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In this thesis we present Lp, a reinterpretation of situation calculus based on intuitions
from many-valued logics. The key difference is that the notion of truth is based on the fact
that a term is interpreted into a set of objects rather than one single object and equality is
interpreted as “possibly equals”. Lp is suitable for defining action theories that capture
fluent-based disjunctive knowledge, which means that any incomplete knowledge the
theory captures is limited to be about the value of one fluent each time. This essentially
enforces an independence assumption on the fluents which allows for efficient evaluation
mechanisms. We show that like situation calculus a similar regression theorem holds in
Lp. Furthermore, we prove that Lp can be embedded in situation calculus and show
how a special form of Lp theories can be soundly implemented in Prolog and the agent

programming language Indigolog.
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Chapter 1

Introduction

In the field of knowledge representation and reasoning about actions we are interested in
logical systems which are capable of representing dynamic domains. We view this problem
from the standpoint that these formalisms are intended to be implemented and applied
to real robotic systems or disembodied agents in the internet, providing a representation

of the world and the means to reason about it. There are two main requirements:

e We want a logical formalization which is rich enough to express most of the intuitive

facts about dynamic domains.

e We want it to be efficient enough so that even computationally modest middle-ware

devices can use it to do reasoning.

In this classical trade-off between expressiveness and efficiency, it is not difficult to see
that disjunctive knowledge plays a key role. The representation of disjunctive knowledge
is crucial in terms of which domains can be represented and what kind of the reasoning
can be performed, but is always related with some form of exponential complexity in the
theorem proving task. Also, note that we are interested in approaches that essentially
account for a dynamic epistemic state of the agent, in the sense that the agent’s model

of the world is affected by directly sensing the real world.



The situation calculus [MHG69] is a standard formalism used in the field of reasoning
about actions and much research has been done on approaches which provide various lev-
els of expressiveness, while solving some of the classical identified problems (qualification,
frame and ramification problem). In this thesis we explore some alternative semantics
for the situation calculus, based on intuitions from many-valued logics. We present Lp,
a logical formalism which features extended expressiveness in the way the disjunctive

knowledge is treated.

The key differences are that the notion of truth is based on the fact that a term
is interpreted into a set of objects rather than one single object and that equality is
interpreted as “possibly equals”. In this setting, unlike standard semantics, disjunctive
knowledge can also be captured inside the structures themselves. This feature allows for
expressiveness, regarding disjunctive knowledge, which resembles the distinction between

Know(a V () and Know(«a) V Know(/f3), as appears in a modal setting of knowledge.

We utilize this expressiveness to define theories of action which capture incomplete
knowledge, but also allow for efficient evaluation mechanisms. We define theories such
that the general disjunctive knowledge which £p allows for, is bounded to be fluent-based
only; that is, any incomplete knowledge the theory captures, refers to one fluent of the

language only.

In recent results [PL02], Petrick and Levesque show that in order for a situation cal-
culus theory to capture this kind of incomplete knowledge, it is not enough to ensure that
the initial situation Sy has this intended property. On the contrary, it must be seriously
restricted to exclude some intuitive behaviors, such as successor state axioms which relate
the value of one fluent with the value of some other fluent. Unlike the situation calculus,
Lp is suitable for refining the effect of formulas, such as the aforementioned successor
state axioms, so that fluent-based disjunctive knowledge persists in all situations. In
fact, this refinement is mainly based on the non-standard L£p semantics rather than the

syntax, which is kept very similar to the syntax of situation calculus.



We define Lp theories of action and we show that a restricted form of these theories
capture fluent-based disjunctive knowledge only and can therefore be efficiently imple-
mented in Prolog. When these theories capture no incomplete knowledge at all, then they
reduce to basic action theories. What is more interesting is that the implementation of

these theories can be done naturally on top of the existing *Golog interpreters [LRL*97],

[DGLLO0], [DGL99)].

We note that Lp is implicitly modal and is intended to represent the epistemic state
of the agent. Lp theories are used to describe only what the agent knows about the
world without modeling what is happening to the real world as well. The interaction with
the real world can be achieved via sensing actions which affect the epistemic state of
the agent. The sensing results are intended to be acquired by the real world, “online”
and whenever needed, augmenting properly the initial theory. In what follows we will
be talking about expressing knowledge and what the agent knows, even if Lp does not
include any Know symbol. The adopted stance implies that whatever can be proved is
known and whatever cannot be proved is not known. In fact, in most of the cases we
consider, the symbol of logical consequence = can be understood as proving what the

agent knows.

The rest of the thesis is organized as follows. In chapter 2, we present the technical
background needed for the following chapters and briefly discuss approaches in the liter-

ature which focus on efficient ways to deal with special forms of incomplete knowledge.

In chapter 3, we present the syntax and semantics of Lp languages and discuss some
important properties which illustrate the intuitions behind the definitions of Lp lan-

guages.

In chapter 4, we present the DK theories of action as the analog of the basic action
theories in situation calculus [Rei91], [Rei0l] in £p. We discuss regression in these

theories and show that a similar regression theorem holds.



In chapter 5, we present the closed form DK action theories as the analog of basic
action theories that can be soundly implemented in Prolog [Rei01]. These DK action
theories are very restricted, but nevertheless extend the basic action theories to account
for fluent-based disjunctive knowledge. We show how they can be correctly implemented
in Prolog and present a detailed example.

The thesis ends with some conclusions and observations about future work in chapter 6.



Chapter 2

Literature Review

This chapter presents some technical background needed for the following chapters and
discusses ideas found in the literature, that inspired and influenced the work for this
thesis. In the first part, we present the situation calculus basic action theories and discuss
the logic agent programming languages Golog and Indigolog which are based on them.
Then, we present some characteristic approaches in the literature about representing the

epistemic state of an agent and the intuitions behind them.

2.1 Situation Calculus

The situation calculus [MHG69] is a logic language specifically designed for representing
dynamically changing worlds. As presented in [Rei01], it is a second order many-sorted
language with equality, featuring three disjoint sorts: one for actions, one for situations
and one for everything else needed. We briefly discuss the basic elements of the situation
calculus language.

Actions and situations are first order terms of the corresponding sort. The dynamics
of the world is captured as the result of actions happening at situations: a situation
represents a possible world history, as a sequence of actions. The constant Sy is used

to denote the wnitial situation where no action has been performed. The sequences of



actions are built using the function symbol do, such that do(a, s) denotes the successor
situation resulting from performing action a in situation s.

The dynamic elements of the world are captured by the fluents. The relational fluents
represent relations that their truth values can change from situation to situation and
functional fluents represent functions with dynamic behavior. A fluent is denoted by
including a situation argument as its last argument, indicating the value of the fluent at
that situation.

The language also includes a binary predicate Poss(a, s) which is used to state that
it is possible to perform an action a in situation s. The formal definitions and the details

missing can be found in [Rei01].

2.1.1 Basic Action Theories

Following earlier ideas in the literature, Reiter presents the basic action theories [Rei91]
which are situation calculus theories with appealing properties, such as providing solution
for the frame and qualification problems [MHG69].

A basic action theory D is a collection of axioms of the following form
D =Y UDgsUDgy U Dy UDg,
where

e For each fluent fI, the set Dy, includes a successor state axiom of the form

fl(Z, do(a,s)) =y = ¢(Z,a,s,y)

if it is a functional fluent. These axioms characterize the conditions under which
the fluent has a specific (truth) value at situation do(a, s) as a function of situation

S.



e For each action A, the set D,, includes a action precondition aziom of the form
Poss(A(Z),s) = a(Z, s)

These axioms characterize the conditions under which some action A(Z) can be

performed in situation s.

e Dg, is a set of first order formulas describing the initial situation that syntactically

only mention situation Sj.

e 3 is a set of domain independent foundational axioms which define the legal situ-

ations and D,,,, includes the uniqueness of names axioms for actions.

We briefly present some important notions regarding these action theories, which we
will be referring to in the next chapters.

A situation calculus formula is uniform in some situation s iff it does not mention
the predicate Poss, it does not quantify over variables of sort situation, it does not
mention equality on situations and whenever it mentions a term of sort situation in the
situation argument position of a fluent, then that term is s. Also, by do([ay, ..., a,], So)
we denote the situation term which we get, when starting from Sj, action a; is per-
formed, then action a, is performed and so on up to action a,. That is the term
do(an, do(a,—1, ...do(ay, Sp)...)).

Regression is a central computational mechanism in the situation calculus which is
based on the intuition that, by regressing the effect of the actions performed in some
situation, we can determine a logical equivalent formula in the initial situation Sy. Reiter
discusses regression in basic action theories [Rei91] and defines an intuitive regression
operator R on regressable formulas. The regression theorem, which is proved in [PR99],
shows that entailment of a formula with respect to a basic action theory D can be reduced
to entailment of the regressed formula by Dg, U Dyq.

Basic action theories can be restricted to have a closed initial database [Rei01] so that

to be soundly implemented in the logic programming language Prolog. The restrictions



needed are such that the basic action theory is a definitional theory which satisfies the
requirements of Clark’s theorem [Cla78] for implementing first order theories in Prolog.
Intuitively, these restrictions force uniqueness of names to all terms and force the theory
capture no incomplete knowledge of any kind. [Rei01] discusses in detail an implemen-

tation method and proves the implementation theorem for basic action theories.

2.1.2 Golog and Indigolog Logic Programming Languages

Basic action theories can be used as the representation of real-world environments for
embodied or software agents. One of the basic requirements for such agents is the ability
to reason about the outcome of a sequence of actions. This is known as the projection
task. Furthermore, it is common that the main functionality of the agents relies on
planning techniques which compute the necessary sequence of actions, such that after
the execution of the actions a given goal holds. It is not difficult to see that this quickly
becomes infeasible as the domains become non-trivial.

Levesque et al [LRLT97] suggest an alternative to planning for specifying agent be-
havior. Instead of taking into account only the goal and then perform search among all
possible sequences of actions, domain-dependant high-level programs are specified which
essentially guide the planning procedure to follow certain action paths in trying to sat-
isfy the goal. Such a high-level program can be variably non-deterministic and resembles
a sketch of plan that gives strong clues-restrictions about the intended solution. This
is very important, as the search space is drastically reduced and planning on complex
domains can be done in variable efficiency.

Golog [LRL197] is a logic programming language built on top of Prolog according to
this intuition. It provides a generic way of describing a domain as a situation calculus
basic action theory and also the functionality of complex actions that are suitable for
defining intuitive high-level execution plans on the domain. The complex actions act

as abbreviations for logical expressions in the language of situation calculus and can



be though of as macros which expand to normal situation calculus formulas. This is
achieved with the aid of the abbreviation Do(9, s, s’), whose definition follows. Intuitively,
Do(0, s, s") holds whenever the situation s’ is a terminating situation of an execution of

the complex action J starting in situation s.

e Primitive actions: Do(a,s,s’) ) Poss(als],s) N s’ = do(als], s).
The primitive actions are the actual actions that can be executed in the represented
domain. By the notation a[s] we mean the result of restoring the situation variable

s to any functional fluent mentioned by the action term a.

o Test actions: Do(¢?,s,s") L Pls| N s = s.

Here, ¢ is a pseudo-fluent expression which stands for a formula in the language of
the situation calculus, but with all situation arguments suppressed. By the notation
¢[s] we mean the result of restoring the situation variable s to any fluent (relational

or functional) mentioned in ¢.
e Sequence: Do([01;09],s,5") =) 3s".Do(01,s,5") A Do(ds,",5).

e Non-deterministic choice of two actions:

Do(d; | d2,s,5") Ef Do(d1,5,5") V Do(dy,s,5).

e Non-deterministic choice of action arguments: Do(nx.6(z),s,s’) = dz.Do(6(x), s, s)
This means to nondeterministically pick an individual x, and for that x, perform

o(x).

o Non-deterministic iteration: Execute  zero or more times.
Do(6*,s,5") e/ VP.A{Vs1P(s1,81)A\Vs1V$2Vs3.[P(s1, $2)ADo(9, $2,83) D P(s1,83)]} D
P(s,s).

Note that second order functionality is needed to express this.

e Conditional: Do(if ¢ then d; else s, s, ') el Do([p?;01] | [2¢7;02], s, ).



o While-loops: Do(while ¢ do ¢, s,s’) et Do([p?;6%] | [297; 2], s,5).

Using the presented Golog functionality, one can specify high-level programs in the
context of the domain that is modeled. The Golog interpreter searches off-line in the
restricted search space so that to provide an instance of the program, as a valid sequence
of primitive actions (that is, actions that can be executed in the domain). One can view
these programs as specifying a high-level behavior for the agent, or as a guided way to do
planning for a desired set of goals. For example, the goals can be captured in the Golog
program using test actions to ensure that the intended properties hold.

Note that the final plan to be executed by the agent is computed off-line. So, the
interpreter is required to look all the way until the last action, before a single action
can actually be executed in the world by the agent. In some cases this is the desired
approach, as the total success of the plan can depend strongly in the choices made in
very early steps of the sequence of actions. Nevertheless, this is a serious problem when
large programs are considered and moreover in the presence of sensing actions, which
provide essential information only after they are executed in the world.

To deal with this issue, De Giacomo and Levesque [DGL99] propose a new incremental
way of interpreting such high-level programs and a new high-level language construct
which together provide refined control over the actual execution of the primitive actions.
Indigolog executes each complex action on-line, which means that at each step of the
high-level program, the agent commits to appropriate primitive actions that are actually
executed in the world. Furthermore, off-line planning is triggered using a new search
operator Y. The complex action Y0 forces the interpreter to search off-line for a successful
terminating state for program §. Indigolog functionality is very useful in the presence
of sensing actions, which are intended to be executed on-line. It is then in the hands
of the user to exploit the language constructs so that to specify programs which rely on
appropriate off-line planning and on-line execution of actions.

Similarly to Golog, Indigolog programs refer to some situation calculus basic action



theory which accounts for sensing actions too. Sensing is treated as in [Lev96], using
the special predicate SF' and sensed fluent axioms, one for each primitive action, which
characterize SF'.

Indigolog functionality is based on the special predicates Trans and Final, which
were first introduced in [DGLLI7|. Trans(d,s,d’,s’) expresses that, by executing pro-
gram 0 in situation s, one can get to situation s’ in one elementary step, with the program
0" remaining to be executed. In a sense, this captures the fact that there is a possible
transition from the configuration (4, s) to the configuration (¢’,s"). Final(d, s) expresses
that program ¢ can successfully terminate in situation s, or equivalently that the config-
uration (4, s) is final. An appropriate Trans and Final axiom is defined for each Golog
complex action [DGLLI7] and the new search operator ¥ [DGL99]. The incremental
execution of the programs is then determined by Trans and Final. De Giacomo and

Levesque also provide an incremental interpreter in Prolog.

We do not proceed into more details regarding the theory and implementation of
Indigolog. For the scope of this thesis, we are only interested in the functionality that
Indigolog provides: incremental execution of high-level programs in the context of do-
mains which are represented in the Indigolog framework as situation calculus basic action
theories. In chapter 5, we present some details on how domains are represented in the In-
digolog language, as we discuss that Indigolog functionality can be used as is to represent

our theories.

2.2 Reasoning about Actions and Knowledge

We now focus on approaches in the literature that account for the epistemic state of the
agent. Essentially, we are interested in logical formalisms that can capture incomplete
knowledge about the represented domains and provide ways of updating it with the use

of sensing.



2.2.1 An Epistemic Fluent in the Situation Calculus

The situation calculus formalism represents the world and does not account for the epis-
temic state of some agent. Scherl and Levesque [SLO3] formalize knowledge in the sit-
uation calculus by adapting a standard possible worlds model of knowledge [Hin62|, as
was done by Moore [Moo85]. A similar approach is adopted by Thielscher in the fluent
calculus [Thi0O0] and by Lobo et al [LMT97] in the A language [SBO1].

Following the possible worlds approach, a binary relation K (', s) is introduced which
captures that situation s’ is accessible from s. Note that the “official” situation argument
for the fluent is the last one. K(s,s) is treated like any other fluent and informally
K(s',s) holds when, as far as an agent in situation s knows, it could be in situation s'.
The expression Knows(W, s) is an abbreviation for a formula that uses K and is used

to state that W is known in situation s. For example:
Knows(Broken(x),s) = Vs K(s',s) — Broken(z, s')

Note the convention regarding the situation argument.

