; a; to be variables that do not appear free inW.

Proof: The proof procedure is similar to the proof of the functional 
uent regression

principle 4.2.1. �

The proof of the regression theorem is done by induction onindex(W) for a formula

W. index(W) is exactly the same as in [PR99] except for that it does not account for

atomic sentences of the formt1 @t2. Intuitively, it is de�ned so that to give precedence to

the regression ofPossatomic formulas, then situation atomic formulas and then regres-

sion of functional 
uents starting from the primal 
uent terms. We copy the de�nition

here, for completeness.

De�nition 4.2.4 (index(W)). Consider the set � of all countably in�nite sequences

of natural numbers with a �nite number of non-zero elements and the following reverse

lexicographic order relation on this set:

(� 1; � 2; :::) � (� 0
1; � 0

2; :::) i� for some m; � m < � 0
m and for all n > m; � n = � 0

n

(� ; � ) is well founded with minimal element (0,0,...). Next, let2 be the set of all 2-

tuples of natural numbers. We overload the relation� by de�ning a reverse lexicographic

ordering on2:

(m1; m2) � (n1; n2) i� m2 < n 2 or m2 = n2 and m1 < n 1

Finally, we overload� again to de�ne an ordering on � � 2:

(�; f ) � (� 0; f 0) i� f < f 0 or f = f and � < � 0

The relation � on � � 2 is well founded with minimal element ((0,0,...),(0,0)) andtherefore

can serve as a basis for an inductive proof.
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For n � 0, we de�ne thelength of the situation term do([a1; :::; an ]; S0) to be n. Also,

wheneverg(t1; :::; tn ) is an L -term, t1; :::; tn are said to beproper subtermsof g(t1; :::; tn ).

An occurrence of a situation term in anL -formula W is maximal i� its occurrence is not

a proper subterm of some situation term.

Now, given a regressable formulaW, we can de�ne theindex of the formula

index(W) = (( C; � 1; � 2; :::); (P; E))

where

� C is the total number of connectives and quanti�ers mentionedin W.

� For m > 1, � m is the number of occurrences inW of maximal situation terms of

length m.

� P is the number of atoms of the formPoss(A; S) � > or Poss(A; S) � ? and E is

the number of atoms of the formS1 � S2 mentioned in W, whereS1; S2 are terms

of sort situation. �

The proof of the regression theorem is by complete induction onthe index of regress-

able formulas, relative to the ordering� . As we mentioned earlier, we follow the proof

of the regression operator for basic action theories as in [PR99], tuned to comply with

L P and using the necessary lemmas 4.2.1 and 4.2.2 which we proved inthis section.

Theorem 4.2.3 (Regression theorem). Consider an L P languageL . SupposeW is a

regressableL -formula and D is a DK action theory of L . Then, R[W] is a formula

uniform in S0 and

D j= W � R [W]:

Proof: By complete induction on the index of regressableL -formulas W, index(W).

� Base case: When the index is ((0; 0; :::); (0; 0)), then W is an atomic formula

uniform in S0 which does not mentionPossor equality between situation. By the
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de�nition of the regression operator,R[W] = W and it is easy to see that the

theorem holds.

� Induction hypothesis: The theorem holds for all regressableL -formulasW such

that ((0 ; 0; :::); (0; 0)) � index(W) � � .

� Induction step: We prove the theorem for formulaW such that index(W) = � .

Following the de�nition of the regression operator, there arethe following cases:

� W is a regressable atomic formula that mentions equality between situations.

In other words W has the form do([a1; :::; am ]; S0) � do([a0
1; :::; a0

n ]; S0), for

somem; n.

If m = n = 0, then W is S0 � S0, so R[W] = W and the theorem holds.

If m 6= n, then R[W] = false and � j= W � false, so the theorem holds.

If m = n � 1, then

� j= W � a1 � a0
1 ^ ::: ^ am � a0

m (4.4)

Moreover, a1 � a0
1 ^ ::: ^ am � a0

m is regressable and has some index� v.

Therefore, by induction hypothesisR[a1 � a0
1 ^ ::: ^ am � a0

m ] is uniform in

S0 and

D j= a1 � a0
1 ^ ::: ^ am � a0

m � R [a1 � a0
1 ^ ::: ^ am � a0

m ] (4.5)

The theorem follows from (4.4) and (4.5).

� W is a regressablePoss atomic formula of the form Poss(A(~t); S) � t0. By

the de�nition of DK action theories, 4.1.5, there must exist inD an action

precondition axiom forA of the following form:

8~x8s8y Poss(A(~x); s) � y � � A (~x; s) ^ y � > _ : � A (~x; s) ^ y � ?

Without loss of generality, assume that all quanti�ers (if any)of � A (~x; s) have

had their quanti�ed variables renamed to be distinct from thefree variables
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(if any) of Poss(A(~t); S). Then, by the de�nition of the regression operator

R[W] = R[W 0] (4.6)

whereW 0 is

9x1:::9xn9a
^

x i � t i ^ a � A(~x) ^ � A (~x; S) ^ t0 � > _ : � A (~x; S) ^ t0 � ?

Note that we pick x1; :::; xn ; a to be variables that do not appear free inW.

According to the Possregression principle 4.2.2,

D j= W � W 0 (4.7)

Now, W 0 is uniform in S and in particular it does not mention Poss, nor it

mentions equality between situation terms. Therefore,

index(W 0) � index(W)

Furthermore, becauseW is regressable andW 0 is uniform in S, W 0 is also

regressable and by so by induction hypothesisR[W 0] is a formula uniform in

S0 and

D j= W 0 � R [W 0] (4.8)

The theorem follows from (4.6), (4.7) and (4.8).

� W is a regressable atomic formula that mentions a term of the form

f l 0(~t0; do(A0; S0)) for some functional 
uent f l 0. Then, according to de�nitions

4.2.1 and 4.2.2,f l 0(~t0; do(A0; S0)) mentions a prime 
uent term f l (~t; do(A; S)).

By the de�nition of DK action theories, 4.1.5, there must exist inD a successor

state axiom for f l of the following form:

8~x8a8s8y f l (~x; do(a; s)) � y � � f l (~x; y; a; s)

Without loss of generality, assume that all quanti�ers (if any)of � A (~x; y; a; s)

have had their quanti�ed variables renamed to be distinct from the free vari-

ables (if any) of f l (~t; do(A; S)). Then, by the de�nition of the regression



Chapter 4. DK Action Theories 69

operator

R[W] = R[W 0] (4.9)

whereW 0 is

9x1:::9xn9a9y
^

x i � t i ^ a � A ^ � A (~t; y; a; S) ^ Wj f l (~t;do(A;S ))
y

Note that we pick x1; :::; xn ; a; y to be a variables that do not appear free in

W;~t; A; S . According to the 
uent regression principle 4.2.1,

D j= W � W 0 (4.10)

�( ~t; y; A; S) is uniform in S and in particular, it does not mention Poss

or equality between situation terms, or the function symboldo. Also,

f l (~t; y; A; S) is a prime functional 
uent term. Therefore,

index(W 0) � index(W)

Furthermore, W 0 is regressable becauseW is and W 0 is uniform in S, so by

induction hypothesis,R [W 0] is uniform in S0 and

D j= W 0 � R [W 0] (4.11)

The theorem follows from equations (4.9), (4.10) and (4.11)

� W is a regressable formula of the formW = : W1. By the de�nition of the

regression operator,

R [: W1] = :R [W1] (4.12)

Clearly, index(W1) � index(W) and formula W1 is regressable. So, by induc-

tion hypothesis,R [W1] is uniform in S0 and

D j= W1 � R [W1]

Therefore,

D j= : W1 � :R [W1]
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and by (4.12)

D j= : W1 � R [: W1]

and the theorem holds.

� W is a regressable formula of the formW = W1 ^ W2. Then,

R[W1 ^ W2] = R[W1] ^ R [W2]

and the theorem is proved similarly, as in the case whereW = : W1.

� W is a regressable formula of the formW = 9vW1. Then,

R[9vW] = 9vR[W]

and the theorem is proved similarly, as in the case whereW = : W1.

So, we have proved that the theorem holds for all the possible cases forW.

Thus, induction follows and the regression theorem holds. �

4.3 Sensing and DK Action Theories

We now brie
y discuss the issue of sensing inDK action theories. L P and DK action

theories are de�ned in such way that the sensing approaches for situation calculus found in

the literature can be incorporated in a straightforward manner. The approach presented

in [Lev96] is based on an epistemic 
uentK which models the fact that the agent is unsure

about which situation it is in and the use of a special predicateSF which captures the

e�ect of a sensing actiona in some situations.