Like any other fluent, the truth value of K(s',s) changes due to actions and there
is a successor state axiom which captures the fluent’s dynamics among situations. The
possible situations forming the epistemic state of the agent are affected by knowledge
producing actions. In order that all actions are treated uniformly, there is a sensing
result function SR and for each action a there is a sensing result axiom of the following

form.

SR(a(%),s) =1 = ¢a(T, 7, 5)

For ordinary actions the result is always the same with the specific result not being

significant. The successor state axiom for the epistemic fluent K is then the following.
K(s",do(a,s)) = (3s' " = do(a,s") N K(s',s) A Poss(a,s") N SR(a,s) = SR(a,s"))

A basic action theory also includes axioms that define the possible world alternatives for



K in the initial situation Sy. These specifications essentially define what is known and
what is not known initially.

Scherl and Levesque discuss many interesting properties of the theories presented.
They show that a particular modal logic can be modeled by including axioms that place
restrictions on the accessibility relation. For instance, the S4 modal logic is modeled by
including reflexivity and transitivity axioms. Provided these properties hold for the K
relation in initial situations, then they will also hold in every situation resulting from an
executable sequence of actions. Finally, they also talk about regression in this setting,
where the define a regression operator Re and show that a similar regression theorem as
in normal situation calculus holds.

Theories of action and knowledge presented in [SLO3] offer a large expressive power,
but suffer from the difficulties found in all possible worlds approaches to modeling knowl-
edge. The main issue is efficiency, as theorem proving of knowledge formulas may need
to check all possible worlds, leading easily to intractability. As a result, there are many
approaches in the literature which account for knowledge, but under strong restrictions
that guarantee the intended efficiency. We now focus on approaches which do not fol-
low the possible worlds paradigm, but capture only some key features that the possible

worlds account for, in a standard first order or propositional setting.

2.2.2 Restricted Knowledge Approaches

In treating theories of action efficiently, disjunctive knowledge plays a key role. We refer
to disjunctive knowledge as the modeling of arbitrary disjunctions that cannot be broken
apart into knowledge of the individual disjuncts. For instance, disjunctive knowledge is
captured by the following sentences in the Scherl and Levesque basic action theories of
knowledge.

Knows(Door11sOpen V =Door21sOpen, Sy)

Knows(Dice = 1V Dice =2V Dice = 3V Dice = 4,5)



The first sentence expresses that in the initial situation the agent knows that either door
1 or door 2 is open, while the second expresses that in the initial situation the agent
knows that some dice has one of the four possible values 1,2,3 or 4. Note that the second
sentence captures disjunctive knowledge which is about a single fluent Dice(s).

In reasoning about action, we are mainly concerned in expressing disjunctive knowl-
edge about the values of fluents. The representation of disjunctive knowledge is a source
of intractability, as it leads to exponential number of possibilities for the values, for a
fixed number of fluents. One way of limiting the expressiveness so that to avoid the
exponential blow-up, is to force fluents to be independent. In this way, any disjunctive
knowledge captured is about one fluent each time, which is what we call fluent-based
disjunctive knowledge. Disjunctions can then be broken apart and this brings theorem
proving back to tractability. This is called in [PL02] as the weak disjunctive knowledge
property.

Results in [PL02] have shown that basic action theories of knowledge cannot be forced
to capture only fluent-based disjunctive knowledge, unless they are seriously restricted
to exclude very common and intuitive behaviors. Even if it would seem logical that if
we restrict the description of the initial situation to capture only fluent-based disjunctive
knowledge then this property should persist in all situations, unfortunately it is not true.
We examine this point in detail.

Consider the following example, as presented in [PL02].

F(do(a,s)) = (a=ANG(s))V F(s)

G(do(a, s))

G(s)

381382383384 K(Sb So) A K(SQ, S()) N K(Sg, SQ) A K(S4, So)/\
F(s1) ANG(s1) A F(s2) A =G(s2)A

ﬁPW(S?)) A G(Sg)_'F(S4) A\ _|G(S4)

In the initial situation nothing is known about the truth values of the relational fluents



F and G. The fluents’ truth values are not related in any way and it is easy to see that
the disjunctive knowledge captured in the initial situation is fluent-based. The successor
state axioms are straightforward, capturing that the only change that can happen is
that action A makes the truth value of F' be the same as (G. Nevertheless, even in this
very simple setting the intended property does not hold: In the situation S = do(A, Sy)
Knows(F' V =G, S) holds, but neither Knows(F', S) nor Knows(—G, S) hold.

The point is that the successor state axioms actually relate the values of the fluents
in ways which form general disjunctive knowledge. The only safe way out seems to be to
avoid context-sensitive successor state axioms that mention more than one fluent, which
is a serious and not wanted restriction.

Note that this issue also arises in normal situation calculus. In this case, we refer to
the normal disjunctions and whether theorem proving can be broken down to proving
that either of the disjuncts holds. Disjunctive knowledge as a term, makes more sense
in a modal setting, but we will be using it in settings that do not explicitly account for
knowledge, such as normal situation calculus.

We now briefly present two characteristic approaches in the literature which capture
some form of incomplete knowledge in an efficient way. These are based on the situation
calculus and have influenced our work for this thesis. The section ends with a short
discussion on other logical approaches for dealing with incomplete knowledge which are
not based in the situation calculus. In some of these approaches it is not the case that
both the real world and what the agent knows are represented. In this case, the formalism

captures the epistemic state of the agent only, in an essentially implicit modal setting.

2.2.3 Modal Fluents in Situation Calculus

Demolombe and Pozos Parra [DPP00] present a different approach of modeling knowledge
in the situation calculus, which forces knowledge be about fluent literals only. They

introduce a modal operator K which is combined syntactically with a relational fluent



literal P to form a knowledge fluent K P. Informally, K P(s) is a fluent capturing that
P is known to be true in situation s.

In this way, the modal fluents are used to explicitly model literal-based knowledge,
without manipulating possible worlds. The epistemic state of the agent is then captured
with the aid of pairs of modal fluents, K F' and K—F' for each relational fluent F'. Func-
tional fluents are encoded into relational fluents with one extra argument. In addition
to specifying a standard successor state axiom for I, a theory includes successor knowl-
edge state axioms for both K F and K—F. These axioms have the same form as normal

successor state axioms. For example,

K F(&,do(a, )) = 17:p(%,0,5) V K F(F,a,5) A e (@ a, 5)

K—=F(Z,do(a,s)) = v} p(Z,a,8) V K-F(Z,a,s) AN Ve_p(T,a,s)

Note that the theory should ensure that both KF(Z,s) and K—F(Z,s) do not hold in
the same situation s, so that knowledge remains consistent.

Demolombe and Pozos Parra also discuss regression in this setting. A regression
operator R is defined and it is proven that a regression theorem similar to the one
presented in [SLO3] holds. Finally, they prove that if the theory includes axioms which
define K F and K—F in the initial situation Sy, then this results to a complete description

of the epistemic state in every situation.

2.2.4 Interval Arithmetic in Situation Calculus

In [Fun99], Funge presents a method of incorporating interval arithmetic into the situa-
tion calculus. Interval arithmetic is used to account for knowledge by providing means
of expressing incomplete knowledge about the value of fluents.

The approach distinguishes between normal fluents and sensory fluents whose value
can be sensed through a knowledge producing action. For each sensory fluent f, a

corresponding interval-valued epistemic (IVE) fluent Zy is introduced. This epistemic



fluent captures the possible values for the corresponding normal fluent, using interval

arithmetic to represent them in a restricted but concise way.

In more detail, the possible values can be an interval of some number system X, for
which a new number system of sort Zx is defined. The constants of Zx are the set of pairs
(u,v) such that u,v € X and v < w. For an interval x = (u,v), X = v and x = v are the
lower and upper bound respectively. A value z is contained in x = (u,v) iff u < x <w
and interval y contains x, x 2 y iff y <X and x <y. Also, for two intervals x,y we say
thatxgyiffigz.

This approach to knowledge is mainly motivated by the need to express incomplete
knowledge about fluents that have real numbers as values, using for example intervals of
Ir+. Nevertheless, any number system can be defined so that to capture the needs of spe-
cific domains. Note for instance the case of Zg. This number system includes exactly three
intervals (0,0), (0,1) and (1, 1) which have the properties that (0,0) < (0,1) < (1,1) and
also that (0,0) C (0,1) and (1,1) C (0,1). 1 and 0 can be used to represent true and
false and the intervals (1,1), (0,1) and (0,0) can be used to represent “known to be
true”, “unknown” and “known to be false” respectively, which imitates the behavior of

a three-valued logic.

The intention is to use the interval-valued epistemic fluents to replace the epistemic
K fluent of the Scherl and Levesque approach. In this setting, the agent knows that a

fluent has a specific value iff 7y has collapsed into a “thin” interval.

Knows'(f =¢,s) =Z; = (¢, ¢)

This notion is extended to account for knowledge about arbitrary formulas using
Tk nows(t, s) as uniform mechanism to express the “interval value” of any term ¢ in situ-
ation s. Finally, the necessary state constraints are presented so that Zx,0us Subsumes

the epistemic K fluent.



2.2.5 Other Approaches to Incomplete Knowledge

We now mention two approaches in the literature which account for some limited form
of incomplete knowledge and are not based on the situation calculus.

The first one borrows functionality and intuitions from many-valued logics or multi-
valued logics. In such formalisms, the standard semantics are extended to include more
than the two common truth values, true and false [Bel77], [Urq86], [Gin88]. One way
this can be utilized to represent lack of knowledge is by the use of an “unknown” truth
value added to the usual ones.

The second approach utilizes database functionality to do reasoning about actions
with incomplete knowledge. Similar approaches to planning in presence of incomplete

knowledge and sensing are [EGW97] and [PS92].

Proper Knowledge Bases

Levesque [Lev98] presents a way of dealing with incomplete knowledge in first-order
theories, based on the introduction of a third truth value standing for “unknown”. Proper
knowledge bases are theories of first order languages with equality that include no function
symbols. These theories include uniqueness of names axioms for the possibly countably

infinite constant symbols and a finite consistent set of formulas of the form
W(e — p) or V(e — )

where e is a quantifier free formula whose only predicate is equality and p ranges over
predicate atoms. V(a) denotes the universal closure of formula .

The problem of determining whether a sentence is logically entailed by a proper KB
is undecidable, even though only a very limited form of incomplete knowledge is allowed.
Levesque proposes the reasoning procedure V' which always terminates and is logically
sound. V evaluates formulas into 1,0 or % which correspond to false, true and unknown

respectively. This is done in an intuitive way by evaluating the atoms in a standard way



and extending this to arbitrary formulas using min and max appropriately.

A syntactic normal form N F is also defined and it is proved that for queries in this
normal form V is also complete. It is also shown that in the propositional case for every
formula there exists a logical equivalent one in N'F. Finally, in [LL03] it is shown that

V' can be efficiently implemented using database techniques.

Planning with Knowledge and Sensing

The PKS planning system [BP98] is a generalization of STRIPS [FN71]. In STRIPS, the
state of the world is represented by a database and actions are represented as updates to
that database. Instead of a single database, the PKS system uses a set of four databases
that collectively represent the epistemic state of the agent rather than the state of the
world. Updates in the databases are modeled to modify agent’s knowledge appropriately.

Each of the databases capture a different type of knowledge which corresponds to a

formal interpretation in a first-order modal logic of knowledge.

e The K; database stores positive and negative ground literals which are known
to the agent. This is not complete knowledge, as no closed world assumption is

applied.

e The K, database stores conjunctions of ground atomic formulas whose truth value
is known by the agent. Intuitively, if formula a is in K, then at planning time either
the agent knows a or it knows —a; which one holds will be resolved at execution

time. This database is used for plan-time modeling of the effects of sensing actions.

e The K, database stores un-nested function terms whose values are known to the
agent at execution time. K, is used for plan-time modeling of the effect of sensing

actions that return numeric values.

e The K, database captures information about “exclusive or” disjunctive knowledge

of ground literals of the form (i |lz|...|l,)). Intuitively, this formula represents the



fact that the agent knows that exactly one of the [; is true.

Note that the incomplete knowledge that can be expressed in PKS is limited to
complete lack of knowledge about an atom, by leaving it out of K, and knowledge that

only one of a finite set of literals are true, using K.



Chapter 3

L p Languages

The syntax of an Lp language is similar to the syntax of Situation Calculus as presented
in [Rei01]. Predicate symbols and relational fluent symbols are missing in Lp, but their

effect can be emulated by function symbols.

Lp semantics are based on standard first order Tarskian semantics. The main dif-
ference is that the notion of truth in a structure is based on the fact that a term is
interpreted as a (non-empty and possibly singleton) set of objects rather than one ob-
ject. This is a result of allowing the interpretation of fluent symbols to range over the
powerset of the object domain, while also providing a consistent way of “propagating”

these sets of objects to the interpretation of terms built upon them.

This way, the semantics intend to provide a refined way of treating disjunctive knowl-
edge. Each structure inherently captures a special form of incomplete knowledge: the set
of objects which a term is interpreted into are intended to represent the possible values
for that term. Essentially, it is a restricted form of disjunctive knowledge about that

term, which we will be calling fluent-based disjunctive knowledge.

In this setting, equality gets a different interpretation than the standard one. Based
on this, we will be using some useful macros for capturing specific notions regarding

fluent-based disjunctive knowledge. To emphasize the difference and to avoid confusion,
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we will be using ~ as the equality symbol.

We now move to the formal definitions and some examples that give the intuitions

behind them.

3.1 Syntax

An Lp language L is a first order language with three disjoint sorts: A for actions, S for

situations and O for all the rest of the objects. £ has the following alphabet:

e Countably infinite variable symbols for each sort. We will use x, y, ... for variables

of any sort, a, ay, ... for variables of sort A and s, sq, ... for variables of sort S.
e Three function symbols of sort S,

e A constant symbol Sy, denoting the initial situation.

e A binary function symbol do : A x S — S, denoting the successor situation

function.

e A binary function symbol Poss : A x S + 29, which is intended to capture
that it is possible to perform an action a at situation s and will be forced to

map to T, L.

e Two constant symbols T, L of sort O, denoting true and false. These will be used

to emulate predicates and relational fluents using functional fluent symbols.

e Countably infinite function symbols (A U O)™ +— O which are used to denote situ-

ation independent functions. We use h, hq, hs... to denote these function symbols.

e Countably infinite function symbols (AUO)™ +— A which are called action functions.

We use A, Aq, As, ... to denote action function symbols.



e Countably infinite function symbols (AU O)* x S — 24 or (AUO)" x S — 29,
which are called functional fluents. We use fl, fly, fls, ... to denote functional fluent

symbols.
e the logical symbols A, =, 3, ~, (,).

All function symbols of arity zero are also called constant symbols. Also, we will use
f, f1, f2, ... to denote any function symbol of the above. Note that there are no predicate
and no relational fluent symbols. Relational fluents can be treated as functional fluents
with two possible values, T, L and similarly predicates can be treated as functions. We
will see an example of that in section 3.3. Functional fluent symbols will be printed in
a different font, like dice,weather, while non-fluent function symbols will be printed in
normal math font, like sunny, rainy, 1, 2.

All terms appearing in formulas are assumed to be of the correct sort, according to
the definition of the predicate or function in which they appear. We will use t,ty, 1o, ...
to denote terms, and the vector notation to denote tuples of terms, ¢, 1, ts, .... Also, we
will use «, (3, ... to denote arbitrary formulas.

The formal definitions follow for an Lp language L.
Definition 3.1.1 (L-term).
e Every variable is an L-term of the same sort.

o If f is an n-ary function symbol of sort (iy, ..., %, in41) and each ¢; is an L-term of

sort i, then f(ty,...,t,) is an L-term of sort 7,1.

An L-term that includes no variable symbols is a ground L-term. An L-term that

includes no fluent symbols is a rigid L-term. O

Example 3.1.1. z, f(x), senses(fly),t,t1, dice(1, s), 1, roll Dice are all L-terms of various

sorts. [l



Definition 3.1.2 (L-formula).

e If t1,ty are L-terms, then t; =~ t5 is an atomic L-formula.
e If @ and (8 are L-formulas, then —a, (o A 3) are also L-formulas.
e If x is a variable and « is an L-formula, then dza is a L-formula.

An L-formula that includes no variable symbols is a ground L-formula. An L-formula

that includes no fluent symbols is a rigid L-formula. U

Example 3.1.2. dice(1,s) ~ 1, dice(2,s) ~ 5, dice(1,s) =~ dice(2,S5)), succ(l) ~ w,

succ(dice(1, s)) ~ dice(2, s) are atomic L-formulas. O

The logical symbols V, —, <>, = and the universal quantifier V are defined as macros
based on —, A, 3, in the standard way. Furthermore, we define three macros that capture
intuitive notions regarding fluent-based disjunctive knowledge and which will be useful in
the next sections. Since their use and effect will become clear after we see the semantics
of Lp languages, we postpone their definition until after the semantic definitions.

Finally, in Lp syntax we will be using the standard rules for omitting parenthesis.

We now move to the semantics of L.

3.2 Semantics

Lp semantics extends the standard semantics using intuitions from many-valued logics.
As usual, a structure for some Lp language £ has a domain of objects for each of the
sorts. The important difference with standard semantics is that the interpretation of
fluent symbols ranges over the powerset of the object domain, excluding the empty set.
Intuitively, this captures the fact that it may not be definite which is the value of a fluent,
but it is definite what the options are, even if this is an infinite number of possibilities.

Since having no possible value is essentially inconsistent, the empty set is not allowed as



an interpretation of a fluent. The rest of the parameters of the language get the standard
interpretation.

In general, the interpretation of an L-term is a set of objects of the correct sort, as the
fluent-based disjunctive knowledge propagates to form incomplete knowledge about the
terms built upon the fluent symbols. This form of incomplete knowledge is inherently
captured inside the structures and provides an extra way of talking about disjunctive
knowledge. In chapter 5 we will see that we can define action theories which capture
only this form of fluent-based disjunctive knowledge and because of that, evaluation can
be done efficiently.

Before we move to the formal definitions, we emphasize once more that £p semantics
is not standard in many aspects: every structure can capture fluent-based disjunctive
knowledge by itself and functional fluents are interpreted into non-standard functions to

name a few. Also, note that we will follow the same notation as in [End72].
Definition 3.2.1 (L-structure). An L-structure M consists of the following:

e A non-empty set M; for each of the sorts of the language, called the universe of M
of sort 7. We use | M| to denote the union of the universes of all sorts. Variables in
an L-formula range over the singleton sets of the corresponding M; and terms get

their interpretation from 2 for the corresponding i.

e For each n-ary functional fluent symbol fl in £ of sort (i1, ...,i,,.S), an associated

function fIM : My, x -+ x M;, s 2Ms — (),

e For each n-ary function symbol f in £ of sort (iy, ..., s, i,41) that is not a functional
fluent, an associated function fM(cy, ..., ¢p) = {g(c1, ..., )} for all ¢; € M;,, where

g:MZ‘1X"'XMinP—>Mi+1. [

Before proceeding to the next semantic definitions, we need to see some notions about
these non-standard structures. The form of the fluent symbols’ interpretation implies a

partial ordering among the structures.



Definition 3.2.2 (Order relation on L-structures). Let My, My be L-structures, identi-
cal except for the interpretation of functional fluent symbols. M; < M, iff for all fluents
in £ and for all possible arguments ¢, fM1(¢) C fM2(7).

Note, that the relation =< is a partial order on the set of L-structures. 0

The structures which have the property that they capture no fluent-based disjunctive

knowledge, are called simple structures.

Definition 3.2.3 (Simple structure). A simple structure is a structure that captures no
fluent-disjunctive knowledge. That is, all fluent symbols are interpreted into functions

that always return singleton sets: for all fluents in £ and for all possible arguments c,
M@ =1, O

Now we can see the definition of term denotation, which relies on these notions. Lp
semantics provides a consistent way of propagating the fluent-based disjunctive knowledge
to form incomplete knowledge about the terms built upon the fluent symbols. In detail,
the interpretation of a function-term f(f) is the set of the objects you get if you apply f™
to all possible tuples ¢, produced by the cross-product of the arguments’ interpretation,
subject to the restriction that in each tuple, syntactically equal terms are bound to the

same interpretation.

Definition 3.2.4 (L-term denotation in a simple structure). Let M be a simple L-
structure and let p be a variable assignment for M which assigns an object of the
corresponding M; to every variable. Each L£-term t is then assigned a singleton set of the

corresponding universe M;. This is defined by induction on terms t, as follows:

e For any variable z, 2™ [u] is {u(x)}
e For any n-ary function symbol f and L-terms t4, ..., 1,,

e, ot )M = e, o cn)

where tM[u] = {c;}. O



Definition 3.2.5 (L-term denotation). Let M be an L-structure and let u be a variable
assignment for M which assigns an object of the corresponding M; to every variable.
Each L-term t is then assigned a mon-empty subset of the corresponding universe M;.
Formally, tM[u] ranges over the powerset of M;. This is defined on the partial ordering

of structures, as follows:
tMu] = UtM/[,u] for all simple M’ such that M’ < M
O

So, in this setting, fluents range over the powerset of the object domain rather than
the domain itself. As mentioned earlier, this is exactly how fluent-based disjunctive
knowledge is captured. We explore this a little more in the following example.

We consider a fluent dice(t, s) which expresses which face of the dice ¢ is facing upwards
at situation s. It is reasonable to expect dice(1,s)™[u] to be {1,2,3,4,5,6}, if dice 1
is a six-sided dice or dice(2, s)[u] to be {1,2,3,4}, if dice 2 is a four-sided dice. On
the other hand, when we consider the non-fluent function symbol that is intended to
express the successor function, succ(t), it does not seem right to have suce(1)™[u] to be
anything more than {2}, or at least some singleton set. That is the reason why functional
fluents are interpreted into functions which range over the powerset of M;, while the other
function symbols are interpreted in the standard way as functions which range over M;,
with the particularity that they actually return the singleton set of the object, so that
to be compatible with the set machinery.

According to the term denotation definition, any term that contains some fluent can
capture fluent-based disjunctive knowledge, as it propagates at term composition. For
instance in the dice example, it seems quite reasonable to get that succ(dice(2, s))™[u]
is {2,3,4,5} and this is what the formalism would actually do if succ™ is interpreted as
the successor function.

The observation to be made here is that L-structures can capture fluent-based dis-



junctive knowledge inherently and functional fluents are the basic elements which make
that possible.

Note also that non-simple structures need special treatment in the way the complex
terms’ interpretation is treated and the fluent-based disjunctive knowledge is propagated.
This is because the recursive rule that works for the simple structures would lead to
counter-intuitive behavior, when syntactically equivalent terms appear as arguments of
some complex term.

For example, consider the term

sum/(dice(2, s), dice(2, 5))™[u]

M

If sum”™ is interpreted as the sum function, then according to the term denotation

definitions 3.2.4 and 3.2.5, the interpretation of the sum term is the intuitive one
sum/(dice(2, s), dice(2, s))"[u] = {2,4,6,8}
On the other hand, the (FOL) recursive rule for term interpretation would give
sum/(dice(2, s), dice(2, s))"[u] = {2,3,4,5,6,7,8}

It is easy to see that some of the values come from the application of sum™ to different
possible values of dice(2,s)™[u]. This is counter-intuitive, as we expect the interpretation
of each term to rely only on one possible value for each distinct sub-term that appears in
it. In this example, we want the interpretation of the sum term not to consider different
™M

possible values for the two appearances of the term dice(2,s)™[u]. We now proceed to

the definition of truth for £-formulas.

Definition 3.2.6 (Truth in a structure). For an L-formula «, an L-structure M and
a variable assignment p, the notion of truth in the structure M = «fu] is defined by

structural induction on formulas « as follows:



e For L-terms tq,ty, M |= t1 & to[u] iff ¢1,t5 are of the same sort and there exists a
simple M’ such that M’ < M and ] [u] = 3" [u]. Intuitively, this means that it

18 possible that the two terms have the same value.
e For an L-formula a, M = —afyu] iff M = afy]
e For L-formulas o, 3, M | a A f[u] if M | afu] and M = B[]

e For an L-formula a and a variable x of sort i,

Mk Zza(@)l] i M E a(@)[u(c/x)]
for some object ¢ € M,;. 0

From the definition of truth of atomic £-formulas we see that logical connective ~~ gets
a very different interpretation than true equality on sets, which is nevertheless appropriate
for expressing what we need in respect to this setting of incomplete knowledge. Here,
equality should be interpreted as capturing that two L-terms are possibly equal. In some
L-structure M, which inherently captures fluent-based disjunctive knowledge, that is
true when there exists some simple structure M’ such that M’ < M and interprets the
terms to be the same singleton set.

This way of definition, that relies on the notion of simple structure, is necessary for
a similar reason that we used it in the term denotation definition: It is necessary that
syntactically equal sub-terms are bound to the same interpretation, so that no counter-

intuitive results occur. Continuing the dice example, when considering
M = prec(dice(2, s)) =~ succ(dice(2, s))[u] (3.1)

we want both instances of dice(2,s)™[u] to be bound to a single possible value when
considering all possibilities for the values of prec(dice(2, s))™[u] and succ(dice(2, s))M[u].
In this example, by considering the simple structures we prevent that (3.1) gets true, as
a result of

2 € succ(dice(2,5))M[u] and 2 € prec(dice(2, s))M[u]



Also, note that this interpretation of equality is enough for expressing all we may need
regarding incomplete knowledge. We will see that in detail in the next section, where
we define some useful macros for dealing with fluent-based disjunctive knowledge and we

discuss their effect in some examples.

We now move to the last semantic definitions.

Definition 3.2.7 (Satisfiability, validity and entailment L£). Satisfiability, validity and
entailment in L are defined in the same way as in first order logic. Let «, v be L-sentences,

M an L-structure and p a variable assignment.

e 7 is satisfiable iff M | ~[u] for some M and p.

o v is valid iff M = ~v[u] for all M and pu.

e v «aiff for all M and p, if M = 7[u] then also M |= afy].

The same definitions hold if 7 is a set of formulas. O

We are only interested in the truth of sentences, that is formulas with no free oc-
currences of variables and we will not consider variable assignment p in general. When
the variable assignment p is absent, it means that it could actually be anything, without

affecting the results we consider.

Closing this section, it is important to note that Lp also accounts for general disjunc-
tive knowledge expressed by the logical connective V. As we will see, Lp provides nice
functionality to express exactly the kind of incomplete knowledge that it is desired. In
the next section we will see among others that there are Lp properties which allow us to
do that easily. In chapter 5, we will be using these to define theories that capture only

fluent-based disjunctive knowledge.



3.3 Properties of Lp

In this section we discuss the behavior of Lp languages. First, we focus on the non-
standard interpretation of equality in Lp languages and present some useful macros

which utilize it. Then, we proceed to showing some useful lemmas about £p semantics.

3.3.1 Lp macros and expressiveness of Lp

Here, we see three useful macros that we will be using in the next chapters. These macros
are based on the interpretation of equality in Lp as possibly equals and capture notions
which resemble notions expressed in situation calculus theories of action and knowledge.
We discuss this non-standard interpretation of equality and the effect of the macros in a

few illustrative examples.

The t-formulas intend to capture all the disjunctive knowledge about the value of a

term ¢.
Definition 3.3.1 (t-formula macros). If ¢, ¢4, ..., ¢, are L-terms then
t=[t1 ... 1n]
is called a strong t-formula and stands for the £-formula *
Vetrorz=oz~t1 V..V,

Also, we will find useful a weaker notion of capturing the disjunctive knowledge about
the value of an L-term ¢.

tE [ty .t
is called a weak t-formula and stands for the L£-formula

Vet=xr—xr=t;V..Vrxxi,

'Here, we do not expand the macros for V, =,V for the sake of readability. The actual L-sentence is
the one we get after replacing all macros according to their definition. The same remarks applies to the
definition of the other macros.



When it is not specified if we are talking about a strong or weak ¢-formula, we mean

a strong t-formula by default. 0

Example 3.3.1. dice(1, s) = [1,2,3,4] is a dice(1, s)-formula, weather(s) = [sunny, rainy|

is a weather(s)-formula and fI(t) = [t1,...,t,] is a fI(f)-formula. O

The K macro is intended to capture the fact that there is no incomplete knowledge

about the value of an L-term ¢.
Definition 3.3.2 (K macro). For an £-term ¢, K¢ stands for the £-formula
Jz t =[]
O

A strong t-formula is true when the uncertainty captured by term t is exactly the
uncertainty defined by the interpretation of terms ¢; appearing in brackets and note that
the terms t; need not be rigid. The strong t-formula macro can be intuitively seen as
checking or assigning a specific disjunctive knowledge “value” to a term t. The list in the
t-formula can be intuitively seen as that value.

The weak t-formula has similar effect, it is true when the uncertainty captured by
term t is at most as much as the uncertainty defined by the interpretation of terms ;.
The notion that a term has a definite value and there is no incomplete knowledge about
its value is captured by the K macro. Kt is true in a structure when ¢ is interpreted into
some singleton set.

We first discuss the behavior of equality and the macros we defined in regard to truth

in a structure?.

Example 3.3.2 (Satisfaction). Consider an Lp language £ which includes the symbols

1,2,3, S0, fl of the intuitive sort and arity. Let M be an L-structure such that

fl(SO)M[:u] = {172}7 1M[/j’] = {1}7 2/\/([,“] = {2}’ 3M[:u] = {3}

2Here, we abuse notation a little by using the number symbols both as syntactic and as semantic
objects. The context is always enough to distinguish which notion is the intended one



This means that there is incomplete knowledge about the value of fI(Sy), it could be 1
or it could be 2.

First of all, let us see in this simple setting that the logical symbol of equality expresses
that it is possible that terms have the same value. It is easy to verify that according to

the definition of truth in a structure 3.2.6,

M = I(So) = 1[u] and M = fI(S) ~ 2[u] and M = fI(So)  3[4]

Note that since equality expresses that terms are possibly equal, we can use it in formulas
in ways which do not seem intuitive at first glance. The previous equation actually implies

that

M = FU(So) ~ 1A FU(Sy) ~ 2[y]

On the other hand, the strong fI(Sy)-formula macro expresses that the term on the
left hand side has exactly the disjunctive knowledge expressed in the right hand side.
According to the definition of truth in a structure 3.2.6 and the definition of the macro

3.3.2,

M [1(S0) = [H[p] and M ¥ f1(So) = [2][u]

which should be interpreted as “it is not true that fI(Sp) has the value 1 (respectively
2)7.

According to the same definitions,

M= fU(So) = [1,2][p] and M~ f1(S0) = [1,2,3][1]

which should be interpreted as “it is true that the value of fI(Sy) is exactly either 1 or
2 (respectively not true that it is exactly 1 or 2 or 3)”.

One can view this as if the interpretations of the term fI(Sy) and the list encapsu-
late the disjunctive knowledge into a “disjunctive knowledge value” in the intuitive way.

According to this view, the previous reasoning is as follows:



If it is true that fI(Sp) has the disjunctive knowledge value [1,2] then it is

not true that it has the disjunctive knowledge value [1], or [1,2, 3].

In a similar way, the weak version of the fI(Sp)-formula has the intuitive behavior:

M E fU(So) E [1][p], M= f1(So) E [1,2][1] and M = fI(So) E [1, 2, 3][4]
which adopting the previously described point of view is as follows:

If it is true that fI(Sp) has the disjunctive knowledge value [1,2] then it is

not true that it’s disjunctive knowledge value is less than [1].

If it is true that fI(Sp) has the disjunctive knowledge value [1,2] then it is

also true that it’s disjunctive knowledge value is less than [1,2] or [1,2,3].

Also, it is interesting to see how the notion of having the same value with no un-
certainty can be captured in L. First we see the effect of K in the truth of the terms.
According to the definition of truth in a structure 3.2.6 and the definition of the K macro
3.3.2,

M EKFI(So) ] but M= Kifu, M = K2[u), M = K3[y]

Formula t; ~ ty A Kt; A Kty expresses that ¢; has the same value with ¢5 with no
uncertainty. The next formula expresses that notion for terms fI(Sy) and 1, which is not
true in (M, u).

M I FU(So) ~ 1 AKSL(S) A K1)

Note that t; &~ to A Kt; A Kty is logical equivalent to ¢ = [to] A Ktg and ty = [t1] A Kty O

In this example we focused on evaluating various formulas in a specific interpretation.
We now make an important remark on the effect of strong fl-formulas when included in
L p theories.