Nevertheless, the intention is to useL P theories to model the epistemic state of the

agent and therefore the e�ect ofSF should a�ect what the theory entails and not some

other epistemic 
uent. Using intuitions from [SL03], we presenta simple way to treat

sensing inDK theories with the use of a functionSR(a; s), which expresses the sensing

result of the action a in situation s.
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All sensing actions are actions are of the formsenses(f l (~t)). This is intended to be

the action that senses the value of some 
uentf l (~t; s) at some situations that the action

is performed. This action, instead of a�ecting some epistemic 
uent K , it directly a�ects

the possible values of the sensed 
uent. A simple way to do that is tolet sensing actions

a�ect the value of the 
uents in the same way as the non-sensing actions do, by setting

their value to the sensed input. This is similar to the approach used in *Golog languages

[LRL+ 97], [DGLL00], [DGL99].

Furthermore, because of the similarity with regular actions, we chose to embed the

sensing actions into the successor state axiom. The successor state axiom for some 
uent

f l has then the following form:

8~x8a8s8y f l (~x; do(a; s)) � y � � f l (~x; y; a; s)

where � f l is

� f (~x; y; a; s) � a � a1 ^ :::

_ :::

_a � an ^ :::

_a � sense(f (~x)) ^ y � SR(a; s)

Note that similarly to any other action, there is no restrictionon what the next value

of a 
uent can be. What we know about a 
uent in some situations does not a�ect

its possible value after some action, sensing or not. So, the sensingmight increase or

decrease the number of possible values, make the value precise or make it even unknown,

depending on the type of sensing.

This simple approach is problematic in the sense that the sensing results cannot be

used to reason about the situations before the sensing occurred. Asensing action has

more the e�ect of asetting action, which sets the disjunctive value of a 
uent to the sensed
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one. Nevertheless, our intention is to useDK theories of action which are carefully de�ned

so that to capture only 
uent-based disjunctive knowledge. In such theories, the 
uents

are essentiallyindependentand therefore such backward reasoning would not contribute

to proving anything about other 
uents in previous situations, but only that the sensed

value of the 
uent \persists" in the past.

Example 4.3.1 (Sensing). Consider the SSA for 
uent location(x; s) we saw in example

4.1.3, tuned to include the sensing actionsense(location(x)).

8x8a8s8y location(x; do(a; s)) � y � a � moveToLocation(x; y)

_ a � sense(location(x)) ^ y � SR(a; s)

_ : (9z a � moveToLocation(x; z) _ a � sense(location(x))) ^ y � location(x; s)

Like example 4.1.3, suppose that the following hold for the initial situation.

location(box1; S0)) = [room1]

location(box2; S0)) = [room1; room2; room3]

Then, according to the previous successor state axiom,

location(box1; do(moveToObject(box1; box2); S0))) = [room1; room2; room3]

Now suppose that the sensing actionsense(location(box2)) occurs with the sensing result

SR(sense(location(box2); do(moveToObject(box1; box2); S0))) = [room3]

Then, for the resulting situation

S
def
= do(sense(location(box2)); do(moveToObject(box1; box2); S0)))

the successor state axiom entails

location(box2; S)) = [room3]
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but

location(box1; S)) = [room1; room2; room3]

�

The way sensing is treated here is simple but can represent a largevariety of domains

in terms of dynamics. Even if it is restricted in sensing the valueof some 
uent, there

are ways of encoding other sorts of sensing into that, as for example sensing whether a


uent's value has some property. Also, sensing involving many 
uents is broken down

into sensing each of the 
uents involved.

We close this section saying once more that aDK action theory with sensing is not

intended to model the real world too. It models only the epistemic state of an agent

and the sensing of the real world is intended to happen by directinteraction with it.

The sensing results are intended to be acquired by the real world, \online" and whenever

needed, augmenting properly the initial theory withSR atoms. DK theories with sensing

are intended to be implemented into frameworks like Indigolog and theSR functionality

is intended to be provided by real sensors which interact with the world in real time.



Chapter 5

Implementation of DK Action

Theories

This chapter presents a method for soundly implementing a special form of DK action

theories in the logic programming language Prolog. The soundness of the implemen-

tation relies on the embedding ofL P in situation calculus and the soundness of the

implementation of a special form of situation calculus basic action theories, as presented

in [Rei01].

In section 5.1, we de�neE-normal form which is a syntactic normal form forL P -

formulas, such that in each atom there is at most one appearance of the symbols that

need special attention for the implementation. These are the 
uent symbols and the

function symbols which intend to capture predicate functionality which we call predicate

function symbols. We de�ne a transformation for the syntax and semantics ofL P to

situation calculus and prove that for theories and formulas in E-normal form, entailment

in L P can be reduced to entailment in situation calculus.

In section 5.2, we de�ne theclosed formDK action theories as the analog of the

restricted situation calculus basic action theories which canbe soundly implemented in

Prolog, as presented in [Rei01]. These carefully de�nedL P theories capture 
uent-based

74
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disjunctive knowledge only and moreover, according to the de�ned transformation, they

are embedded in situation calculus as appropriate basic action theories such that the

implementation theorem[Rei01] for sound implementation in Prolog applies. In this way,

we getthe implementation theorem forDK action theories, which states that closed form

DK action theories can be soundly implemented in Prolog.

The last section presents a simple example of implementing such aDK action theory

in Prolog and also discusses how this can be done in the Indigolog framework using

Indigolog primitives.

We close this short summary of the technical work that follows, with a general re-

mark about the limitations of the theories we consider in thischapter. Closed formDK

action theories are very much restricted in a similar way that the basic action theories

implemented in Prolog are, but at the same time they essentiallyextend the situation

calculus basic action theories to account for 
uent-based disjunctive knowledge. This

is achieved through the treatment of possible values and the motivation is that since

such theories capture only 
uent-based disjunctive knowledge, they allow for an e�cient

implementation.

5.1 Embedding L P in Situation Calculus

In this section we will be showing howL P can be embedded in the situation calculus.

We focus onL P -formulas of a speci�c syntactic normal form which is appropriate for the

implementation theorem we will be proving in the next section.

Starting from the fact that L P semantics rely on the simple structures for the evalu-

ation of atomic formulas, the next two lemmas show how to construct logical equivalent

formulas which syntactically illustrate this property. This is done by \unpacking" the

nested 
uent-terms. What follows is essentially a generalization of two properties which

we used in the 
uent regression principle proof, 4.2.1.
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Lemma 5.1.1 (Possibly equals). Consider anL P languageL . For any n-ary function

symbolf , L -terms ~t; t 0, L -structure M and variable assignment� ,

M j = f (~t) � t0[� ] i� M j = 9~x
^

x j � t j ^ f (~x) � t0[� ]

Proof: By the de�nition of truth in a structure 3.2.6, M j = f (~t) � t0[� ] i� there exists

a simple structureM 0 such that M 0 � M and

f (~t)M 0
[� ] = t0M 0

[� ] (5.1)

SinceM 0 is a simple structure, there existct1 ; :::; ctn such that

tM 0

j [� ] = f ct j g

and by corollary 3.3.8,

f (~t)M 0
[� ] = f (~x)M 0

[� (ct j =xj )]; where tM 0

j [� ] = f ct j g

and variables~x do not appear in~t; t 0. Therefore, (5.1) holds i� there exists a structure

M 0 such that M 0 � M and

f (~x)M 0
[� ] = t0M 0

[� (ct j =xj )]; where tM 0

j [� ] = f ct j g

By the de�nition of truth in a structure 3.2.6 and lemma 3.3.3,this holds i�

M j = f (~x) � t0[� (ct j =xj )]; where ct j 2 tM
j [� ]

By the de�nition of truth in a structure and lemma 3.3.5, this holds i�

M j =
^

x j � t j ^ f (~x) � t0[� (ct j =xj )]

and by the de�nition of truth in a structure once more, this holds i�

M j = 9~x
^

x j � t j ^ f (~x) � t0[� ]

�
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Lemma 5.1.2 (Possibly equals 2). Consider anL P languageL . For any L -terms t1; t2,

L -structure M and variable assignment� ,

M j = t1 � t2[� ] i� M j = 9x t 1 � x ^ t2 � x[� ]

Proof: In a similar manner as the previous lemma. �

The last two lemmas suggest a way of expandingL -formulas into logical equivalent

ones, so that each atom mentions at most a desired number of function symbols. For

instance, anL -formula can be expanded into one that has atoms that mentionat most

one function symbol. We use these lemmas to de�neE-normal form for L -formulas, so

that DK action theories in that normal form can be embedded in situation calculus and

implemented in Prolog using techniques for implementing basic action theories [Rei01].

The important issue is the fact that functions have unique names in Prolog and so

the theories to be implemented will have to be restricted to comply with this. Therefore,

functional 
uents, which take terms as values, and functions, which intend to emulate

predicates using constants> and ? , need to be translated into predicates appropriately.

In order to do this, we will be translating such function symbols and their value into

corresponding predicates with one extra argument. These issueswill become clear later

in this section where we de�ne the transformation ofL P to situation calculus and in the

next section where we formally see the restrictions needed for implementing situation

calculus basic action theories in Prolog. The formal de�nitions follow.