For any fluent symbol fl, strong fl-formulas are of special interest, as they directly

restrict the interpretation of fl and thus the fluent-based disjunctive knowledge of the



theories they are part of. In the same way as in first order logic a sentence f = 1 forces
the interpretation of the function symbol f, f* to be 1™ in all of its models M, here a
strong f1(Sp)-formula
f1(So) = [1,2]

forces the interpretation fI*(cg,) to be 1M U2M, where S{ = {cg,}. This effect can be
generalized so that an axiom can define fI™ entirely. This strong fl-formula functionality
will be used in chapter 5 to define theories which restrict the disjunctive knowledge of
the initial situation to be fluent-based.

Until now, we focused on expressing facts about incomplete knowledge regarding one
fluent only. We now briefly discuss the expressiveness of Lp regarding general disjunctive

knowledge.

Example 3.3.3 (Disjunctive knowledge). L£p theories can capture disjunctive knowledge

about different fluents in many ways. A sentence of the following form
fll(So) ~1V flg(So) ~1

expresses a weak form of disjunctive knowledge (It is possible that fl,(Sy) has the value
1, or it is possible that fls(Sy) has the value 1). We can also express in Lp what in

normal situation calculus would be

fl1<50> — 1 \/ le(So) — 1

by the L-sentence
fL(So) = [1] V fl2(So) = [1]
The fact that in Lp we deal with the possible values of the terms, proves to be very
important in cases where the disjunctive knowledge is propagated through constraints.

Consider the simple situation calculus theory Dgc, which consists of the two following

sentences.

Jli(So) =1V fli(So) =2 fla2(So) = fl1(So)



This has the effect that there are two classes of models which satisfy Dge, one such
that both fl1(Sp) and fl2(Sy) have the value 1 and one such that both fluents have the
value 2. Note that the theory captures disjunctive knowledge which is not fluent-based.
Intuitively, this is so, because there are no sets of possible values for each fluent that
can have the same effect, or equivalently this effect cannot be captured inside a single
(non-simple) Lp structure.

This effect can be expressed in Lp by the following theory D;.

fL(So) =[1]V fli(So) = [2]  VaVy flo(So) =z A fli(So) my —x =~y

The theory is not as trivial as Dgc, because we need to talk about the possible values of
the two fluents. This illustrates nicely, though, the connection between the two fluents
which according to our intuition, correctly results to disjunctive knowledge that is not
fluent-based. Similar to Dg¢, there are two classes of models which satisfy Dy, one such
that both fl1(Sp) and fl3(Sy) have the value 1 and one such that both fluents have the
value 2.

Nevertheless, we can force the disjunctive knowledge be fluent-based by losing some
information. This can be done if, instead of posing the constraint that the fluents have
the same value, we pose the constraint that they have the same possible values. This

effect can be expressed in Lp by the following theory D,.

fll(So) = [1,2] VY le(So) ~ T = fl1<SO> ~ T

Clearly, theory Dy does not express the same thing as D, but captures fluent-based
disjunctive knowledge, losing the least possible information: fluent fIl; has two possible
values 1 and 2 and fl, has the same possible values. In this way, the fluents’ values are
independent and D, is satisfied by a class of non-simple models such that both fluents
are interpreted to have the possible values 1 and 2. Such a model summarizes four classes

of simple models, one for each combination of values 1 and 2 for the two fluents.



This is important because we intend to deal with theories which capture fluent-based
disjunctive knowledge only, so that fluents are independent and theorem proving can be
done efficiently. Note that in general, this effect cannot be expressed in situation calculus.
We can express that two terms have the same possible values only in a constructive

manner when we can identify the possible values. 0

The last two examples illustrate the intuition behind the design of Lp semantics.
Even if it allows for general disjunctive knowledge that is implied by the many models
satisfying the theory in question, there is functionality which can force all incomplete
knowledge to be fluent-based disjunctive knowledge, summarized and captured wnside
the models themselves. Example 3.3.2 gives the intuition on how to restrict the initial
situation to capture fluent-based disjunctive knowledge only and 3.3.3 gives insight on
how we can define the successor state axioms so that this persists in all situations. We
postpone the detailed discussion of this until next chapter and proceed to some more
remarks about the expressiveness of Lp.

Even in this very simple example with f1(Sy), we can see that there are many interest-
ing and useful notions which can be expressed in Lp, some of which cannot be captured
by the situation calculus and normal first order logic. The interpretation of the equality
symbol as possibly equals provides ways to capture notions which can be expressed only
in a modal logic setting of knowledge. One can view Lp theories as if they represent the
epistemic state of some agent and that the theorems entailed are implicity referring to
what the agent knows. In what follows, we will be talking about what is known, even if

there is no explicit Knows element in the language.
Example 3.3.4 (Epistemic). The strong fl-formula
f1(S0) = [1,2]

can be viewed as expressing that it is known that the value of fI(Sy) is either one of

the options but it is not known which one. Notice though, that if a theory entails this



fl-formula, it cannot entail KfI(Sy) A fI(So) = 1 or KfI(So) A fl(So) = 2 because that
would be inconsistent. This is because fI(Sy) = [1,2] is a strong fI(Sp)-formula which
uses = to define the fluent-based disjunctive knowledge about fI. On the other hand,
the weak fI(Sp)-formula
fl(So) E[1,2]
captures that it is known that the value of fI(Sy) is either one of the options and in
general it is not known which one is the actual value (i.e. it also allows for the possibility
that we can actually prove that one of them is the value of f1). That is exactly what is
expressed by the formula
Knows(fl=1V fl =2,s)

in a situation calculus theory of action and knowledge that uses the epistemic fluent
Knows [SLO03].

This is something that by itself is not very important, since even in normal situation
calculus, we can view disjunctions as implicitly being the argument of an appropriate
Knows formula. It is important though, if we can also express that it is either known
that fI(Sp) has the value or it is known that it has the value 2, which in a situation

calculus theory of action and knowledge is captured by the following sentence.
Knows(fl =1,s) V Knows(fl =2, s)
Indeed, this can be expressed in Lp as

ft=[]v fi=1[2]
or using the K macro
Kf1(So) A (fL(So) = 1V fI(So) = 2)
In fact, the notation of K macro was chosen due to this relation it has with knowl-

edge. Note, that in a similar way that Knows(fl = 1V fl = 2,s) does not imply
Knows(fl =1,s) V Knows(fl = 2,s), fl(Sy) C [1,2] does not imply fl = [1] V fl = [2].

3Consider a non-simple model M such that fI*™ = {1,2}



It is out of the scope of the work presented here, but it is not difficult to see that the
correlation of Lp theories and situation calculus theories with or without the epistemic

fluent Knows can be made precise. [l

We now illustrate some issues regarding predicates and Lp behavior. First, we see a

simple example on how predicates can be modeled in some Lp theory.

Example 3.3.5 (Predicate emulation, dice). Suppose that a predicate [sDice(x) is
needed, which classifies which objects of the domain O are dice. We can express this in
L p using a function isdice(x) and constants T, L. Our theory should include a uniqueness
of names axiom for T, L and we have to use atomic formulas of the form isdice(x) ~ T
and isdice(x) ~ L instead of IsDice(x) and —IsDice(x). Furthermore, if isdice(x) is
forced to have as a value exactly one of T or L for each object in the domain, then we
need only use isdice(xr) ~ T in formulas other than the one(s) defining it. An axiom

that defines isdice(x) in this manner is the following,.
Ve isdice(z) ~y=(x~1Vaex2Verr3)Ayxr TVa(zr1lVex2Ver3)Ay~ L

In some appropriate theory which includes this axiom, the following formula expresses

that 1 is a possible value for all dice in the domain in the initial situation.
Va isdice(x) =~ T — dice(x, S) ~ 1
O

Things get a little complicated when functions that intend to capture predicates
(like isdice(x)) mention fluents as arguments. Then, we get results which do not seem

intuitive, but are nevertheless correct according to the interpretation of equality in Lp.

Example 3.3.6 (Predicate emulation, odd). Suppose that we have a theory that includes
a definition for the function odd(z) which is intended to express the functionality of

predicate Odd(x). If the theory also includes the formula

dice(2,5y) = [1, 2, 3,4]



then, it is easy to verify that this theory entails
odd(dice(2,50)) = T

That is because it is actually possible that the value of dice(2, Sp) is an odd number. We

can also express that it is definite that the value of dice(2, Sp) is an odd number, by the

formula
Vo x ~ dice(2,5)) — odd(xz) = T
or
odd(dice(2,5y)) = [T]
which are not entailed by the theory. 0

3.3.2 Lemmas about £p semantics

In this section, we present some lemmas about the semantics of £Lp which will prove
useful in the proofs we will be doing on the following chapters.

First, we see some easy lemmas regarding term interpretation. These are included for
clarity, since the basic semantic definitions rely on the notions of simple and non-simple

structure and this makes things not obvious, even for simple facts.

Lemma 3.3.1 (Variable interpretation in non-simple structures). Consider an Lp lan-

guage L and an L-structure M. For any variable x and any variable assignment u,
wMp) = {pu(x)}.

Proof: By the definition of term denotation 3.2.5,
M) = 2™ 1]

for all simple structures M’ such that M’ < M. By the definition of term denotation in

simple structures 3.2.4, that is true iff

wMp) = Ju(2)}



for all simple structures M’ such that M’ < M. Therefore, 2 [u] = {pu(z)}. O

Lemma 3.3.2 (Term interpretation in simple structures). Consider an Lp language L

and a simple L-structure M. For any L-term t and any variable assignment p, tM[u] is
a singleton set.
Proof: By induction on the construction of L-terms. 0J

Lemma 3.3.3 (Term interpretation in non-simple structures). Consider an Lp language
L and an L-structure M. For any L-term t and any variable assignment p, ¢ € t"[u]

iff there exists a simple structure M’ such that M’ < M and t"'[u] = {c}.

Proof: Directly from the definition of term denotation in simple and non-simple struc-

tures, 3.2.4,3.2.5. 0

Lemma 3.3.4 (Term interpretation is a non empty set). Consider an Lp language L

and an L-structure M. For any L-term t and any variable assignment p, t™M[u] is a

non-empty set.

Proof: If M is a simple structure, then the lemma follows by lemma 3.3.2. If M is a

non-simple structure, then by the definition of term denotation 3.2.5
tMlu] = UtM/ (1] for all simple M” such that M' < M

It easy to see that there exists at least one such structure M’, so by lemma 3.3.2, the

lemma follows. O

Lemma 3.3.5 (Term interpretation and atomic formulas). Consider an Lp language L
and an L-structure M. For any L-term t, variable x not appearing in t, object ¢ of the

corresponding domain and variable assignment i,

Mz = tu(c/)] iff c € Y]]



Proof: By lemma 3.3.3, ¢ € t"[u] iff there exists a simple structure M’ such that
M < M and tM[u] = {c}
That holds iff there exists a simple structure M’ such that
M’ = M and 2 [u(c/)] = M [u(c/)]
By the definition of truth in a structure 3.2.6, that holds iff M |= = ~ t[u(c/x)]. O

Corrolary 3.3.6 (For every term there exists a possible value). Consider an Lp language
L and an L-structure M. For any L-term t, any variable x not appearing in t and any

variable assignment i,
M |= z & tlpu(c/x)]

for some c in the corresponding domain.
Proof: By lemmas 3.3.4 and 3.3.5. U

Before we move to the next less obvious lemmas, we clarify a notation issue. In
general, when W is an L-formula and ¢,¢' are L-terms, then W[, denotes the formula
obtained by W by replacing all occurrences of ¢ by t’. This can be viewed as if W is a
function of ¢, W(t) and W[, = W (¢'). We choose to use the W, notation because W (t)
can be ambiguous with the syntax of Lp.

It is easy to see that in some simple structure, the (singleton) interpretation of a term
t is the same with the interpretation of t|ty' when y has the same interpretation with t'.
This is a straightforward fact which is true in first order logic and therefore in simple
L p-structures which have the same behavior. In the next lemma, we extend and prove

this notion for any £ structure.

Lemma 3.3.7 (Term substitution in terms). Consider an Lp language L. For any

L-terms t,t', L-structure M and variable assignment p,

M) = (J M le/y)), for all ¢ € M)



where y does not appear in t,t'.
Proof: By induction on the construction of L-term t.

e Base case: ¢ is a variable x. If ¢’ is the same variable z, the lemma is true iff

— UM/, ce M

Otherwise, the lemma is true iff

=JaMule/y)l,  cet™My]

By lemma 3.3.1, it is easy to see that in both cases, the lemma holds.

e Induction hypothesis: Assume that the lemma holds for the L-terms ¢y, ..., t,.

That is, for any L-term t’, L-structure M and variable assignment g,

M) = il M lnle/y)), for all ¢ € 4[]

and y does not appear in tq, ..., t,,t".

e Induction Step: We prove the lemma for the L-term f(¢1,...,t,), where f is an

n-ary functional fluent of language £. We want to prove that
Pty oot [u] = | £l ) M (/). For all ¢ € 4[]
If t'is f(t1,...,t,), then the lemma is true iff

f(ty, s tn Uy w(e/v)l, ce flty,....tn) MK

By lemma 3.3.1, it is easy to see that the lemma holds.

Now we consider the case where t’ is not f(t1,...,t,). We start by the right hand

side of the equality.

RHS = f(t1, ... ta) [, M[u(c/y)], for all ¢ € t™[4]



By lemma 3.3.3,
RHS = f(t1, ... ta) [, [u(c/y)], for all simple M', M’ < M

where
M) = {c}

By the definition of term denotation 3.2.5,
RHS = U fte, ...y tn)|gM/[,u(c/y)], for all simple M', M" < M

where
M/
" ] = {c}
(Here, we omit the second union over all simple structures M’ : M’ < M, since it

does not have any additional effect.) Now, since ' is not f(t1,...,t,),

RHS = f(tal}, ... tal} )™ [u(c/y)], for all simple M', M' < M

Yy
where
M ] = {c}
By the definition of term denotation in simple structures 3.2.4,

RHS =] f*(c1,....cy), for all simple M', M’ = M

where
tily ™ lule/y)] = {e:}, ¥ [u] = {c}
Now, by induction hypothesis,
) = Jtl) M [ule/y)), for all ¢ € 2 [y]

and since M’ is a simple structure, the induction hypothesis becomes,

tM ] = ti|tyIM,[u(c/y)], for any ¢ such that t*'[u] = {c}



So,
RHS = UfM/(Cl’ wey Cn), for all simple M’ M" < M

where
0[] = {e:}
By the definition of term denotation in simple structures again, 3.2.4,
RHS = f(t1, ... ta)""[u], for all simple M, M' < M

By the definition of term denotation 3.2.5,

So, we have proved that the lemma holds for f(t4,...t,,).
Thus, induction follows and the lemma holds for all terms ¢. 0

Corrolary 3.3.8 (Term substitution in terms, simple). Consider an Lp language L. For

any L-terms t,t', simple L-structure M and variable assignment p,

M) =ty M ule/y)), where 4 [u] = {c}
and y does not appear in t,t'. ([l

Note that we can view these results as substituting y and not ¢’ in a term ¢. This
is easy to verify if we think the term ¢ as a function of ¢, as stated earlier. The above

corollary can be viewed also in the following way.

Corrolary 3.3.9 (Term substitution in terms, simple). Consider an Lp language L. For

any L-terms t,t', simple L-structure M and variable assignment yu,

tly M) = tM[u(c/y)], where tM[u] = {c}



We close this section with a remark about entailment in £p. The definition of the
entailment relation in Lp is exactly the same as in first order logic. Therefore, it is a

direct consequence that Lp is monotonic in the following sense.

Remark 3.3.1 (Lp is monotonic). Consider an £p language £. For any consistent sets

of L-formulas I', A such that I' C A and any L-formula «,

If T E athen A E



Chapter 4

DK Action Theories

In this chapter, we present the DK theories of action. Syntactically, DK theories of
action are essentially the same as the situation calculus basic action theories (BAT)
in the Lp setting. Due to the non-standard L£p semantics, though, the behavior of the
theories regarding disjunctive knowledge differentiates them from that of the basic action
theories. We will be showing that a similar regression operator as in the basic action
theories can be used in DK theories and that a similar regression theorem holds. At the

end of the chapter, we also discuss how sensing can be treated in DK theories.

The definitions in this section extend the ones of basic action theories, as presented
in [Rei91],[PRI9] and [Rei01]. In particular, the regression theorem proof for DK action

theories follows closely the one for basic action theories found in [PR99).

DK action theories is the basis for next chapter, where we present a restricted version
which captures fluent-based disjunctive knowledge only. Note that this is a “semantic-
oriented” way of restricting the effect of action theories. In the light of the results in
[PL02], this approach is a result of the choice taken not to syntactically restrict the basic
action theories of situation calculus to achieve such an effect, but to consider a useful
way of semantically forcing the intended behavior, so that we can achieve an efficient

way of doing theorem proving.
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4.1 DK Action Theories

In the DK action theories setting, the rigid terms are intended to capture the objects and
states of the domain which is represented and the fluent terms are intended to capture
notions about those objects and states. The emphasis is on how disjunctive knowledge is
treated and, as we mentioned before, the intention is to define DK theories that we can
force to capture only fluent-based disjunctive knowledge.

The basic elements for a DK theory of action are the same as the basic action theories.
We will see the definitions of the successor state ariom for a functional fluent symbol fI,
as well as the action precondition aziom for an action function symbol A, and discuss
their effect. We start the discussion about DK action theories by introducing the initial
specification axiom which gives some insight on issues that arise in the Lp context of
possible values. These axioms will be used in the next chapter to ensure that disjunctive
knowledge is limited appropriately in the initial situation.

In what follows, we will be using V# and 3% to denote Vx;...Vx, and dz;...3z,, for

some natural number n which will be implicit by the context.

Definition 4.1.1 (Initial specification axiom). An initial specification axiom (ISA) for

the n + 1-ary functional fluent symbol fl is an Lp-sentence of the form:
where W mentions only rigid terms and all its free variables are among Z, y. O

The initial specification axiom for a fluent fI is intended to force all fluent terms
of the form fI(t,Sy) to a specific interpretation defined by W (%, y). Intuitively, this is
because the axiom acts like a generic strong fI(#, Sp)-formula which defines exactly the
interpretation of the fluent symbol fl for the initial situation, for any structure M: it
essentially defines fI*(C, cg,) for all ¢, where St = {cg, }.

Note that fluent terms are not allowed in Uy, so that to avoid ISAs to form counter-

intuitive loops in the way the values of fluents are defined. Some examples of ISAs for



fluents follow.

Example 4.1.1 (Initial specification axiom). The next sentence is an ISA for the unary
fluent weather which states that it is definite that the value of weather(Sy) in the initial
situation is rainy.
Yy weather(Sy) ~ y = y =~ rainy
The next sentences are ISAs for the binary fluent location which is intended to rep-
resent the location of objects. The first ISA states that for all objects x, the value of

location(z, Sp) is exactly either place;, or places or places.
VaVy location(x, So) ~ y = y =~ place; V y ~ places V y = places
The axiom acts as a strong location(x, Sy)-formula of the form
Va location(x, Sy) = [placey, placey, places]

This ISA states that for all objects z, the possible values for location(z, Sy) are exactly

{place(z)}.

VaVy location(x, Sp) =~ y = 3z y ~ place(z)

The axiom acts again as a a strong location(z, Sy)-formula which now captures an infinite
number of possibilities for location(x, Sp).

Following the notation of the dice examples we saw in chapter 3 and specifically
example 3.3.6, the next formula expresses that all objects in the domain which are dice,
have the value 1,2,3 or 4 in the initial situation. Note that the value of dice(z, Sp) is also

defined for the case that z is not a dice and in that case the term has all possible values.
VaVy dice(x, Sy) ~ y = isdice(r) = TA(y = 1Vy = 2Vy ~ 3Vy =~ 4)Visdice(x) =~ LAtrue
O

The successor state axiom for the fluents has the same syntax as in basic action

theories.



Definition 4.1.2 (Successor state axiom). A successor state axiom (SSA) for the n+ 1-

ary functional fluent symbol fl is an £p-sentence of the form:
Yy, ..., Ve, YaVsVy fl(xq,...,z,,do(a,s)) =y = Pp(xy, ..., 20,9, a,5)
where @ is a formula uniform in s and all its free variables are among x4, ..., x,,a,s. U

Note that in Lp, this standard successor state axiom syntax also achieves a similar
closure effect as the strong fl (f)-formula macro. In the same way that the ISA of a fluent
defines its possible values for the initial situation, the SSA defines its possible values for
all the rest of the situations.

In basic action theories there is one value y such that fI(Z, s) = y for each instantiation
of Z, s and the universal quantification for y has the completeness effect that the atomic
formula fI(Z,s) = y is not true for any other y. Here, there are possible many values
y such that fI(Z,s) ~ y for each instantiation of #,s and the quantification of y has
also the effect that for each instantiation of Z, s, the interpretation of fI(Z, s) is specified
constructively in the same way a strong fI(Z, s)-formula would do it.

Note also that the successor state axiom does not relate the value of the fluent between
the two situations, but merely defines the possible values for the next situation. As
discussed also in chapter 3 in example 3.3.3, this is weaker than the effect of successor
state axioms in situation calculus, but we appeal to it because it ensures that the successor
state axiom preserves fluent-based disjunctive knowledge.

It is interesting to examine the interpretation of fI(f, do(A, S)), when the arguments
of fl also capture disjunctive knowledge. This may be disjunctive knowledge about the
value of some arguments ¢, as well as disjunctive knowledge about the action performed,
A. In both cases the possible values for the fluent fl are treated by the semantics in the
standard way.

We explore further these remarks in the following detailed examples.



Example 4.1.2 (Successor state axiom, dice(t, s)). The following sentence is a SSA for

fluent dice(t, s).

VaVaVsVy dice(x,do(a,s)) =~y = a~rollDice(x) N(y=1Vyx2Vyx3Vy~4)
V a = setDiceValueTol(z) Ny ~ 1

V =(a = rollDice(x) V a = setDiceValueTol(z)) Ay ~ dice(x, s)
This SSA is intended to force the following behavior for the value of dice ¢, dice(t, do(A, s)).

e When an action A rollDice(t) is performed at situation s, then the possible

values for dice(t, do(rolldice(t), s)) are exactly 1,2,3 or 4.

o When action A % setDiceValueT 0l(t) is performed at situation s, then it is

definite that dice(t, do(rolldice(t), s)) has the value 1.

e When the action performed in s is none of the above, then the possible values for

dice(t, do(rolldice(t), s)) are exactly the possible values of dice(t, s).

We can see that the disjunctive knowledge regarding the value of a fluent can both
become more specific (e.g. by action setDiceValueTol(z)) and less specific (e.g. by
action rollDice(x)), depending on the form of the SSA.

It is interesting to see the effect of the SSA when there is disjunctive knowledge
captured by the terms appearing in the fluent term in question. The arguments’ disjunc-
tive knowledge is propagated to the disjunctive knowledge about the possible values of
dice(t,do(A, S)) in the standard way the semantics define. In detail, according to the
definition of term denotation 3.2.5, the interpretation of dice(t, do(rolldice(t), S)) is the
union of the interpretation of the term for all simple structures. Even if sometimes there
is no clear intuition about what the results should be, we claim that the results this
formalism entails are intuitive.

Suppose that the theory entails

dice(1,S5) = [3], dice(2,S)=[4] and t=[1,2]



Then it also entails

dice(t, S) = [3,4]

which is what we expect for the possible values of dice(t,S). We get similar results when
action A captures disjunctive knowledge. In this case, though, a little more thought
is needed in order to see that the results are indeed intuitive. In the same setting, we
consider action A % setDiceValueTol(t). Then, according to the SSA about fluent fI,

the theory also entails
dice(t, do(set DiceValueTol(t),S)) = [1]

but also

dice(1, do(set DiceValueTol(t), S)) = [1, 3]
dice(2, do(setDiceValueTol(t), S)) = [1,4]

We do expect that it is definite that the value of dice ¢ is 1 after performing action A,
since, regardless of which dice ¢ refers to (1 or 2), after the action is performed, its value
will be 1. On the other hand, regarding dice 1, we expect that it has two possible values:
one because it is possible that action A refers to that dice and therefore its value is set
to 1, and another one because it is possible that the action does not refer to that dice
and so its value remains the same, 3. The same argument applies for dice 2.

Following similar reasoning it is not difficult to verify that the theory also entails the

following results.

dice(t, do(setDiceValueTol(1),S)) = [1,4]
dice(1, do(set DiceValueT0l(1),S)) = [1]

dice(2, do(set DiceValueTo0l(1),S)) = [4]



Example 4.1.3 (Successor state axiom, location(t, s)). The following sentence is a SSA

for fluent location(z, s).

VaVaVsVy location(x,do(a,s)) =y = a ~ moveToLocation(z,y)

V' =3z a =~ moveT oLocation(z, z) Ay ~ location(x, s)

This SSA is intended to capture the possible values for the location of any object x. In
this simple form, it states that the location of an object remains the same, unless there
is a moveT oLocation action which involves that object. In that case, the object’s new
location is the one mentioned in the action. As in the previous example, the possible
disjunctive knowledge about the arguments of the fluent location is propagated appropri-
ately.

The successor state axioms in L£p have a non-standard effect which is easy to identify
when they are context-sensitive. Consider the following SSA for fluent location(z, s)
which, instead of action moveT oLocation(z,y), includes the action moveToObject(x,y).

This action captures that object x is moved to the location of object .
VaVaVsVy location(x,do(a,s)) ~y = 3z a =~ moveToObject(x,z) Ay = location(z, s)
V' =3z a = moveToObject(x, z) Ay = location(zx, s)

Unlike situation calculus, it is not the case that the wvalue of the location of the one
object is the same as the value of the location of the other, in the resulting situation
after a moveToObject action. Instead, when there is a moveT 0Object(z,y) action, it is
the possible values for the location of object x that are the same. For example, suppose

that the following hold for the initial situation.
location(box1, Sy)) = [room1]

location(box2, Sp)) = [room1,room2, room3|

Then, according to the previous successor state axiom,

location(box1, do(moveT oObject(boxl, box2), Sy))) = [room1, room2,room3|



This is one of the key features in the behavior of DK action theories. As mentioned
before, this keeps the disjunctive knowledge fluent-based, in contrast to the situation
calculus behavior. In a similar way as we saw in example 3.3.3, this SSA fails to capture
that the actual values of the fluents should be the same. In this way, in the resulting
situation, both of the fluents can have any of the possible values which is something that
can be summarized in an Lp structure utilizing the fluents’ interpretation to sets and
the cross-product-like behavior for the possible values. On the contrary, the effect that
a situation calculus SSA captures, rules out some of these possibilities so that only the
ones that the fluents have the same values persist. This effect cannot be summarized in
an Lp structure and expresses a form of general disjunctive knowledge which we intend

to avoid. 0

Before moving on to the next definitions, there is last remark on successor state
axioms and the dynamics of the possible values. A SSA is essentially a set of rules which
define, for each possible value of a fluent fl in situation s, what the next possible value(s)
should be in situation do(a, s). In this way, the SSA defines all the possible values for
fl(Z,do(a,s)). Note though, that fI(Z,s) and fI(Z,do(a,s)) are two terms that are
only related through the SSA and apart from that they are treated by the semantics
as two different and independent entities. This can result in counter-intuitive behavior
when both terms appear in the same formula, as the semantics take into account any
combination of possible values for the terms, even if they may not be justified by some
rule of the SSA. We do not discuss this in detail and we note that it does not affect our

results, as we focus on formulas which are uniform in some situation s.

The action precondition axiom is a little different than in basic action theories, as

here Poss is a function symbol.

Definition 4.1.3 (Action precondition axiom). An action precondition axiom (APA) for



the n-ary action function symbol A is an Lp-sentence of the form:

Vay, ..., Vo,VsVy Poss(A(xy,....xn),8) =y = a(zy,...,T0,8) Ny T

Volla(xy, ey @p, ) ANy &= L

where II4 is a formula uniform in s that does not mention Poss and all its free variables

are among i, ..., Tp, S [

As we saw in section 3.3 and specifically in examples 3.3.5, 3.3.6, the atomic formulas
involving fluents which emulate predicates need some attention. We discuss that for the
case of Poss in the next examples. Note also that for reasons that will become clear in
chapter 5, we appeal to action precondition axioms which use T and L as presented in

the definition, so that all possible values for Poss are always exactly at most T and L.

An APA of the form

Vq,..,Ve,¥s Poss(A(xq,...,x,),8) = T = Ila(z,...,20,5)

does not ensure that there are at most two possible values for Poss.

Example 4.1.4 (Action precondition axiom). The following sentence is a very simple
precondition axiom for action roll Dice(x) which is intended to capture that the action
can be performed, if the agent is holding object z in situation s and that object is in fact

a dice.

VaVy Poss(rollDice(x),s) =y = Ha(x,s) Ay~ TV lla(z,s) ANy~ L

where

Ha(x,s) =isdice(x) ~ T A holding(x,s) = T

This APA relies on some appropriate definition of the function symbols isdice(x) and

holding(x, s) so as to emulate predicate functionality (see discussion on example 3.3.5).00



Note that like all atomic formulas in Lp, Poss(A,S) ~ T expresses that it is possible
that action A can be performed in situation S. This is important when the action term
A captures disjunctive knowledge. In that case we can distinguish between saying that
it is possible that the action can be performed and that it is definite that the action can

be performed.

Example 4.1.5 (Action precondition axiom 2). Suppose that the theory entails
t=1[1,2], isdice(l)~ T, isdice(2)~T

holding(isdice(1),S) =~ T, holding(isdice(2),5) ~ L

and action rollDice(t) is performed at situation S. Then the theory also entails
Poss(rollDice(t),S) =~ T

as it is indeed possible that the action can be performed. We can also express that the

action can definitely be performed by the next sentence
Va a = rollDice(t) — Poss(a,S) =~ T
which is not entailed by the theory, as action rollDice(2) cannot be performed. 0

There is one more set of axioms we need to specify, before we get to the definition
of DK action theories, the foundational axioms for situations. This is defined in [Rei01]
using a second order logic axiom and has the effect of limiting the sort situation to the
smallest set containing Sy and closed under the application of the function do to an
action and a situation. Here, instead of the second order axiom, we prefer an infinite
first order axiomatization for situations. This choice is made because we find that it
would be complicated and maybe unclear to talk about second order Lp languages, as
Lp semantics are non-standard in many ways. Note, that this infinite set of axioms is
not equivalent with the second order one, but has the intended effect for the formulas we

will be dealing with.



Definition 4.1.4 (First order foundational axioms for situations). The first order foun-
dational axioms for situations are the countable infinite sentences, summarized by the

following induction schema for any L-formula «:
Vs a(s) AVaV¥s' a(s') — a(do(a,s")) — Vs a(s)
and the following formula:
Va1Yas¥s1Vsy do(ay, s1) = do(ag, S2) — a1 =~ ag N s1 = Sy
0

DK action theories are defined similarly as the situation calculus basic action theories.

Definition 4.1.5 (DK action theories). Let £ be an Lp language. A DK action theory

D for L is a collection of axioms of the following form:
D =>XUDgsaUDspsaUDynaUDg,
where
e ¥ are the (first order) foundational axioms for situations.

e Dggy is a set of successor state axioms for the functional fluents. The set includes

one SSA for each functional fluent symbol in L.

e Dapy is a set of action precondition axioms for the action function symbols. The

set includes one APA for each action function symbol.
e Dyna is the set of unique names axioms for actions function symbols.

e Dg, is a set of L-sentences that are uniform in Sy. Dg, will function as the initial
theory of the world, before any actions are executed. Following the standard naming
conventions in the literature, we will often call Dg, as the initial database. Note

that the incomplete knowledge that the initial database captures can be restricted



according to our needs using initial specification axioms or any sentences uniform

in So. !

Furthermore, D must satisfy the following functional fluent consistency property. For

each n + l-ary fluent fl
DynaUDs, = VaVsVey, ..., Vr,y @p(xy, ..., 20, Y, a,s)
O

The functional fluent consistency property is sufficient for preventing a source of
inconsistency in the successor state axioms. Note that, unlike the basic action theories,
here is only needed that there exists some value y for each fluent for each situation and
not that it is also unique. This is a result of dealing with the possible values of the

fluents.

4.2 Regression in DK Action Theories

In this section we discuss regression in DK action theories. We will see that the syntac-
tic regression operator is similar to the one used in basic action theories and that the
corresponding regression theorem holds.

The basis of the regression operator for DK action theories is the same as in basic
action theories but needs some tuning due to the non-standard interpretation of equality
and terms. Similarly, the structure of the regression theorem proof for DK action theories
is the same as the one about basic action theories, but since some steps of the proof are
not trivial in Lp, we need to prove some helping lemmas. The essential difference has to
do with the treatment of functional fluent symbols and the notion of possible values. We

now move on to the necessary definitions.