De�nition 5.1.1 (Predicate function symbols). Consider anL P languageL and a subset

of the non-
uent function symbols inL , P, which are intended to capture the functionality

of predicates. We call this the set ofpredicate function symbolsand includes all non-


uent function symbols which are intended to be used as predicates, with the aid of >

and ? .

We call the non-
uent symbols in L which are not in P, pure function symbolsand

in the same manner, apure L -term is a rigid L -term that mentions no symbols inP and
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a pure L -formula is a formula which mentions only pure terms. �

In what follows, we may be talking aboutL , predicate functions and pure terms, while

keeping the declaration ofP implicit. Now, we de�ne a normal form for L -formulas, such

that all atomic formulas mention at most one 
uent symbol or onepredicate function

symbol. We call this,E-normal form.

De�nition 5.1.2 (E-normal form). Consider anL P languageL andP the set of predicate

function symbols. An L -formula � is in E-normal form i� every atomic formula in � is

one of the following:

� either pure

� or of the form

f (~t) � t0

wheref is a predicate symbol or a 
uent symbol and~t; t 0 are pureL -terms.

We de�ne E to be a recursive operator which applies lemmas 5.1.1 to replace the non-

pure arguments and 5.1.2 to replace the equality atoms between 
uents and predicate

function symbols in the intuitive way, so that E[� ] is in E-normal form. �

Example 5.1.1. Let � be the formula

dice(
 (t1; S); S) � dice(t2; S)

wheredice; 
 are 
uent symbols andt1; t2; S are pure terms. Then, according to de�nition

5.1.2, the following is a logical equivalent formula inE-normal form.

9x9y 
 (t1; S) � x ^ dice(x; S) � y ^ dice(t2; S) � y

�

Corrolary 5.1.3 (E-normal form). Consider anL P languageL with predicate function

symbolsP. For any L -formula � , L -structure M and variable assignment� ,

M j = � [� ] i� M j = E[� ][� ]
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Proof: By the de�nition of operator E, at every stepE replaces formula� by a logical

equivalent formula according to lemmas 5.1.1 and 5.1.2. �

Based on the intuition that non-pure function symbols are intended to be captured

by predicates, we de�ne the transformation forL P syntax and semantics into situation

calculus. From now on we will be focusing on formulas that are inE-normal form only.

De�nition 5.1.3 (Situation calculus languageL̂ ). For an L P languageL , we de�ne L̂

to be the situation calculus language which is the same asL except that

� instead of symbol� it includes symbol =

� for eachn-ary predicate function symbolf 2 P , it includes the (n+1)-ary predicate

symbol Pf instead.

� for everyn-ary 
uent symbol f l , it includes the (n +1)-ary relational 
uent symbol

Pf l instead. �

De�nition 5.1.4 (Situation calculus formula ^� ). For an L -formula � which is in E-

normal form, we recursively de�ne ^� to be a formula ofL̂ , as follows.

� � is a pure atomic formula,t1 � t2. Then, �̂ is t1 = t2.

� � is an atomic formula which mentions a predicate function symbol f . Since� is in

E-normal form, it is of the form f (~t) � t0, where~t; t 0 are pure terms of the correct

sort and f is a predicate function symbol. Then, ^� is Pf (~t; t 0).

� � is an atomic formula which mentions a 
uent symbolf l . Since� is in E-normal

form, it is of the form f l (~t; S) � t0, where~t; S; t0 are pure terms of the correct sort

and f l is a 
uent symbol. Then, �̂ is Pf l (~t; t 0; S).

� � is : � 1. Then �̂ is : �̂ 1.

� � is � 1 ^ � 2. Then �̂ is �̂ 1 ^ �̂ 2.
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� � is 9x� 1. Then �̂ is 9x�̂ 1.

For a set ofL -formulas �, �̂ is f �̂ : � 2 � g �

Example 5.1.2 (Situation calculus formula ^� ). Continuing example 5.1.1, let� be

9x9y 
 (t1; S) � x ^ dice(x; S) � y ^ dice(t2; S) � y

Then �̂ is

9x9y P
 (t1; x; S) ^ Pdice(x; y; S) ^ Pdice(t2; y; S)

�

De�nition 5.1.5 (Situation calculus structure M̂ ). For an L P languageL and an L -

structure M , we de�ne M̂ as the following structure of situation calculus languagêL .

� For each sorti of the languageL̂ , M̂ includes the same universeM i as M .

� For each relational 
uent symbolPf l in L̂ , there is a functional 
uent symbol f l in

L and P M̂
f l is the following relation de�ned on structureM :

fh~c; cv; csi : cv 2 f l M (~c; cs)g

Intuitively, the possible valuescv are encapsulated in the predicate relation appro-

priately, keeping the situation argumentcs last.

� Similarly, for each predicate symbolPf in L̂ , P M̂
f is the following relation:

fh~c; cv i : cv 2 f M (~c)g

The possible valuescv are encapsulated in the predicate relation.

� For each pure function symbolf in L̂ , f M̂ (~c) = d, wheref M (~c) = f dg. �

Note that since jMj and jM̂j are identical and since the variable symbols are the

same inL and L̂ , we can use a variable assignment� both for reasoning about truth in

an L -structure M and an L̂ -structure M̂ . We now proceed to prove the main theorem

that will lead to the result that L P can be embedded in the situation calculus.
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Theorem 5.1.4 (Embedding theorem). For an L P languageL , L -structure M , variable

assignment� and L -formula � in E-normal form,

M j = � [� ] i� M̂ j = �̂ [� ]

Proof: By induction on the construction ofL -formulas � in E-normal form.

� Base case: � is an atomicL -formula.

If � is pure then it has the formt1 � t2 where t1; t2 are pureL -terms. Sincet1; t2

are pure, they are also rigid and therefore they are interpreted into singleton sets.

Then, by the de�nition of truth in a structure 3.2.6,

M j = � [� ] i� tM
1 [� ] = tM

2 [� ]

where tM
1 [� ] = f c1g and tM

2 [� ] = f c2g for somec1; c2 in jMj . By the de�nition of

structure M̂ 5.1.5, tM̂
1 [� ] = c1 and tM̂

2 [� ] = c2, so

M j = � [� ] i� tM̂
1 [� ] = tM̂

2 [� ]

M j = � [� ] i� M̂ j = t1 = t2[� ]

and by the de�nition of �̂ 5.1.4,

M j = � [� ] i� M̂ j = �̂ [� ]

If � mentions the (n + 1)-ary 
uent symbol f l , then since it is in E-normal form,

it has the form f l (~t; S) � t0, where~t; t 0; S are pure. Since~t; t 0; S are pure, they are

also rigid and so they are interpreted into singleton sets. Then, by the de�nition

of truth in a structure 3.2.6 and lemma 3.3.3,

M j = � [� ] i� t0M [� ] 2 f l (~t; S)M [� ]

where

tM
j [� ] = f cj g; t0M [� ] = f c0g; SM [� ] = f cSg for somecj ; cS; c0 2 jMj
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By the de�nition of term denotation 3.2.5,

M j = � [� ] i� c0 2 f l M (c1; :::; cn ; cS)[� ]

Now, by the de�nition of structure M̂ ,

tM̂
j [� ] = cj ; t0M̂ [� ] = c0; SM̂ [� ] = cS

and

M j = � [� ] i� htM̂
1 [� ]; :::; tM̂

n [� ]; t0M̂ [� ]; SM̂ [� ]i 2 P M̂
f l

or equivalently

M j = � [� ] i� M̂ j = Pf l (~t; t 0; S)[� ]

Finally, by the de�nition of �̂ 5.1.4,

M j = � [� ] i� M̂ j = �̂ [� ]

If � mentions a predicate symbolf , then since it is in E-normal form, it has the

form f (~t) � t0, where~t; t 0 are pure. The proof of the theorem for this case is very

similar to the one when� has the formf l (~t; S) � t0 and we omit it.

Thus, the theorem holds for the base case.

� Induction hypothesis: The theorem holds for formulas� 1; � 2.

� Induction Step: We prove the theorem for formulas: � 1, � 1 ^ � 2, 9x� 1.

� � is : � 1. By the de�nition of truth in a structure 3.2.6,

M j = � [� ] i� M 6j= � 1[� ]

By induction hypothesis,

M j = � [� ] i� M̂ 6j= �̂ 1[� ]

and by the de�nition of �̂ 5.1.4,

M j = � [� ] i� M̂ j = �̂ [� ]
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� � is � 1 ^ � 2. By the de�nition of truth in a structure 3.2.6,

M j = � [� ] i� M j = � 1[� ] and M j = � 2[� ]

By induction hypothesis,

M j = � [� ] i� M̂ j = �̂ 1[� ] and M̂ j = �̂ 2[� ]

Therefore,

M j = � [� ] i� M̂ j = �̂ 1 ^ �̂ 2[� ]

and by the de�nition of �̂ 5.1.4,

M j = � [� ] i� M̂ j = �̂ [� ]

� � is 9x� 1. By the de�nition of truth in a structure 3.2.6, M j = � [� ] i� there

exists ac 2 jMj of the correct sort, such thatM j = � 1[� (c=x)].