"'We will see more about limiting the initial database using ISAs in the next chapter, where we discuss
about implementing DK action theories in Prolog.



Regressable formulas and the regression operator are defined similarly as in basic
action theories. Also, in what follows, we will be using the do([ay, ..., a,], Sp) notation for

situation terms.
Definition 4.2.1 (Regressable Formula). An L-formula W is regressable iff

e Every term of sort situation mentioned by W has the form do([ay, ..., ay],Sy) for

some n > 0 and for terms a4, ..., a,, of sort action.

e The function symbol Poss appears only in atoms of the form Poss(«, S) & t, where

« has the form A(ty, ..., t,) for some n-ary action function symbol A of L.
e W does not quantify over situations.
O

Definition 4.2.2 (Prime functional fluent term). A fluent term is prime iff it has the
syntactic form fI(f, do([ay, ..., a,], S)) for n > 1 and each of the terms £,ay, ..., a, is
uniform in Sy.

As proved in [PR99], any regressable fluent term mentions a prime functional fluent

term. O

We now move to the definition of the regression operator for DK theories. It is easy
to see that the main idea is the same as in basic action theories; the operator is only

tuned to comply with the £p semantics of possible values.

Definition 4.2.3 (Regression operator). For a DK action theory D of some Lp language
L and a regressable L-formula W, the regression operator R is defined by induction as

follows:

e W is a regressable atomic formula. Then it is of the form t; ~ t5. We consider all

the possible cases for t, 5.



1. W is such that Sy is the only term of sort situation (if any) mentioned in ¢y, to.
Then,
RIW]=W.

2. ty, 1ty are situation terms, so W is do([ay, ..., an), So) =~ do([a}, ..., al,], Sy) for
some m,n. The case m = n = 0 is covered by 1. If m =n > 1, then
RIW] =Rlar = ay A ... AN ay, = al,].

Otherwise, if m # n, then
R[W] = false.

3. W is a regressable Poss atomic formula of the form Poss(A(t),S) ~ t'. By
the definition of DK action theories, 4.1.5, there must exist in D an action
precondition axiom for A of the following form:

ViVsVy Poss(A(Z),s) =y = Ha(Z,s) ANy~ TV -lla(Z,s) ANy~ L
Without loss of generality, assume that all quantifiers (if any) of IT4(Z, s) have
had their quantified variables renamed to be distinct from the free variables
(if any) of Poss(A(t),S). Then,

RW]| =R[3x;..32x,3a Nx; = t; Na~ A(T)

A4 (Z, ) AN =T Vv =lla(Z,S)At = 1) ].

Here, the regression operator replaces the Poss atomic formula by a logically
equivalent formula (in the context of theory D) and regresses the resulting

formula. Note that we pick x1,...,x,,a to be variables that does not appear

free in W, 1, A, S.

4. W mentions a term of the form fI'(f,do(A’,S")) for some functional fluent
fI'. Then, according to definitions 4.2.1 and 4.2.2, fI'(f',do(A’, S")) mentions
a prime fluent term fI(£,do(A,S)). By the definition of DK action theories,
4.1.5, there must exist in D a successor state axiom for fl of the following

form:

Viavsvy fU(E do(a,s)) 2y = ®p(,y.a,s)



Without loss of generality, assume that all quantifiers (if any) of ®4(Z, y, a, s)
have had their quantified variables renamed to be distinct from the free vari-
ables (if any) of fI(t,do(A,S)). Then,

RW] =R[E3x;.. 3z, FaTy Nz; = t; Na~ A

ADa(Ery,a,8) AT [N

Note that we pick x4, ...,z,,a,y to be variables that do not appear free in
W,t,A,S. Like the previous step, the regression operator replaces W by a
logically equivalent formula (in the context of theory D) and regresses the

resulting formula.
o R[-W|=-R[W]
o R[Wi AWy = R[Wi] A R[Ws)
o R[FzW] = FaR[W] O

We now move on to prove that this regression operator has the intended effect in
the Lp setting and DK action theories. In order to do that, we follow the proof of
the regression operator for basic action theories. The non-standard interpretation of
L p-terms poses some complication and in order to apply that proof, we need to prove
the functional fluent regression principle and the Poss regression principle.

This is basically the proof that the regression operator replaces the atomic Poss
formulas and the functional fluent terms with logically equivalent sentences. Due to the

non-standard behavior of the fluents in Lp, it is not obvious that it is correct.

Lemma 4.2.1 (Functional fluent regression principle). Consider an Lp language L, a
DK theory D and a regressable atomic L-formula W which mentions the fluent term
fl(ty, ..., tn,do(A,S)). By the definition of DK action theories, 4.1.5, there must ezist in

D a successor state axiom for fl of the following form.:

VIVavsvy fI(T,do(a,s)) ~y = (i, y.a,s)



Without loss of generality, assume that all quantifiers (if any) of ®u(%,y,a,s) have
had their quantified variables renamed to be distinct from the free variables (if any) of

fl(t,do(A, S)). Then,
DW= Hxl...EIanlaElsEly/\:pi ~tiNarc ANDL(L Yy, a,S) A W|£Z(F’d°(A’S))
Note that we pick x4, ..., x,,a,y to be variables that do not appear free in W,t, A, S.

Proof: W is atomic, so it is an L-formula of the form t; =~ t5. Let M be an arbitrary
L-model and variable assignment p such that M = D[u]. By the definition of truth in a

structure 3.2.6, M |= W{u] iff there exists some simple structure M’ such that
M M and M' | W/ (4.1)

Since M’ is a simple structure and by lemma 3.3.2 about the interpretation of terms in

a simple structure, the interpretation of fI(f,do(A, S)) is a singleton set,
FUE do(A, SNM [u] = {c}, for some ¢

By applying twice the corollary 3.3.8 for the terms ¢y, fI(f, do(A, S)) and to, fI(t, do(A, S)),

we get that (4.1) holds iff there exists some simple structure M’ such that
M <M, M = WG (¢ fy)]

where

FUE, do(A, SNM [u] = {c}, for some ¢

By the definition of truth in a structure 3.2.6 and lemma 3.3.3, that holds iff
M e WA u(efy)], and e € fI(F, do(A, $))™ |4
By lemma 3.3.5, that is true iff

M | WS AD (e/y)] and M = fU(E do(A, S)) = ylu(c/y) (4.2)



for some ¢ in the corresponding domain.

By corollary 3.3.6 we also get that,

M |z = ti[u(cs/ ;)]
M E a~ Al(ea/a)
for some cy, ..., ¢,, c4 in the corresponding domains. So, since we carefully chose 1, ..., x,, a,y

to be variables that do not appear free in W, t, A, S, (4.2) holds iff

M = WS (e /y) (c;/25) (ca/a)]

M = fi(E,do(A, S)) = y [ulc/y)(c;/z;)(ca/)]
M 2~ [u(e/y)(c;/x;)(ca/a)

M E ar A u(e/y)(c;/z;)(cala)]

for some ¢, ¢y, ...c,, c4 in the corresponding domains.

(4.3)

Now, since M = D, then?
M = ViVaVsVy fI(Z,do(a,s)) ~y = Pp(Z,y,a,s)[u
and by the definition of truth in a structure 3.2.6,
M fI(F do(a,8)) ~ y = i,y a,5) [(d/y)(d; /55)(da/a)(ds/5)]

for all d,d;,d,,ds in the corresponding domains. Therefore, this also holds for d = c,

d; = ¢;, dy = ca and d, = cg, where SM[u] = {cg}
M = fU(Z,do(a,s)) =y = Pp(@,y, a,s)u(c/y)(c;/z;)(cs/s)(ca/a)]
or equivalently
M fU(Z do(a,S)) my = @u(F,y,a,9)u(c/y)(c;/z;)(ca/a)]

Therefore

M = fU(T, do(a, S)) =y [u(c/y)(c;/z;)(ca/a)]

2Note that we may need to do some change of variable names in order for the SSA to quantify over
the same variables (Z, a, s,y), but this is not a problem.



if
M E u(Ty,a,S)[p(c/y)(ci/zj)(cala)l
So, (4.3) holds, iff
M = WIEEAD (e /y) (c;/x5) (ca/a)]
M @5(,y, a,5)[u(c/y)(ci/z;)(ca/a)l
M Ezi =t [u(c/y)(cj/zj)(ca/a)l
MEax~ A ulc/y)(cj/zj)(cala))

for some ¢, cy,...c,,ca in the corresponding domains. By the definition of truth in a

structure 3.2.6, that is true iff
M= N\ wim ti N WA NGy (7 y,a,8) Aa~ A [u(c/y)(c;/z;)(caa)]

for some ¢, ¢y, ...c,, c4 in the corresponding domains. By the same definition, that is true

iff
M= Elxl...EIanlaEly/\xi ~tihNax ANDPy(T,y,a,S) A W|§l(ad0(‘4’5))[u]
So,
MEW =30,..30,3a3y \ o =t Nam ANDSu(T,y,a,S) AW [JIEAS])
Since M is an arbitrary model which satisfies D, the lemma holds. OJ

Lemma 4.2.2 (Poss regression principle). Consider an Lp language L, a DK theory D
and a regressable atomic L-formula W of the form Poss(A(t),S) ~ t'. By the definition
of DK action theories, 4.1.5, there must exist in D an action precondition aziom for A
of the following form:

ViVsVy Poss(A(Z),s) ~y = (@, s) ANy~ TV lls(@,s) Ay~ L

Without loss of generality, assume that all quantifiers (if any) of I1o(Z, s) have had their

quantified variables renamed to be distinct from the free variables (if any) of Poss(A(t), S).



Then,
DEW=3r..3z,3a Nz, =t; Na~ A(T)
NIA(Z, S) AN = TV —llu(2,S) At ~ 1]

Note that we pick x4, ..., x,,a, to be variables that do not appear free in W.

Proof: The proof procedure is similar to the proof of the functional fluent regression

principle 4.2.1. O

The proof of the regression theorem is done by induction on index(W) for a formula
W. index(W) is exactly the same as in [PR99] except for that it does not account for
atomic sentences of the form ¢; C ¢5. Intuitively, it is defined so that to give precedence to
the regression of Poss atomic formulas, then situation atomic formulas and then regres-
sion of functional fluents starting from the primal fluent terms. We copy the definition

here, for completeness.

Definition 4.2.4 (index(W)). Consider the set A of all countably infinite sequences
of natural numbers with a finite number of non-zero elements and the following reverse

lexicographic order relation on this set:
(A1, Az, o) < (A}, A, ... iff for some m, A, < AL and for all n > m, A, =\,

(A, <) is well founded with minimal element (0,0,...). Next, let 2 be the set of all 2-
tuples of natural numbers. We overload the relation < by defining a reverse lexicographic

ordering on 2:
(my,mz) < (n1,n2) iff my < my or my = ny and my < ny
Finally, we overload < again to define an ordering on A x 2:
NH<WN,MHiff<forf=fand A< N

The relation < on A x2 is well founded with minimal element ((0,0,...),(0,0)) and therefore

can serve as a basis for an inductive proof.



For n > 0, we define the length of the situation term do([ay, ..., a,], Sp) to be n. Also,
whenever g(t1, ...,t,) is an L-term, t1, ..., t,, are said to be proper subterms of g(t1, ..., t,).
An occurrence of a situation term in an L-formula W is maximal iff its occurrence is not
a proper subterm of some situation term.

Now, given a regressable formula W, we can define the index of the formula
index(W) = ((C, A1, Mg, ...), (P, E))
where
e (' is the total number of connectives and quantifiers mentioned in W.

e For m > 1, A\, is the number of occurrences in W of maximal situation terms of

length m.

e P is the number of atoms of the form Poss(A,S) ~ T or Poss(A,S) ~ L and FE is
the number of atoms of the form S; ~ S5 mentioned in W, where S;, Sy are terms

of sort situation. O

The proof of the regression theorem is by complete induction on the index of regress-
able formulas, relative to the ordering <. As we mentioned earlier, we follow the proof
of the regression operator for basic action theories as in [PR99], tuned to comply with

Lp and using the necessary lemmas 4.2.1 and 4.2.2 which we proved in this section.

Theorem 4.2.3 (Regression theorem). Consider an Lp language L. Suppose W is a
regressable L-formula and D is a DK action theory of L. Then, R[W] is a formula
uniform in Sy and

DEW=R[W].
Proof: By complete induction on the index of regressable L-formulas W, index ().

e Base case: When the index is ((0,0,...),(0,0)), then W is an atomic formula

uniform in Sy which does not mention Poss or equality between situation. By the



definition of the regression operator, R[W] = W and it is easy to see that the

theorem holds.

e Induction hypothesis: The theorem holds for all regressable £-formulas W such
that ((0,0,...), (0,0)) < index(W) < v.

e Induction step: We prove the theorem for formula W such that index(W) = v.

Following the definition of the regression operator, there are the following cases:

e IV is a regressable atomic formula that mentions equality between situations.

In other words W has the form do([ay, ..., an],S) ~ do([a},...,al], So), for

coy Wy

some m, n.
If m =n =0, then W is Sy =~ Sy, so R[W] =W and the theorem holds.
If m # n, then R[W] = false and ¥ =W = false, so the theorem holds.

If m=mn>1, then
YEW=ag=dAN. Na,=a, (4.4)

Moreover, a; ~ a} A ... A a,, = a, is regressable and has some index < wv.
Therefore, by induction hypothesis Rla; = a} A ... A a,, = al,] is uniform in
S() and

DEa~adA..Na, =a, =Rlag =a}A...Nay, =~ a, (4.5)

The theorem follows from (4.4) and (4.5).

e IV is a regressable Poss atomic formula of the form Poss(A(t),S) ~ t'. By
the definition of DK action theories, 4.1.5, there must exist in D an action

precondition axiom for A of the following form:

ViVsVy Poss(A(Z),s) =y

Ha(Z,s) Ny =TV lla(Z,s) Ny~ L

Without loss of generality, assume that all quantifiers (if any) of I14(Z, s) have

had their quantified variables renamed to be distinct from the free variables



(if any) of Poss(A(t),S). Then, by the definition of the regression operator
R[W] = R[W'] (4.6)

where W' is

zy...32,3a /\xZ mtiNax AZ)ANTTA(Z, S) At = TV alla(Z, S) At ~ L

Note that we pick z1,...,x,,a to be variables that do not appear free in W.

According to the Poss regression principle 4.2.2,
DEW=W (4.7)

Now, W' is uniform in S and in particular it does not mention Poss, nor it

mentions equality between situation terms. Therefore,
index(W') < index(W)

Furthermore, because W is regressable and W' is uniform in S, W’ is also
regressable and by so by induction hypothesis R[WW’] is a formula uniform in
So and

DEW =R[W (4.8)
The theorem follows from (4.6), (4.7) and (4.8).
W is a regressable atomic formula that mentions a term of the form
fU(¥,do(A’, S")) for some functional fluent fI’. Then, according to definitions
4.2.1 and 4.2.2, fl'(f,do(A’, S')) mentions a prime fluent term fI(t, do(A, S)).
By the definition of DK action theories, 4.1.5, there must exist in D a successor

state axiom for fl of the following form:
ViVaVsVy fl(Z,do(a,s)) =~y = Pp(Z,y,a,s)

Without loss of generality, assume that all quantifiers (if any) of ®4(Z,y, a, s)
have had their quantified variables renamed to be distinct from the free vari-

ables (if any) of fI(f.do(A,S)). Then, by the definition of the regression



operator

R[W] = RIW'] (4.9)

where W' is
Elxl...EIanlaEly/\xi ~tiNar~ ANDL(E Yy, a,S) A W|§l(£do(’4’s))

Note that we pick x1,...,x,,a,y to be a variables that do not appear free in

W,t, A, S. According to the fluent regression principle 4.2.1,
DEW=W (4.10)

<I>(t_; y, A, S) is uniform in S and in particular, it does not mention Poss
or equality between situation terms, or the function symbol do. Also,

fl(t,y, A, S) is a prime functional fluent term. Therefore,
index(W') < index(W)

Furthermore, W’ is regressable because W is and W’ is uniform in S, so by

induction hypothesis, R[W’] is uniform in Sy and
DEW =R[W (4.11)

The theorem follows from equations (4.9), (4.10) and (4.11)

W is a regressable formula of the form W = =W);. By the definition of the
regression operator,

R[] = ~R[W] (4.12)

Clearly, index(W;) < index(W) and formula W, is regressable. So, by induc-

tion hypothesis, R[I¥;] is uniform in Sy and
D =W, = RIW|

Therefore,

D= -W; = ~R[W,]



and by (4.12)
D ): —|W1 = R[—!Wﬂ
and the theorem holds.

e W is a regressable formula of the form W = W; A Ws,. Then,
R[W1 AWy = R[W1] A R[Ws]

and the theorem is proved similarly, as in the case where W = —Wj.

e IV is a regressable formula of the form W = JuI¥/;. Then,
R[FoW] = FvR[W]
and the theorem is proved similarly, as in the case where W = —Wj.