By induction hypothesis and sincejMj and jM̂j are identical, M j = � [� ] i�

there exists ac 2 j M̂j of the correct sort, such thatM̂ j = �̂ 1[� (c=x)]. There-

fore,

M j = � [� ] i� M̂ j = 9x�̂ 1[� ]

and by the de�nition of �̂ 5.1.4,

M j = � [� ] i� M̂ j = �̂ [� ]

So, we have proved that the theorem holds for all non-atomic cases of� .

Thus, induction follows and the embedding theorem holds. �

We can now prove that entailment inL P can be reduced to entailment in situation

calculus. There is an issue regarding predicate function symbols: we prove that entail-

ment can be reduced when consideringL P theories that treat the predicate functions in

the intended way, that is, they are forced to be interpreted into exactly one of> or ? .

We state this precisely in the next corollary about reducing entailment.
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Corrolary 5.1.5 (Entailment) . Consider a theoryD of an L P languageL such that it

consists of formulas inE-normal form and for every predicate function symbolf in P,

D includes exactly one axiom of the form

8~x8y f (~x) � y � y � > ^ �( ~x) _ y � ? ^ : �( ~x)

where�( ~x) is a situation independent formula whose free variables are among ~x. Then,

for any L -formula � in E-normal form,

D j= � i� D̂ j= �̂

Proof: (( ) Assume that D̂ j= �̂ . For any structure M that satis�es D, we get by

theorem 5.1.4 thatM̂ satis�es D̂. Now, sinceD̂ j= �̂ , M̂ also satis�es ^� . Therefore, by

theorem 5.1.4 again,M j = � .

() ) Assume that D j= � . The proof is the same as the other direction but in order to

use theorem 5.1.4, we need to show that for any modelM 0 of D̂ there is anL -structure

M such that M̂ = M 0. We prove this by showing that we can construct aM as the

reverse transformation ofM 0.

Let M 0 be an arbitrary model ofD̂. We construct L -structure M as follows.

� For each sorti of the languageL , M includes the same universeM i as M 0.

� For each 
uent symbol f l in L , there is a relational 
uent symbolPf l in L̂ and f l M

is de�ned on structure M 0 as follows:

f l M (~c; cs) = f cv : h~c; cv; csi 2 PM 0

f l g

� Similarly, for each function symbol inL that appears in P, there is a predicate

symbol Pf in L̂ and f M is de�ned on structure M 0 as follows:

f M (~c) = f cv : h~c; cv i 2 PM 0

f g
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Note that in order for M to be anL -structure, f M (~c) must be a singleton set. This

is guaranteed by the form ofD and the fact that M 0 is a model ofD̂: For each

function symbol of L in P, D includes an axiom of the form

8~x8y f (~x) � y � y � > ^ �( ~x) _ y � ? ^ : �( ~x)

where �( ~x) is a situation independent formula whose free variables are among ~x.

Therefore, for each predicate symbolPf in L̂ , D̂ includes the axiom

8~x8y Pf (~x; y) � y = > ^ �̂( ~x) _ y = ? ^ : �̂( ~x)

where �̂( ~x) is a situation independent formula whose free variables are among ~x.

This axiom guarantees that for each~x there is only one element of the formh~x; yi

in relation PM 0

f , as M 0 is a model ofD̂. Thus, f M (~c) is a singleton set.

� Finally, for each function symbolf in L that does not appear inP, f M (~c) = f dg,

wheref M 0
(~c) = d.

It is easy to verify that M̂ = M 0. Therefore, sinceM 0 was arbitrary, for any modelM 0

of D̂ there is an L -structure M such that M̂ = M 0 and we can use theorem 5.1.4 to

prove this direction in the same way as the other one. �

5.2 Implementation Theorem for DK Action Theo-

ries

By corollary 5.1.5 follows that under conditions, entailment in L P can be reduced to

entailment in situation calculus using the transformation forformulas 5.1.4. We now

show howDK action theories can be soundly implemented in Prolog, utilizing this result

and the fact that a special form of situation calculus basic action theories can be soundly

implemented in Prolog.
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In order to achieve this, we need to de�ne a restricted form ofDK action theoriesD

which, when reduced to situation calculus theorieŝD using the transformation 5.1.4, they

form appropriate basic action theories such that theimplementation theorempresented

in [Rei01] applies. The necessary restrictions for the \translated" basic action theories

D̂ essentially ensure that the theories conform with the requirements of Clark's theorem

[Cla78], [Llo87] for soundly implementing theories in Prolog.

The key notion that summarizes the restrictions needed for basic action theories in

situation calculus is that they should have aclosed form initial database[Rei01]. In

the same manner and following closely this de�nition, we de�nethe notion of a closed

form initial database for DK action theories; the de�nition is only tuned to apply to the

syntax of L P . Then, we de�ne theclosed formDK action theorieswhich can be soundly

implemented in Prolog.

De�nition 5.2.1 (Closed form initial database forDK action theories). Consider anL P

languageL which includes only �nitely many function symbols andP the set of predicate

function symbols. An initial databaseDS0 of a DK action theory of L is in closed form

i�

� For every 
uent symbol in L , DS0 contains exactly one initial speci�cation axiom

for that 
uent,

8~x8y f l (~x; S0) � y � 	 f l (~x; y)

where 	( ~x; y) is a formula uniform in S0 and whose free variables are among~x; y.

� For every predicate function symbolf in P, DS0 contains exactly one axiom of the

form

8~x8y f (~x) � y � y � > ^ �( ~x) _ y � ? ^ : �( ~x)

where �( ~x) is a situation independent formula whose free variables are among ~x.
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� The rest of DS0 consists of the following (countably in�nite) sentences:

(a) For each pair of distinct pure function symbolsf; g of sort object (including

constant symbols),

: f (~x) � g(~y)

(b) For each pure function symbolf of sort object,

f (x1; :::; xn ) � f (y1; :::; yn ) ! x1 � y1 ^ ::: ^ xn � yn

(c) For each pureL -term t of sort object other than the variablex of sort object,

: t[x] � x

(d) For each pureL -term A of sort action other than the variablea of sort action,

: A[a] � a

In some restricted language which does not include the 
uents and predicate func-

tions, or in L̂ : Axioms (a) and (b) are uniqueness of names axioms for objects.

Axioms (c) and (d) strengthen the uniqueness of names axioms foractions and

objects and, as mentioned in [Rei01], they essentially capture the occur-check re-

quirement for the uni�cation algorithm of proper Prolog systems. �

A closed form initial databaseDS0 for a DK action theory is carefully de�ned so that

when it is translated to situation calculus according to de�nition 5.1.4, it results to a

closed form initial databaseD̂S0 for a situation calculus basic action theory, as presented

in [Rei01]. In the same manner, closed formDK action theoriesD satisfy the necessary

requirements so that the corresponding situation calculus basic action theory D̂ can be

soundly implemented in Prolog. Essentially, these requirements are the projection of the

ones needed by the implementation theorem for basic action theories in situation calculus

[Rei01], in L P .
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De�nition 5.2.2 (Closed formDK action theory). A DK action theory of anL P language

L is a closed formDK action theory i�

� L includes only �nitely many function symbols

� the initial database DS0 is in closed form �

So, we �nally come to the intended result: By corollary 5.1.5,entailment of a closed

form DK action theory D is reduced to entailment of a situation calculus theorŷD which

satis�es the requirements for the implementation theorem forbasic action theories [Rei01]

and can be soundly implemented in Prolog. Actually, there is a small complication in

this procedure which has to do with the treatment of predicates.

L P is designed to be fully functional and so, as we saw in the previous chapters,

predicate functionality needs to be emulated by special functions with the aid of constants

> and ? . On the other hand, functions in Prolog have unique names andtherefore

non-pure symbols inL P need to be emulated by non-standard predicates in order to

get implemented appropriately. In this way, the treatment of an intended predicate

symbol is a little awkward, as it is �rst captured by a function symbol f in L which is

then translated into a predicate symbolPf with an extra argument in L̂ . Despite being

awkward, this poses no complications for the predicate function symbols except forPoss.

The problem with Poss is that in D̂, Poss is translated into PP oss which is no longer

the standard binary predicate symbol used in situation calculus,but a ternary predicate

symbol which encapsulates its truth value in its last extra argument.

Nevertheless, this is merely a technical issue, rather than an essential problem. The

de�nition of a closed formDK action theory D is such that for every ground instance of

a Poss term it is the case that the theory entails either thatPoss has the value> or

the value ? and this holds for D̂ and PP oss atoms too. We can have the standardPoss

syntax in L̂ as a macro based onPP oss.
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De�nition 5.2.3 (Poss macro in L̂ ). For an L P languageL and the corresponding

situation calculus languageL̂ , we de�ne the macroPoss(A; S) to be the L̂ -formula

PP oss(A; S; > )

For a closed formDK action theory D, the corresponding situation calculus theoryD̂

and the action precondition axiom for an actionA(~t) in D̂,

8~x8s8y PP oss(A(~x); s; y) � � A (~x; s) ^ y = > _ : � A (~x; s) ^ y = ?

we de�ne an alternative action precondition axiom

8~x8s Poss(A(~x); s) � � A (~x; s)

�

Lemma 5.2.1 (Correctness ofPoss macro in L̂ ). For a closed formDK action theory

D of an L P languageL and the correspondingL̂ , D̂,

D̂ j= Poss(A; S) i� D̂ j= PP oss(A; S; > )

D̂ j= : Poss(A; S) i� D̂ j= PP oss(A; S; ? )

and for the purpose of evaluating regressable formulas in̂L , the alternative action pre-

condition axiom

8~x8s Poss(A(~x); s) � � A (~x; s)

can be used instead of the action precondition axiom forA in D̂,

8~x8s8y PP oss(A(~x); s; y) � � A (~x; s) ^ y = > _ : � A (~x; s) ^ y = ?

Proof: Directly from the de�nition of the action precondition axiom in D̂. Note that

D̂ j= PP oss(A(~t); S;> ) i� D̂ j= � A (~t; S)

D̂ j= PP oss(A(~t); S;? ) i� D̂ j= : � A (~t; S)

�
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We will be using thePoss macro and the alternative action precondition axioms so

that D̂ has the standard basic action theory syntax. There is one last thing we need to

make precise before we present the implementation theorem forclosed formDK action

theories. Since we will be using thePossmacro for the evaluation of formulas, we need

to ensure that all L -formulas which will be translated in L̂ are restricted to mention

Poss in atoms of the formPoss(A; S) � > or Poss(A; S) � ? only and also that they

are translated appropriately inL̂ using thePossmacro. For the next results we need to

focus in formulas which are inE+ -normal form which is essentially the syntacticE-normal

form with the needed restriction forPossatoms.

De�nition 5.2.4 (E+ -normal form). A formula L -� is in E+ -normal form i� it is in

E-normal form and for all atoms of the form

Poss(~t) � t0

t0 is either > or ? . �

In what follows we assume that allL -formulas are inE+ -normal form. This is not

a restriction because all formulas can be transformed in some logical equivalent formula

in E-normal form (corollary 5.1.3) and furthermore, in the context of a closed formDK

action theory, every formula of the formf (~t) � t0 is logically equivalent to eitherf (~t) � > ,

or f (~t) � ? , or false. Also, for simplicity, we do not de�ne another transformation from

L P to situation calculus, but assume thatL -formulas which mentionPossare translated

according to 5.1.4 into appropriate atoms inL̂ utilizing the Possmacro de�ned in 5.2.3.

We now copy theimplementation theoremfound in [Rei01], applied toD̂ according

to the previous remarks aboutPoss.

Corrolary 5.2.2 (Implementation theorem for D̂). Consider an L P languageL which

includes only �nitely many function symbols and the closed form DK action theory D of

L . Let D̂ be the situation calculus basic action theory which we get from D, according
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to the de�nition 5.1.4. Then, D̂ has �nitely many relational 
uents and action function

symbols andD̂S0 is in closed form. So, according to the implementation theorem, let G be

the Prolog program obtained from the following sentences, after transforming them with

the Lloyd-Topor transformations, [Llo87]:

� For each de�nition of a non-
uent predicate of D̂S0 of the form 8~x P(~x) � � P (~x):

�( ~x) ! P(~x)

� For each de�nition of a 
uent predicate of D̂S0 of the form8~x Pf l (~x; S0) � 	̂ f l (~x; S0):

	̂ f l (~x; S0) ! Pf l (~x; S0)

� For each action precondition axiom ofD̂AP A of the form 8~x8s Poss(A(~x); s) �

�̂ A (~x; s):

�̂ A (~x; s) ! Poss(A(~x); s)

� For each successor state axiom of̂DSSA of the form 8~x8a8s Pf l (~x; do(a; s)) �

�̂ f l (~x; a; s):

�̂ f l (~x; a; s) ! Pf l (~x; do(a; s))

Then, G provides asoundProlog implementation of the basic action theorŷD for the

purposes of proving regressable sentences, in the followingsense:

� Whenever a proper Prolog interpreter succeeds on a normal Prolog goal Ĝ with

answer substitution� , then D̂ j= ( 8)Ĝ� . (8)Ĝ� denotes the result of universally

quantifying all the free variables (if any) ofĜ� .

� Whenever a proper Prolog interpreter returns failure (that is, whenever it �nitely

fails to obtain derivation) on a normal Prolog goalĜ, then D̂ j= ( 8): Ĝ.

Note that the queryĜ should be a regressablêL -formula which is �rst transformed by

the Lloyd-Topor transformation before execution by this program. �
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So, closed formDK action theories can be soundly implemented in Prolog with theaid

of the transformation de�ned in 5.1.4 and the implementationtheorem for basic action

theories in situation calculus.

Corrolary 5.2.3 (Implementation theorem for D). Consider an L P languageL which

includes only �nitely many function symbols and the closed form DK action theory D of

L . Let D̂ be the situation calculus basic action theory which we get from D, according to

the de�nition 5.1.4 and G be the Prolog program we get according to the implementation

theorem for D̂ (corollary 5.2.2).

Then, G provides asoundProlog implementation of the closed formDK action theory

D for the purposes of proving regressable sentences inE+ -normal form, in the following

sense:

� Whenever a proper Prolog interpreter succeeds on a normal Prolog goal Ĝ with

answer substitution� , then D j= ( 8)G� . (8)G� denotes the result of universally

quantifying all the free variables (if any) ofG� .

� Whenever a proper Prolog interpreter returns failure (that is, whenever it �nitely

fails to obtain derivation) on a normal Prolog goalĜ, then D j= ( 8): G.

Note that the queryĜ should be a regressablêL -formula in E+ -normal form which is �rst

transformed by the Lloyd-Topor transformation before execution by this program.

Proof: Directly, from corollary 5.1.5 and the implementation theorem 5.2.2. �

The next section presents a simple example of the application ofthe implementation

theorem and discusses the implementation of closed formDK action theories in Indigolog.

5.3 The Dice World { A Simple Example

As we saw in this chapter, the main issue for implementing closed form DK action theories

D is to reduce entailment to an appropriate basic action theorŷD. This proved to be
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quite intuitive: in just a few words, closed formDK action theories are de�ned in such

way, so that the \possibly equals" e�ect of equality inL P semantics can be encapsulated

into the de�nitions of appropriate relational 
uents Pf l .

We now present an example of a closed formDK action theory which is based on de�-

nitions and axioms we used in the examples of the previous chapters. This is not a typical

example of some interesting domain, rather than a simple example which summarizes the

implementation issues discussed in the previous section.

The Dice World consists of a number of four-sided dice on a table.The dynamics of

the domain is limited to the dynamic state of the dice which is a�ected by the actions

of picking up, rolling or placing down a dice setting its value. Let L be the L P language

which includes the following symbols.

� Two 
uent symbols: the binary function symbolsdice, which is used the same way

as all previous examples, andholding, which expresses that the agent is holding

some object.

� Three action symbols: the unary function symbolsrollDice; pickup and the binary

function symbol setDiceV alue. Similar to what we saw in example 4.1.2, action

rollDice (x) rolls the dice x to the table and setDiceV alue(x; y) places the dicex

on the table setting so that its value isy. Action pickup captures the intuitive

e�ect.

� One unary function symbolisdice emulating predicate functionality as in example

3.3.5.

The set P of predicate functions consists ofPossand isdice. Also, all function symbols

are de�ned so that they get arguments of the intuitive sort.

Let D be the followingDK action theory of L :

D = � [ D SSA [ D AP A [ D UNA [ D S0
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where

� D S0 includes a similar initial speci�cation axiom fordiceas we saw in example 4.1.1

and one forholding. These axioms express that in the initial situation the agent is

holding nothing and the dice are on the table with value 1 facing up.

8x8y dice(x; S0) � y � isdice(x) � > ^ y � 1 _ isdice(x) � ?

8x8y holding(x; S0) � y � y � ?

DS0 also includes the required axiom for the function symbolisdice we saw in

example 3.3.5, which captures the fact that there are three dice with speci�c names.

For simplicity we chose the numbers 1,2,3 for names.

8x isdice(x) � y � (x � 1_ x � 2_ x � 3)^ y � >_: (x � 1_ x � 2_ x � 3)^ y � ?