So, we have proved that the theorem holds for all the possible cases for W.

Thus, induction follows and the regression theorem holds. 0

4.3 Sensing and DK Action Theories

We now briefly discuss the issue of sensing in DK action theories. Lp and DK action
theories are defined in such way that the sensing approaches for situation calculus found in
the literature can be incorporated in a straightforward manner. The approach presented
in [Lev96] is based on an epistemic fluent KX which models the fact that the agent is unsure
about which situation it is in and the use of a special predicate SF which captures the
effect of a sensing action a in some situation s.

Nevertheless, the intention is to use Lp theories to model the epistemic state of the
agent and therefore the effect of SF should affect what the theory entails and not some
other epistemic fluent. Using intuitions from [SL03|, we present a simple way to treat
sensing in DK theories with the use of a function SR(a, s), which expresses the sensing

result of the action a in situation s.



All sensing actions are actions are of the form senses(fI(t)). This is intended to be
the action that senses the value of some fluent fI(f, s) at some situation s that the action
is performed. This action, instead of affecting some epistemic fluent K, it directly affects
the possible values of the sensed fluent. A simple way to do that is to let sensing actions
affect the value of the fluents in the same way as the non-sensing actions do, by setting
their value to the sensed input. This is similar to the approach used in *Golog languages
[LRL*97], [DGLLO00], [DGL99].

Furthermore, because of the similarity with regular actions, we chose to embed the
sensing actions into the successor state axiom. The successor state axiom for some fluent

fl has then the following form:
ViVaVsVy fl(Z,do(a,s)) =~y = ®p(Z,y,a,s)
where @y is

Q(7,y,a,5) = ara A ..

Va = sense(f(Z)) Ny ~ SR(a,s)

Note that similarly to any other action, there is no restriction on what the next value
of a fluent can be. What we know about a fluent in some situation s does not affect
its possible value after some action, sensing or not. So, the sensing might increase or
decrease the number of possible values, make the value precise or make it even unknown,
depending on the type of sensing.

This simple approach is problematic in the sense that the sensing results cannot be
used to reason about the situations before the sensing occurred. A sensing action has

more the effect of a setting action, which sets the disjunctive value of a fluent to the sensed



one. Nevertheless, our intention is to use DK theories of action which are carefully defined
so that to capture only fluent-based disjunctive knowledge. In such theories, the fluents
are essentially independent and therefore such backward reasoning would not contribute
to proving anything about other fluents in previous situations, but only that the sensed

value of the fluent “persists” in the past.

Example 4.3.1 (Sensing). Consider the SSA for fluent location(x, s) we saw in example

4.1.3, tuned to include the sensing action sense(location(x)).

VaVaVsVy location(z,do(a,s)) =~y = a ~ moveToLocation(z,y)
V a = sense(location(z)) Ny ~ SR(a,s)

V =(3z a = moveToLocation(x, z) V a =~ sense(location(x))) Ay = location(z, s)
Like example 4.1.3, suppose that the following hold for the initial situation.
location(box1, Sy)) = [room1]

location(box2, Sp)) = [room1, room2, room3|

Then, according to the previous successor state axiom,
location(box1, do(moveT oObject(boxl, box2), Sy))) = [room1, room2, room3|
Now suppose that the sensing action sense(location(boz2)) occurs with the sensing result
SR(sense(location(box2), do(moveT oObject(boxl, box2),Sy))) = [room3]
Then, for the resulting situation
s do(sense(location(box2)), do(moveT oObject(boxl,box2),Sy)))
the successor state axiom entails

location(box2, S)) = [room3]



but

location(box1, S)) = [room1, room2, room3]

O

The way sensing is treated here is simple but can represent a large variety of domains
in terms of dynamics. Even if it is restricted in sensing the value of some fluent, there
are ways of encoding other sorts of sensing into that, as for example sensing whether a
fluent’s value has some property. Also, sensing involving many fluents is broken down
into sensing each of the fluents involved.

We close this section saying once more that a DK action theory with sensing is not
intended to model the real world too. It models only the epistemic state of an agent
and the sensing of the real world is intended to happen by direct interaction with it.
The sensing results are intended to be acquired by the real world, “online” and whenever
needed, augmenting properly the initial theory with SR atoms. DK theories with sensing
are intended to be implemented into frameworks like Indigolog and the SR functionality

is intended to be provided by real sensors which interact with the world in real time.



Chapter 5

Implementation of DK Action

Theories

This chapter presents a method for soundly implementing a special form of DK action
theories in the logic programming language Prolog. The soundness of the implemen-
tation relies on the embedding of Lp in situation calculus and the soundness of the
implementation of a special form of situation calculus basic action theories, as presented
in [Rei01].

In section 5.1, we define £-normal form which is a syntactic normal form for L£p-
formulas, such that in each atom there is at most one appearance of the symbols that
need special attention for the implementation. These are the fluent symbols and the
function symbols which intend to capture predicate functionality which we call predicate
function symbols. We define a transformation for the syntax and semantics of Lp to
situation calculus and prove that for theories and formulas in £-normal form, entailment

in Lp can be reduced to entailment in situation calculus.

In section 5.2, we define the closed form DK action theories as the analog of the
restricted situation calculus basic action theories which can be soundly implemented in

Prolog, as presented in [Rei01]. These carefully defined £p theories capture fluent-based
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disjunctive knowledge only and moreover, according to the defined transformation, they
are embedded in situation calculus as appropriate basic action theories such that the
implementation theorem [Rei01] for sound implementation in Prolog applies. In this way,
we get the implementation theorem for DK action theories, which states that closed form
DK action theories can be soundly implemented in Prolog.

The last section presents a simple example of implementing such a DK action theory
in Prolog and also discusses how this can be done in the Indigolog framework using
Indigolog primitives.

We close this short summary of the technical work that follows, with a general re-
mark about the limitations of the theories we consider in this chapter. Closed form DK
action theories are very much restricted in a similar way that the basic action theories
implemented in Prolog are, but at the same time they essentially extend the situation
calculus basic action theories to account for fluent-based disjunctive knowledge. This
is achieved through the treatment of possible values and the motivation is that since
such theories capture only fluent-based disjunctive knowledge, they allow for an efficient

implementation.

5.1 Embedding Lp in Situation Calculus

In this section we will be showing how Lp can be embedded in the situation calculus.
We focus on L p-formulas of a specific syntactic normal form which is appropriate for the
implementation theorem we will be proving in the next section.

Starting from the fact that £p semantics rely on the simple structures for the evalu-
ation of atomic formulas, the next two lemmas show how to construct logical equivalent
formulas which syntactically illustrate this property. This is done by “unpacking” the
nested fluent-terms. What follows is essentially a generalization of two properties which

we used in the fluent regression principle proof, 4.2.1.



Lemma 5.1.1 (Possibly equals). Consider an Lp language L. For any n-ary function

symbol f, L-terms t,t', L-structure M and variable assignment i,

M fE) =ty iff MEIT N\ =t AF(E) =~

Proof: By the definition of truth in a structure 3.2.6, M = f(t) ~ t/[u] iff there exists

a simple structure M’ such that M’ < M and

FEM 1] = ™[y (5.1)

Since M’ is a simple structure, there exist ¢;,, ..., ¢;, such that

n

£ ) = {er,}
and by corollary 3.3.8,
FEM ) = f@M [uley, /)], where 5 [u] = {e,,}

and variables Z do not appear in t,t. Therefore, (5.1) holds iff there exists a structure

M’ such that M’ < M and
F@M 1) = 1 [uer, f2)], where t[u] = {e,)
By the definition of truth in a structure 3.2.6 and lemma 3.3.3, this holds iff
M J(@) ~ (e, f2,)], where o, € 2]
By the definition of truth in a structure and lemma 3.3.5, this holds iff
M= Nz =ty A f(E@) = (e, /x5)]
and by the definition of truth in a structure once more, this holds iff

M 33 N\ =ty A f(3) =t



Lemma 5.1.2 (Possibly equals 2). Consider an Lp language L. For any L-terms tq,ts,

L-structure M and variable assignment L,
MEL =G iff MEIxt=aNt =y
Proof: In a similar manner as the previous lemma. 0

The last two lemmas suggest a way of expanding L-formulas into logical equivalent
ones, so that each atom mentions at most a desired number of function symbols. For
instance, an L-formula can be expanded into one that has atoms that mention at most
one function symbol. We use these lemmas to define £-normal form for L-formulas, so
that DK action theories in that normal form can be embedded in situation calculus and
implemented in Prolog using techniques for implementing basic action theories [Rei01].

The important issue is the fact that functions have unique names in Prolog and so
the theories to be implemented will have to be restricted to comply with this. Therefore,
functional fluents, which take terms as values, and functions, which intend to emulate
predicates using constants T and 1, need to be translated into predicates appropriately.
In order to do this, we will be translating such function symbols and their value into
corresponding predicates with one extra argument. These issues will become clear later
in this section where we define the transformation of Lp to situation calculus and in the
next section where we formally see the restrictions needed for implementing situation

calculus basic action theories in Prolog. The formal definitions follow.

Definition 5.1.1 (Predicate function symbols). Consider an £p language £ and a subset
of the non-fluent function symbols in £, P, which are intended to capture the functionality
of predicates. We call this the set of predicate function symbols and includes all non-
fluent function symbols which are intended to be used as predicates, with the aid of T
and L.

We call the non-fluent symbols in £ which are not in P, pure function symbols and

in the same manner, a pure L-term is a rigid £-term that mentions no symbols in P and



a pure L-formula is a formula which mentions only pure terms. 0

In what follows, we may be talking about £, predicate functions and pure terms, while
keeping the declaration of P implicit. Now, we define a normal form for £-formulas, such
that all atomic formulas mention at most one fluent symbol or one predicate function

symbol. We call this, £-normal form.

Definition 5.1.2 (£-normal form). Consider an £p language £ and P the set of predicate
function symbols. An L-formula « is in £-normal form iff every atomic formula in « is

one of the following:

e cither pure

e or of the form
f#) =t
where f is a predicate symbol or a fluent symbol and Z,¢' are pure £-terms.

We define £ to be a recursive operator which applies lemmas 5.1.1 to replace the non-
pure arguments and 5.1.2 to replace the equality atoms between fluents and predicate

function symbols in the intuitive way, so that £[a] is in £-normal form. O
Example 5.1.1. Let o be the formula
dice(fl(t1,S),S) ~ dice(ts, S)

where dice, fl are fluent symbols and 1, 5, .S are pure terms. Then, according to definition

5.1.2, the following is a logical equivalent formula in £-normal form.
JxJy fl(ty, S) =~ x A dice(x, S) = y A dice(ty, S) ~ y
O

Corrolary 5.1.3 (€-normal form). Consider an Lp language £ with predicate function

symbols P. For any L-formula o, L-structure M and variable assignment p,

M [ alp] iff M Elally]



Proof: By the definition of operator &, at every step &£ replaces formula « by a logical

equivalent formula according to lemmas 5.1.1 and 5.1.2. U

Based on the intuition that non-pure function symbols are intended to be captured
by predicates, we define the transformation for £p syntax and semantics into situation

calculus. From now on we will be focusing on formulas that are in £-normal form only.

Definition 5.1.3 (Situation calculus language ﬁ) For an Lp language £, we define L

to be the situation calculus language which is the same as £ except that
e instead of symbol =~ it includes symbol =

e for each n-ary predicate function symbol f € P, it includes the (n+1)-ary predicate

symbol Py instead.

e for every n-ary fluent symbol f1, it includes the (n+ 1)-ary relational fluent symbol

Py, instead. [

Definition 5.1.4 (Situation calculus formula &). For an L-formula « which is in &-

normal form, we recursively define & to be a formula of £, as follows.
e « is a pure atomic formula, t; &~ t5. Then, & is t; = t».

e « is an atomic formula which mentions a predicate function symbol f. Since « is in
£-normal form, it is of the form f(Z) ~ #', where £, are pure terms of the correct

sort and f is a predicate function symbol. Then, & is Pf(t_: ).

e « is an atomic formula which mentions a fluent symbol fl. Since « is in £-normal
form, it is of the form fI(t,S) ~ t', where £, S, are pure terms of the correct sort

and fl is a fluent symbol. Then, a& is Py (t,t', S).
e « is —«;. Then & is —Gy.

e ais a; A ag. Then & is &y A Go.



e « is dxay. Then & is Jzd;.
For a set of L-formulas T', T'is {& : a € T'} O
Example 5.1.2 (Situation calculus formula &). Continuing example 5.1.1, let « be
Jzdy fl(ty, S) = = A dice(x, S) =~ y A dice(ts, S) =y

Then & is
JxIy Py(ts, 2, S) A Paice(x, Y, S) N Paice(ta,y, S)

W

Definition 5.1.5 (Situation calculus structure M). For an £p language £ and an £L-

structure M, we define M as the following structure of situation calculus language L.

e For each sort ¢ of the language L, M includes the same universe M; as M.

e For each relational fluent symbol Py, in L, there is a functional fluent symbol fl in

L and PJ{\lh is the following relation defined on structure M:
{(Z.cy,cs) ey € fFIM(E co)}

Intuitively, the possible values ¢, are encapsulated in the predicate relation appro-

priately, keeping the situation argument c, last.

e Similarly, for each predicate symbol P in L, PJ{‘% is the following relation:
{{@c) i ev € FUO}
The possible values ¢, are encapsulated in the predicate relation.
e For each pure function symbol f in £, fM(E) = d, where fM(¢) = {d}. O

Note that since |[M| and ]M] are identical and since the variable symbols are the
same in £ and £, we can use a variable assignment p both for reasoning about truth in
an L-structure M and an L-structure M. We now proceed to prove the main theorem

that will lead to the result that £p can be embedded in the situation calculus.



Theorem 5.1.4 (Embedding theorem). For an Lp language L, L-structure M, variable

assignment p and L-formula o in €-normal form,
M alu] iff M aly]
Proof: By induction on the construction of L-formulas o in £-normal form.

e Base case: « is an atomic L-formula.

If « is pure then it has the form t; &~ t5 where t1,1, are pure L-terms. Since t1,t,
are pure, they are also rigid and therefore they are interpreted into singleton sets.

Then, by the definition of truth in a structure 3.2.6,
M= alu] iff 1 [u] = t5" (]

where t{[u] = {c;} and t3'[u] = {co} for some ¢y, ¢y in |[M]. By the definition of

structure M 5.1.5, tM[u] = ¢; and tM[u] = ¢, so
M alu] iff 1) = t5"[u]
M= alu] it Mt =t
and by the definition of & 5.1.4,

M alu] iff M aly]

If o« mentions the (n + 1)-ary fluent symbol fI, then since it is in E-normal form,
it has the form fI(t,S) ~ t', where £, S are pure. Since t,t', S are pure, they are
also rigid and so they are interpreted into singleton sets. Then, by the definition

of truth in a structure 3.2.6 and lemma 3.3.3,
M= aly] iff t™M[u] € fi(t; )" [y]
where

M = e, ™M = {¢}, SM[u] = {es} for some ¢, cs,¢ € | M|



By the definition of term denotation 3.2.5,
M alp] iff ¢ € fiM(cr, .., en, c5)[1]

Now, by the definition of structure M,

and

or equivalently
M alp] i M Pu(t, $)[

Finally, by the definition of & 5.1.4,

M alp] iff M alyl

If o mentions a predicate symbol f, then since it is in £-normal form, it has the
form f(t) ~ t', where £,t are pure. The proof of the theorem for this case is very

similar to the one when o has the form fI(f,S) ~ ' and we omit it.