� D SSA includes the successor state axiom fordicewe saw in example 4.1.2 tuned for

setDiceV alue; pickupand an intuitive successor state axiom for 
uentholding:

8x8a8s8y dice(x; do(a; s)) � y � a � rollDice (x) ^ (y � 1 _ y � 2 _ y � 3 _ y � 4)

_ a � pickup(x) ^ (y � 1 _ y � 2 _ y � 3 _ y � 4)

_ a � setDiceV alue(x; y)

_ : (a � rollDice (x) _ a � pickup(x)

_ 9z a � setDiceV alue(x; z)) ^ y � dice(x; s)

Action pickup has a similar e�ect to the value of a dice as actionrollDice , which

is not very accurate. Nevertheless, we mention once again that this is not intended
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to be a completely realistic real-world example.

8x8a8s8y holding(x; do(a; s)) � y � a � pickup(x) ^ y � >

_ a � rollDice (x) ^ y � ?

_ 9z a � setDiceV alue(x; z) ^ y � ?

_ : (a � pickup(x) _ a � rollDice (x)

_ 9z a � setDiceV alue(x; z)) ^ y � holding(x; s)

Note that except for pickup, all the actions have the e�ect that the agent is no

longer holding the dice.

� DAP A includes an action precondition axiom for each of the the action function

symbols.

8s8x8y Poss(rollDice (x); s) � y � � 1(x; s) ^ y � > _ : � 1(x; s) ^ y � ?

8s8x8z8y Poss(setDiceV alue(x; z); s) � y � � 2(x; s)^ y � >_: � 2(x; s)^ y � ?

8s8x8z8y Poss(pickup(x); s) � y � � 3(x; s) ^ y � > _ : � 3(x; s) ^ y � ?

where

� 1(x; s) � � 2(x; y; s) � isdice(x) � > ^ holding(x; s) � >

� 3(x; s) � true

� � is the foundational axioms for situations and DUNA is the set of unique names

axioms for actions function symbols.

5.3.1 The Dice World in Prolog

According to de�nition 5.1.4, D̂ is the following DK action theory of L̂ :

D̂ = �̂ [ D̂SSA [ D̂AP A [ D̂UNA [ D̂S0

where
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� D̂S0 includes the following sentences:

8x8y Pdice(x; y; S0) � Pisdice (x) ^ y = 1 _ : Pisdice (x)

8x8y Pholding(x; y; S0) � y = ?

8x Pisdice (x) � (x = 1 _ x = 2 _ x = 3)

� D̂SSA includes the following sentences:

8x8a8s8y Pdice(x; y; do(a; s)) � a = rollDice (x) ^ (y = 1 _ y = 2 _ y = 3 _ y = 4)

_ a = pickup(x) ^ (y = 1 _ y = 2 _ y = 3 _ y = 4)

_ a = setDiceV alue(x; y)

_ : (a = rollDice (x) _ pickup(x) _ 9z a = setDiceV alue(x; z)) ^ Pdice(x; y; s)

8x8a8s8y Pholding(x; y; do(a; s)) � a = pickup(x) ^ y = >

_ a = rollDice (x) ^ y = ?

_ a = setDiceV alue(x; z) ^ y = ?

_ : (a = pickup(x) _ a = rollDice (x)

_ 9z a = setDiceV alue(x; z)) ^ Pholding(x; y; s)

� D̂AP A includes the following sentences:

8s8x Poss(rollDice (x); s) � �̂ 1(x; s)

8s8x8z Poss(setDiceV alue(x; z); s) � �̂ 2(x; z; s)

8s8x Poss(pickup(x); s) � �̂ 3(x; s)

where

�̂ 1(x; s) � �̂ 2(x; y; s) � Pisdice (x) ^ Pholding(x; > ; s)

�̂ 3(x; s) � true



Chapter 5. Implementation of DK Action Theories 97

� �̂ and D̂UNA are according to de�nition 5.1.4.

Now, according to the implementation theorem forD, 5.2.3, we construct the Prolog

program G1 which appears in table 5.3.1.

isdice(X) :- (X=1; X=2; X=3).

dice(X,Y,s0) :- (isdice(X), Y=1); \+isdice(X).

dice(X,Y,do(A,S)) :- (A=rollDice(X), (Y=1; Y=2; Y=3; Y=4) );

(A=pickup(X), (Y=1; Y=2; Y=3; Y=4));

A=setDiceValue(X,Y);

(\+(A=rollDice(X); A=pickup(X); A=setDiceValue(X,Z)),

dice(X,Y,S)).

holding(X,Y,s0) :- Y=bot.

holding(X,Y,do(A,S)) :- (A=pickup(X), Y=top);

(A=rollDice(X), Y=bot);

(A=SetDiceValue(X,Z), Y=bot);

(\+(A=pickup(X); A=rollDice(X);

A=SetDiceValue(X,Z)), holding(X,Y,S)).

poss(rollDice(X),S) :- isdice(X), holding(X,top,S).

poss(setDiceValue(X,Y),S):- isdice(X), holding(X,top, S).

poss(pickup(X),S) :- true.

Table 5.1: Prolog programG1

We will be testing G1 on SWI-Prolog Version 5.2.13 (Copyright (c) 1990-2003 Uni-

versity of Amsterdam). Before we do that, we note that the soundness result of the

implementation theorem relies on a fundamental result of Keith Clark [Cla78], [Llo87]
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that correlates �rst order logic theories with Prolog programs. Weemphasizethat this re-

sult holds about aproper Prolog interpreter which in particular includes theoccur-check1

in the uni�cation algorithm and does not 
ounder 2.

Most of the Prolog systems, including SWI-Prolog, fail both of these conditions. The

absence of the occur-check is not a problem in general and [AP94] provides a mechanism

for transforming every program into one for which only the calls to the built-in uni�cation

predicate need to be resolved by a uni�cation algorithm with the occur-check.

What is more important is that in the existing Prolog systems, soundness is granted as

long as negation as failure is usedonly on ground atoms, so as to avoid 
oundering. This

means, for example, that some negation that appears in the scopeof a universal quanti�er

is likely to falsify the soundness result. This is very restricting, since the predicates that

are used in programs such asG1, capture the possible values for the 
uents and the

universal quanti�er is needed to express essential notions likethe K macro.

We now see some examples on reasoning about actions in the context of theory D,

using Prolog programG1 and then we discuss how this issue regarding 
oundering can

be treated. Note that the second last argument of some 
uent predicate is essentially the

possible value for the functional 
uent that is intended to represent.

� What is a possible value for each of the dice in the initial situation?

?- dice(1,Y,s0).

Y = 1 ;

No

?- dice(2,Y,s0).

Y = 1 ;

No

?- dice(3,Y,s0).

1The uni�cation algorithm fails to unify the variable x with any complex term which includes x.
2Application of negation as failure to non-ground terms.
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Y = 1 ;

No

?-

� Is is possible to execute the sequence of actions [pickup(1); rollDice (1)]?

?- poss(pickup(1),s0), poss(rollDice(1),do(pickup(1), s0)).

Yes

?-

� What is a possible value for each of the dice after these actions are performed? Let

this situation be S2.

?- dice(1,Y,do(rollDice(1),do(pickup(1),s0))).

Y = 1 ;

Y = 2 ;

Y = 3 ;

Y = 4 ;

No

?- dice(2,Y,do(rollDice(1),do(pickup(1),s0))).

Y = 1 ;

No

?- dice(3,Y,do(rollDice(1),do(pickup(1),s0))).

Y = 1 ;

No

?-

� Is is possible to execute the actionrollDice (2) or setDiceV alue(2; 1) in situation

S2?
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?- poss(setDiceValue(2,2),do(rollDice(1),do(pickup(1 ),s0))).

No

?- poss(rollDice(2),do(rollDice(1),do(pickup(1),s0)) ).

No

?-

� Is is possible to execute the sequence of actions [pickup(2); setDiceV alue(2; 2)] in

situation S1?

?- poss(setDiceValue(2,2),do(pickup(2),do(rollDice(1 ),

| do(pickup(1),s0)))).

Yes

?-

� What is a possible value for each of the dice after these actions are performed?

?- dice(1,Y,do(setDiceValue(2,2),do(pickup(2),do(rol lDice(1),

| do(pickup(1),s0))))).

Y = 1 ;

Y = 2 ;

Y = 3 ;

Y = 4 ;

No

?- dice(2,Y,do(setDiceValue(2,2),do(pickup(2),do(rol lDice(1),

| do(pickup(1),s0))))).

Y = 2 ;

No

?- dice(3,Y,do(setDiceValue(2,2),do(pickup(2),do(rol lDice(1),

| do(pickup(1),s0))))).
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Y = 1 ;

No

?-

So, we can reason about the possible values of a 
uentf l and we can actually get the

completeness e�ect of a strongf l -formula, like f l = [1; 2; 3; 4], using Prolog's function-

ality that can give all the solutions for a goal. For instance, we saw that in situation S2

dice 1 has exactly the possible values 1, 2, 3, and 4. This is whatthe formula �

dice(1; S2) = [1; 2; 3; 4]

expresses. As we noted in the beginning though, any negation applied to non-ground

terms will falsify the soundness result and therefore, the formula itself cannot be soundly

evaluated by the Prolog program. If we expand thedice(1; S2)-formula macro it becomes

clear why 
oundering is a problem.

8y dice(1; S2) � y � y � 1 _ y � 2 _ y � 3 _ y � 4

Negation that is hiding in the � macro is applied to non-ground atoms and so, any results

regarding closure on possible values is not guaranteed to be sound.

Nevertheless, we can restrict universal quanti�cation to be bounded and force the

variables in non-ground atoms to range over some �nite set. In this way we lose expressive

power, which one could argue that is not very crucial in real-world robotic domains, but

we also avoid 
oundering, ensuring soundness of the results. In order to do this, we need

to de�ne a generic mechanism for doing a bounded version of the universal or existential

quanti�er, instead of using normal Prolog uni�cation and the Lloyd-Topor rules.

The *Golog languages [LRL+ 97], [DGLL00], [DGL99], which we brie
y talked about

in chapter 2, account for this issue and furthermore o�er a concise way of representing

situation calculus basic action theories. The intention is to use the existing Indigolog

framework [DGL99] to represent closed formDK action theories, instead of augmenting
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programs like G1 that are constructed according to the implementation theorem 5.2.3.

Furthermore, in doing this we bene�t all the rich functionality of Indigolog, as described

in chapter 2.

5.3.2 Implementing Closed Form DK Action Theories in In-

digolog

We now brie
y present how situation calculus basic action theories are represented in

Indigolog and then discuss how closed formDK action theories can be implemented in

the Indigolog framework using the same primitives. The discussionis informal and is

based on the intuitions behind the implementation of basic action theories in Indigolog

and the observation that, in a sense, closed formDK action theories are capturing the

e�ect of many possible basic action theories.

The implementation of a basic action theory in Indigolog is treated in a generic way.

Instead of writing a Prolog program which captures the theoryitself, the basic notions

of basic action theories are implemented in a generic evaluation module and the speci�c

details of the theory in question are provided by the user in a concise Prolog program.

The implementation of a basic action theory in Indigolog includes:

� The de�nition of functional 
uents using predicate fun_fluent(Fluent) .

� The de�nition of primitive actions using predicate prim_action(Action) .

� The de�nition of sensing actions using predicatesenses(Action, Fluent) . The

sensing actions have the e�ect that after they are executed, the value of the 
uent

is set to be the sensed value.

� The representation of situation independent action precondition axioms using the

predicateposs(Action, Condition) . This expresses that whenCondition holds,

action Action can be performed.
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� The representation of the initial situation S0 using predicate

initially(Fluent, Value) . This expresses that the 
uent Fluent has

value Value in S0.

� The representation of the successor state axioms using predicate

causes_val(Action, Fluent, Value, Condition) . This expresses that

when Condition holds, the execution of actionAction causes the 
uentFluent

to get the valueValue.

The representation of basic action theories is the same as in Golog, more details can be

found in [LRL+ 97]. Details about sensing in Indigolog can be found in [DGL99].

We now review the way functional 
uents are treated in Indigolog. Since all func-

tion terms have unique names in Prolog, in order to implementfunctional 
uents, their

e�ect has to be compiled into predicates. This can be done in the same way aDK

theory D is translated in a basic action theoryD̂, using a predicate which encapsu-

lates the functional 
uent's value as an argument. Instead ofthat, in Indigolog there

is a special predicate which captures this e�ect in a generic way. This is the predicate

has_val(Fluent, Value, History) and is intended to express that after performing

the sequence of actionsHistory , the functional 
uent Fluent has the valueValue.

The evaluation of formulas in Indigolog relies onhas_val and a special predicate

holds(Formula, History) which implements the revised Lloyd-Topor transformations

[Rei01]. Furthermore,holds provides bounded existential and universal quanti�cation

functionality. The soundness of the Indigolog programs relies then on the program-

mer who should ensure that the Indigolog programs are such that they will produce

ground atoms whenever during the execution of the program negation as failure is

used. Note that the syntax of formulasFormula is very intuitive and includes opera-

tors neg(F) , or(F1, F2) , and(F1, F2) , all(X, F) , some(X, F), all(X, Domain, F) ,

some(X, Domain, F), impl(F1, F2) , equiv(F1, F2) and the use of equality in the

normal way.



Chapter 5. Implementation of DK Action Theories 104

The intuition is that Indigolog functionality is convenient for implementing closed

form DK action theories too. The only di�erence in implementing a closed formDK ac-

tion theory using Indigolog primitives is that the predicates initially and causes_val

are not forced to have a unique solution forValue for each instantiation of the arguments.

For example, the 
uent dice(1) may havetwo possible valuesin the initial situation. This

is can be captured by havingtwo initially clausesin the Prolog program implement-

ing the theory. In a similar way, the predicatecauses_val can be de�ned so that to

capture many options for the value of some 
uent after an action has been performed.

In this way, the e�ect of non-standard equality in L P is captured by normal equality

in Prolog with the aid of predicate has_val , which under these circumstances is more

like has_poss_val, capturing the fact that a 
uent has a possible value rather than a

de�nite one. From another point of view, we could say that a closed form DK action

theory summarizes many possible basic action theories, each of which de�nes a possible

value for the 
uents.

So, the implementation of closed formDK action theories can be done in a similar way

as basic action theories using the Indigolog framework. The only di�erence is that the

primitives are used so that to provide more options for thepossiblevalues of the 
uents.

We will now focus only on the evaluation mechanism of Indigolog that essentially solves

the projection task.

Indigolog is built so that to be able to implement various action theories and evaluate

formulas depending on the corresponding evaluation module.We provide a new evalu-

ation module for doing projection in closed formDK action theories. The closed form

DK action theory evaluation module is the same as the one for basicaction theories,

without the optimizations which prevent backtracking for predicate has_val . Indigolog

functionality as a high-level programming language, whichwe discussed in chapter 2, is

implemented in another module. In the same manner, we can provide a new indigolog

incremental interpreter module so that the language constructs take into account the



Chapter 5. Implementation of DK Action Theories 105

possibility that there can be more than one solutions forhas_val . Again, the issue is to

remove any optimizations that are based on the assumption that 
uents can be proven

to have at most one value.

5.3.3 The Dice World in Indigolog

Based on the previous remarks, we construct the following Indigolog programG2, as the

implementation of the dice world theoryD we saw in section 5.3. We brie
y explain the

structure of G2.

We �rst de�ne the �nite domains which we will use for bounded quanti�cation. These

will be also used with the predicatedomain(Variable, Domain) which assigns a user-

de�ned domain to a variable, to make formulas more readable.

/* Domains, Sorts */

dice([1,2,3]). %The domain of dice names

diceValues4([1,2,3,4]). %The domain of possible values fo r 4-sided dice

diceValues([1,2,3,4,5,6,7,8,9,10]).

%The domain of possible values for all dice

We then specify the functional 
uents and the primitive actions of the language.

Note that we also include functional 
uent t which will be used to illustrate the e�ect of

possible nesting of 
uent terms, as in example 4.1.2.

/* Functional Fluents and Actions */

fun_fluent(dice(_)).

fun_fluent(holding(_)).

fun_fluent(t).

prim_action(pickup(_)).

prim_action(rollDice(_)).

prim_action(setDiceValue(_,_)).
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Then, we specify the initial situation and the causal laws whichcapture the dynamics

of the 
uents. The initial situation axioms include the de�nit ion of the predicate function

isdice.

/* Initial Situation */

initially(dice(X),Y):- domain(X, dice),Y=1.

initially(holding(_),Y):- Y=bot.

initially(t,Y):- Y=1;Y=2.

isdice(X):- domain(X,dice).

/* Causal Laws */

/* Fluent dice(_) */

causes_val(pickup(X), dice(X), Y, true):- domain(Y,dice Values4).

causes_val(rollDice(X), dice(X), Y, true):- domain(Y,di ceValues4).

causes_val(setDiceValue(X,Y), dice(X), Y, true).

/* Fluent holding(_) */

causes_val(pickup(X), holding(X), top, true).

causes_val(rollDice(X),holding(X), bot, true).

causes_val(setDiceValue(X,_), holding(X), bot, true).

Finally, we specify the preconditions for the actions in the domain.

/* Action Preconditions */

poss(pickup(X), true).

poss(rollDice(X),(isdice(X), holding(X,top))).

poss(setDiceValue(X),(isdice(X), holding(X,top))).

Now, following example 4.1.2, consider situationS where the dice 1 has the value 3

and dice 2 has the value 4. The termt of the example that has the possible values 1 and
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2 is now the 
uent t . Let S be the situation which results after executing the sequence

of actions [pickup(1); setDiceV alue(1; 3); pickup(2); setDiceV alue(2; 4)].

� First we verify that the possible values for the 
uents inS are the intended ones.

?- holds(dice(1)=Y,[setDiceValue(2,4),pickup(2),setD iceValue(1,3),

| pickup(1)]).

Y = 3 ;

No

?-holds(dice(2)=Y,[setDiceValue(2,4),pickup(2),setD iceValue(1,3),

| pickup(1)]).

Y = 4 ;

No

?- holds(dice(3)=Y,[setDiceValue(2,4),pickup(2),setD iceValue(1,3),

| pickup(1)]).

Y = 1 ;

No

?-

� As also mentioned earlier, in this framework we can also express the strongdice-

formulas, using bounded universal quanti�cation over all possible values of all dice.

dice(1; S) = [3]:

?- holds(all(v,diceValues,equiv(dice(1)=v,v=3)),

| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pic kup(1)]).

Yes

?-
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dice(2; S) = [4]:

?- holds(all(v,diceValues,equiv(dice(2)=v,v=4)),

| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pic kup(1)]).

Yes

?-

dice(3; S) = [1]:

?- holds(all(v,diceValues,equiv(dice(3)=v,v=1)),

| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pic kup(1)]).

Yes

?-

Note also, that we can prove that wrong strongdice-formulas do not hold.

dice(3; S) = [2]:

?- holds(all(v,diceValues,equiv(dice(3)=v,v=2)),

| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pic kup(1)]).

No

?-

dice(3; S) = [1; 2]:

?- holds(all(v,diceValues,equiv(dice(3)=v,or(v=1,v=2 ))),

| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pic kup(1)]).

No

?-

� Finally, we now verify that in S we get the correct results for some of the formulas

we examined in example 4.1.2. Note that the formulas to be evaluated are �rst
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transformed into E+ -normal form.

dice(t; S)) = [3; 4]:

?- holds(all(y,diceValues,some(x,t,equiv(dice(x)=y,o r(y=3,y=4)))),

| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pic kup(1)]).

Yes

?-

dice(1; do(setDiceV alueTo1(1); S)) = [1]

?- holds(all(y,diceValues,equiv(dice(1)=y,y=1)),

| [setDiceValue(1,1),pickup(1),setDiceValue(2,4),pic kup(2),

| setDiceValue(1,3),pickup(1)]).

Yes

?-

dice(t; do(setDiceV alueTo1(1); S)) = [1; 4]:

?-

holds(all(y,diceValues,some(x,dice,

| and(equiv(dice(x)=y,or(y=3,y=4)),t=x))),

| [setDiceValue(1,1),pickup(1),setDiceValue(2,4),pic kup(2),

| setDiceValue(1,3),pickup(1)]).

Yes

?-

We close this chapter with a brief note on the complexity of doing theorem proving

in the context of a closed formDK action theory.

In closed formDK theories, incomplete knowledge is captured by the possible values

of 
uents only and since the 
uents are forced to be always independent, the intention
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is that the truth evaluation of some formula breaks down to atoms, which implies the

desired e�ciency. This is not always true, though, because a non-ground 
uent atom �

that appears in the scope of some existential quanti�er can havemore than one ground

instances that satisfy it, as a result of the interpretation of� . So, as the variables in

� may appear in other atoms of the same formula too, atoms of the formula can in

general becorrelated, essentially forming constraints about the possible values for the


uent terms. In this way, the evaluation of a formula is a constraint satisfaction problem

on the possible values of the 
uents, which is in the worst case exponential in the number

of 
uent symbols appearing in the formula.

This worst case scenario is not appealing but it illustrates exactly the design stance we

adopted which is toallow for variable e�ciency according to the user's needs. Complex

properties regarding (
uent-based) disjunctive knowledge can be expressed, but the user

is warned that they do cost in e�ciency. The dominating factor in the complexity

of determining the truth evaluation of a regressed formula� in E-normal form is the

maximal number of correlated 
uentsin � . Note, that the correlation of the 
uents is

easy to identify, as it is the correlation of some argument or the value of a 
uent with

some argument or the value of some other 
uent. It is something that does not happen

accidentally when doing knowledge representation, like perhaps some complex syntactic

property of the formula which does not correspond to somesemantic property too. For

instance, this happens in the case of nested 
uents inL -terms, which in E-normal form

are expanded appropriately. Note also, that even if it is common two 
uents to be

correlated, it is not common that many 
uents are correlatedmutually. There can be

many puzzles where this is true, but in common theories aboutrobotic domains where

DK action theories are intended to be used, we expect the maximalnumber of correlated


uents to be small, allowing for e�cient theorem proving.

Finally, note that this issue about complexity arises when the user is reasoning about

the possible values using variables in a general way to form constraints about them, or
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when this e�ect occurs by expanding nested 
uent terms. If the user uses only the strong

f l -formula and theK macros when reasoning about the possible values, then the intended

e�ciency is guaranteed.



Chapter 6

Conclusion

In this thesis we explored some alternative semantics for the situation calculus, which

are based on the notion of possible values.L P languages feature extended expressiveness

regarding disjunctive knowledge, as a direct consequence of the non-standard semantics.

We regardL P theories to be implicitly epistemic in a limited way, as the notion of \being

possibly equal" is equivalent to the notion of \not known that it is not equal", in the

normal modal logic sense.

In chapter 4, we showed that the normal situation calculus syntax utilizes the features

of L P semantics in a natural way, resulting to epistemic action theories with a special

treatment of disjunctive knowledge. The de�nition ofDK action theories is based on the

usual notions, such as the notion of the successor state axiom, keeping most of the syntax

identical to situation calculus basic action theories. For instance, the standard syntax

for a successor state axiom, when used inL P , has the e�ect that it actually de�nes how

the possible values of a 
uent change according to the execution of actions, instead of

the value of the 
uent itself. This also illustrates the intuition behind our view ofL P

theories as being implicitly epistemic.

L P expressiveness is suitable for restrictingDK action theories so that any disjunc-

tive knowledge captured refers to one 
uent only, each time.In this way, the 
uents

112
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are independent and the disjunctive knowledge captured by the theory is limited to be


uent-based. This is a property that allows for variable e�ciency depending on the rep-

resentational needs. In chapter 5, we showed that closed formDK action theories are

carefully de�ned DK action theories which capture only 
uent-based disjunctive knowl-

edge.

The implementation of such theories is based on their reduction to some appropriate

situation calculus basic action theory. This essentially shows that we can achieve the

limited disjunctive knowledge e�ect by directly de�ning the resulting non-standard basic

action theories. These theories treat knowledge in a way that resembles the modal


uents of Demolombe and Pozos Parra. In particular, it is as if all 
uents are modal

and functional, incorporating the possible value as an extra argument of each 
uent.

Nevertheless, closed formDK action theories bene�t in that they feature intuitive syntax

based on the possible values for the 
uents and subsume the situation calculus basic action

theories. Furthermore, in chapter 5 we showed that closed formDK action theories can be

implemented in languages like Indigolog in a natural way, using the already implemented

language primitives.

A quick comparison with other approaches in the literature shows that closed form

DK action theories are weaker than the Scherl and Levesque epistemic 
uent approach,

which was actually our intention so that to allow for e�cient evaluation mechanisms,

and that it has comparable expressiveness with the PKS system. On the other hand,

even if in this thesis we focused on (closed form)DK action theories which are based on

the standard situation calculus syntax, more generalL P theories of action can capture

the functionality of most of the approaches in the literature, including the Scherl and

Levesque epistemic 
uent. An interesting question is then, whether the extended expres-

siveness regarding disjunctive knowledge, thatL P semantics provides, can reveal hidden

properties or correlations between the various approaches,in a similar way that it did

regarding 
uent-based disjunctive knowledge.
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Focusing on the structure ofL P semantics, we see that it is based on intuitions from

many-valued logics, so that terms are interpreted into multiple objects. We saw that

this functionality along with the proper use of the constant symbols > and ? is capable

of emulating predicates. It would be interesting to explore the possibility of using more

than two truth values along with the appropriate foundation axioms to express other

modalities such as likelihood for example. From a di�erent point of view, it seems

interesting to explore whetherL P semantics can capture the functionality of standard

many-valued approaches in the literature, such as for instance three-valued logics.

Finally, we point out some possible directions of future research regarding Indigolog

framework, in the context of closed formDK action theories. Based on the notion of

possible values, we can de�ne variations of Indigolog constructs. For instance, we could

de�ne a search operator �cond that returns a conditional plan based on the incomplete

knowledge represented in the epistemic state of the agent, or anoptimistic search operator

� opt which returns a linear plan that is only possible to be successful according to the

epistemic state again.

We also note that in the context of possible values, the sensing functionality that

Indigolog provides is very limited, as a sensing action can only result to setting the

value of a 
uent to be the sensed result, without any incomplete knowledge. In order

to fully utilize the L P epistemic setting, though, it is necessary that sensing actions can

result in incomplete knowledge that depends on the situation that sensing was performed.

For example, this is necessary in order to represent sensing actions which can rule out

possible values for 
uents, essentially shrinking the incompleteknowledge. Similarly,

sensing which results to certain incomplete knowledge is usefulin domains where there

are noisy sensors.
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