Thus, the theorem holds for the base case.
Induction hypothesis: The theorem holds for formulas o, as.
Induction Step: We prove the theorem for formulas —aq, a; A as, Jza;.
e « is my. By the definition of truth in a structure 3.2.6,
M alp] it M aqy]
By induction hypothesis,
M alu] it M )
and by the definition of & 5.1.4,

M= alu] iff M afy)



e « is a; A as. By the definition of truth in a structure 3.2.6,
M afu] iff M= asfu] and M |= asly]
By induction hypothesis,
M = alu] iff M nfp) and M = Gofy]
Therefore,
M = alp] iff M =y A o[yl

and by the definition of & 5.1.4,
M alu] iff M = aly]

e « is Jxa;. By the definition of truth in a structure 3.2.6, M = afu] iff there
exists a ¢ € M| of the correct sort, such that M = aq[u(c/z)].
By induction hypothesis and since |[M| and |[M)| are identical, M |= o[y iff
there exists a ¢ € M| of the correct sort, such that M = d4[u(c/z)]. There-

fore,

M alp] it M = Jzén[y]

and by the definition of & 5.1.4,
M E afy] it M afy]
So, we have proved that the theorem holds for all non-atomic cases of a.

Thus, induction follows and the embedding theorem holds. 0

We can now prove that entailment in Lp can be reduced to entailment in situation
calculus. There is an issue regarding predicate function symbols: we prove that entail-
ment can be reduced when considering Lp theories that treat the predicate functions in
the intended way, that is, they are forced to be interpreted into exactly one of T or L.

We state this precisely in the next corollary about reducing entailment.



Corrolary 5.1.5 (Entailment). Consider a theory D of an Lp language L such that it
consists of formulas in E-normal form and for every predicate function symbol f in P,

D includes exactly one axiom of the form
Vivy f(@) =y = y=~ TAO@) Vy~ LA-O(T)

where ©(Z) is a situation independent formula whose free variables are among Z. Then,

for any L-formula o in €-normal form,
DEa iff DEa

Proof: (<) Assume that D = a. For any structure M that satisfies D, we get by
theorem 5.1.4 that M satisfies D. Now, since D = a, M also satisfies 4. Therefore, by
theorem 5.1.4 again, M = a.

(=) Assume that D = a. The proof is the same as the other direction but in order to
use theorem 5.1.4, we need to show that for any model M’ of D there is an L-structure
M such that M = M’. We prove this by showing that we can construct a M as the
reverse transformation of M.

Let M’ be an arbitrary model of D. We construct L-structure M as follows.
e For each sort ¢ of the language £, M includes the same universe M; as M’.

e For each fluent symbol fl in £, there is a relational fluent symbol Py; in £ and fIM

is defined on structure M’ as follows:
fIM(E, cy) = {ev 1 (G ey, c5) € Py /}

e Similarly, for each function symbol in £ that appears in P, there is a predicate

symbol Py in £ and fM is defined on structure M’ as follows:

@) = {ev: (@ e) € P}



Note that in order for M to be an L-structure, f*(¢) must be a singleton set. This
is guaranteed by the form of D and the fact that M’ is a model of D: For each

function symbol of £ in P, D includes an axiom of the form
Vivy f(Z) =y = y= TAO@) Vy~ LA-O(Z)

where ©(Z) is a situation independent formula whose free variables are among 7.

Therefore, for each predicate symbol Py in ﬁ, D includes the axiom
ViVy Pp(Z,y) = y=T AO(Z)Vy= L A-O(I)

where O(Z) is a situation independent formula whose free variables are among .
This axiom guarantees that for each & there is only one element of the form (¥, y)

in relation P, as M’ is a model of D. Thus, fM(é) is a singleton set.

e Finally, for each function symbol f in £ that does not appear in P, f*(¢) = {d},
where fM (&) = d.

It is easy to verify that M = M’. Therefore, since M’ was arbitrary, for any model M’
of D there is an L-structure M such that M = M’ and we can use theorem 5.1.4 to

prove this direction in the same way as the other one. 0

5.2 Implementation Theorem for DK Action Theo-
ries

By corollary 5.1.5 follows that under conditions, entailment in £p can be reduced to
entailment in situation calculus using the transformation for formulas 5.1.4. We now
show how DK action theories can be soundly implemented in Prolog, utilizing this result
and the fact that a special form of situation calculus basic action theories can be soundly

implemented in Prolog.



In order to achieve this, we need to define a restricted form of DK action theories D
which, when reduced to situation calculus theories D using the transformation 5.1.4, they
form appropriate basic action theories such that the implementation theorem presented
in [Rei01] applies. The necessary restrictions for the “translated” basic action theories
D essentially ensure that the theories conform with the requirements of Clark’s theorem
[Cla78], [L1o87] for soundly implementing theories in Prolog.

The key notion that summarizes the restrictions needed for basic action theories in
situation calculus is that they should have a closed form initial database [Rei01]. In
the same manner and following closely this definition, we define the notion of a closed
form initial database for DK action theories; the definition is only tuned to apply to the
syntax of Lp. Then, we define the closed form DK action theories which can be soundly

implemented in Prolog.

Definition 5.2.1 (Closed form initial database for DK action theories). Consider an Lp
language £ which includes only finitely many function symbols and P the set of predicate

function symbols. An initial database Dg, of a DK action theory of £ is in closed form

ift

e For every fluent symbol in £, Dg, contains exactly one initial specification axiom

for that fluent,

Vavy fI(E,S0) =~y = U (7, y)

where V(7 y) is a formula uniform in Sy and whose free variables are among Z, y.

e For every predicate function symbol f in P, Dg, contains exactly one axiom of the

form

ViVy f(@) =y = yx= TAO(@) Vy~ LA-O(T)

where O(Z) is a situation independent formula whose free variables are among .



e The rest of Dg, consists of the following (countably infinite) sentences:

(a) For each pair of distinct pure function symbols f, g of sort object (including

constant symbols),
~f(7) = g(9)

(b) For each pure function symbol f of sort object,
f@1,nmn) = f(Y1, oy Yn) = T1RYLA o ATy R Yy
(c¢) For each pure L-term ¢ of sort object other than the variable x of sort object,
—tlx] = x
(d) For each pure L-term A of sort action other than the variable a of sort action,
—Ala) = a

In some restricted language which does not include the fluents and predicate func-
tions, or in £: Axioms (a) and (b) are uniqueness of names axioms for objects.
Axioms (c) and (d) strengthen the uniqueness of names axioms for actions and
objects and, as mentioned in [Rei01], they essentially capture the occur-check re-

quirement for the unification algorithm of proper Prolog systems. O

A closed form initial database Dg, for a DK action theory is carefully defined so that
when it is translated to situation calculus according to definition 5.1.4, it results to a
closed form initial database 1550 for a situation calculus basic action theory, as presented
in [Rei01]. In the same manner, closed form DK action theories D satisfy the necessary
requirements so that the corresponding situation calculus basic action theory D can be
soundly implemented in Prolog. Essentially, these requirements are the projection of the
ones needed by the implementation theorem for basic action theories in situation calculus

[Rei01], in Lp.



Definition 5.2.2 (Closed form DK action theory). A DK action theory of an £p language

L is a closed form DK action theory ift
e [ includes only finitely many function symbols
e the initial database Dg, is in closed form Il

So, we finally come to the intended result: By corollary 5.1.5, entailment of a closed
form DK action theory D is reduced to entailment of a situation calculus theory D which
satisfies the requirements for the implementation theorem for basic action theories [Rei01]
and can be soundly implemented in Prolog. Actually, there is a small complication in
this procedure which has to do with the treatment of predicates.

Lp is designed to be fully functional and so, as we saw in the previous chapters,
predicate functionality needs to be emulated by special functions with the aid of constants
T and L. On the other hand, functions in Prolog have unique names and therefore
non-pure symbols in Lp need to be emulated by non-standard predicates in order to
get implemented appropriately. In this way, the treatment of an intended predicate
symbol is a little awkward, as it is first captured by a function symbol f in £ which is
then translated into a predicate symbol Py with an extra argument in L. Despite being
awkward, this poses no complications for the predicate function symbols except for Poss.
The problem with Poss is that in 15, Poss is translated into Pp,ss which is no longer
the standard binary predicate symbol used in situation calculus, but a ternary predicate
symbol which encapsulates its truth value in its last extra argument.

Nevertheless, this is merely a technical issue, rather than an essential problem. The
definition of a closed form DK action theory D is such that for every ground instance of
a Poss term it is the case that the theory entails either that Poss has the value T or
the value | and this holds for D and Pp,ss atoms too. We can have the standard Poss

syntax in £ as a macro based on Pp,;.



Definition 5.2.3 (Poss macro in ﬁ) For an Lp language £ and the corresponding

situation calculus language £, we define the macro Poss(A, S) to be the £-formula
PPoss<A7 Sa T)

For a closed form DK action theory D, the corresponding situation calculus theory D

and the action precondition axiom for an action A(Z) in D,
VIVSVY Pposs(A(Z), s,y) = Ha(Z,s) ANy =TV lla(Z,s)Ny=1
we define an alternative action precondition axiom
VaVs Poss(A(Z),s) = T4(Z,s)
OJ

Lemma 5.2.1 (Correctness of Poss macro in ﬁ) For a closed form DK action theory

D of an Lp language L and the corresponding L, D,
D k= Poss(A,S) iff D= Pposs(A, S, T)

D = —Poss(A,S) iff D Ppess(A, S, L)

and for the purpose of evaluating regressable formulas in ﬁ, the alternative action pre-

condition axiom

ViVs Poss(A(Z),s) = Tla(Z,s)

can be used instead of the action precondition axiom for A in D,
VIVSVY Pposs(A(T), s,y) = Ha(Z,8) Ay =TV -lls(ZF,8) Ay =L
Proof: Directly from the definition of the action precondition axiom in D. Note that
D = Pposs(A(1), S, T) iff D= T4( S)

D = Pposs(A(1), S, L) iff D = —II4(t, )



We will be using the Poss macro and the alternative action precondition axioms so
that D has the standard basic action theory syntax. There is one last thing we need to
make precise before we present the implementation theorem for closed form DK action
theories. Since we will be using the Poss macro for the evaluation of formulas, we need
to ensure that all £-formulas which will be translated in £ are restricted to mention
Poss in atoms of the form Poss(A,S) ~ T or Poss(A,S) =~ L only and also that they
are translated appropriately in L using the Poss macro. For the next results we need to
focus in formulas which are in £-normal form which is essentially the syntactic £-normal

form with the needed restriction for Poss atoms.

Definition 5.2.4 (£f-normal form). A formula L-« is in ET-normal form iff it is in

E-normal form and for all atoms of the form
Poss(t) =t
t' is either T or L. O

In what follows we assume that all £-formulas are in £t-normal form. This is not
a restriction because all formulas can be transformed in some logical equivalent formula
in &-normal form (corollary 5.1.3) and furthermore, in the context of a closed form DK
action theory, every formula of the form f(f) ~ t' is logically equivalent to either f(£) ~ T,
or f (f) ~ |, or false. Also, for simplicity, we do not define another transformation from
L p to situation calculus, but assume that £-formulas which mention Poss are translated
according to 5.1.4 into appropriate atoms in L utilizing the Poss macro defined in 5.2.3.

We now copy the implementation theorem found in [ReiO1], applied to D according

to the previous remarks about Poss.

Corrolary 5.2.2 (Implementation theorem for 15) Consider an Lp language L which
includes only finitely many function symbols and the closed form DK action theory D of

L. Let D be the situation calculus basic action theory which we get from D, according



to the definition 5.1.4. Then, D has finitely many relational fluents and action function
symbols and f)go 15 1n closed form. So, according to the implementation theorem, let G be
the Prolog program obtained from the following sentences, after transforming them with

the Lloyd-Topor transformations, [Llo87]:
e [For each definition of a non-fluent predicate of 1550 of the form Vi P(Z) = Op(¥):

O(Z) — P(¥)

e For each definition of a fluent predicate off?go of the form V' Py (%, Sy) = \iffl(:f’, So):

\ilfl(fv SO) - Pfl(‘i SO)

e For each action precondition aziom of Dapa of the form V@V¥s Poss(A(Z),s) =

~

HA(.f, 8).’

~

[T4(Z,s) — Poss(A(Z), s)

e For each successor state axriom of Dssa of the form YiVaVs Pp(Z, do(a,s)) =
Cﬁﬂ(f,a,s):

d (2, a,s) — Pp(E, do(a,s))

Then, G provides a sound Prolog implementation of the basic action theory D for the

purposes of proving regressable sentences, in the following sense:

o Whenever a proper Prolog interpreter succeeds on a normal Prolog goal G with
answer substitution 0, then D = (V)GO. (V)GO denotes the result of universally
quantifying all the free variables (if any) of Go.

o Whenever a proper Prolog interpreter returns failure (that is, whenever it finitely

~

fails to obtain derivation) on a normal Prolog goal G, then D |= (V)-G.

Note that the query G should be a regressable ﬁ-fm’mula which s first transformed by

the Lloyd-Topor transformation before execution by this program. ([l



So, closed form DK action theories can be soundly implemented in Prolog with the aid
of the transformation defined in 5.1.4 and the implementation theorem for basic action

theories in situation calculus.

Corrolary 5.2.3 (Implementation theorem for D). Consider an Lp language L which
includes only finitely many function symbols and the closed form DK action theory D of
L. Let D be the situation calculus basic action theory which we get from D, according to
the definition 5.1.4 and G be the Prolog program we get according to the implementation
theorem for D (corollary 5.2.2).

Then, G provides a sound Prolog implementation of the closed form DK action theory
D for the purposes of proving regressable sentences in EY-normal form, in the following

Sense:

o Whenever a proper Prolog interpreter succeeds on a normal Prolog goal G with
answer substitution 0, then D = (V)GO. (¥Y)GO denotes the result of universally

quantifying all the free variables (if any) of GO.

o Whenever a proper Prolog interpreter returns failure (that is, whenever it finitely

fails to obtain derivation) on a normal Prolog goal G, then D |= (V)-G.

Note that the query G should be a regressable ﬁ—formula in ET-normal form which is first

transformed by the Lloyd-Topor transformation before execution by this program.
Proof: Directly, from corollary 5.1.5 and the implementation theorem 5.2.2. 0

The next section presents a simple example of the application of the implementation

theorem and discusses the implementation of closed form DK action theories in Indigolog.

5.3 The Dice World — A Simple Example

As we saw in this chapter, the main issue for implementing closed form DK action theories

D is to reduce entailment to an appropriate basic action theory D. This proved to be



quite intuitive: in just a few words, closed form DK action theories are defined in such
way, so that the “possibly equals” effect of equality in £p semantics can be encapsulated
into the definitions of appropriate relational fluents P;.

We now present an example of a closed form DK action theory which is based on defi-
nitions and axioms we used in the examples of the previous chapters. This is not a typical
example of some interesting domain, rather than a simple example which summarizes the
implementation issues discussed in the previous section.

The Dice World consists of a number of four-sided dice on a table. The dynamics of
the domain is limited to the dynamic state of the dice which is affected by the actions
of picking up, rolling or placing down a dice setting its value. Let £ be the Lp language

which includes the following symbols.

e Two fluent symbols: the binary function symbols dice, which is used the same way
as all previous examples, and holding, which expresses that the agent is holding

some object.

e Three action symbols: the unary function symbols roll Dice, pickup and the binary
function symbol setDiceValue. Similar to what we saw in example 4.1.2, action
rollDice(x) rolls the dice x to the table and setDiceValue(x,y) places the dice x
on the table setting so that its value is y. Action pickup captures the intuitive

effect.

e One unary function symbol isdice emulating predicate functionality as in example

3.3.9.

The set P of predicate functions consists of Poss and isdice. Also, all function symbols
are defined so that they get arguments of the intuitive sort.

Let D be the following DK action theory of L:

D =XUDgsaUDapaUDynaUDsg,



where

e Dg, includes a similar initial specification axiom for dice as we saw in example 4.1.1
and one for holding. These axioms express that in the initial situation the agent is

holding nothing and the dice are on the table with value 1 facing up.

VaVy dice(z, Sp) =y = isdice(z) = T ANy ~ 1 Visdice(x) ~ L

VaVy holding(x,Sy) ~y=y~ L

Dg, also includes the required axiom for the function symbol isdice we saw in
example 3.3.5, which captures the fact that there are three dice with specific names.

For simplicity we chose the numbers 1,2,3 for names.

Vaisdice(r) =y = (r = 1V = 2Vx = 3) Ay~ TV-(r = 1V = 2Vx = 3)A\y ~ L

e Dgs 4 includes the successor state axiom for dice we saw in example 4.1.2 tuned for

setDiceValue, pickup and an intuitive successor state axiom for fluent holding:

VaVaVsVy dice(x,do(a,s)) ~y = a~rollDice(x) N(yx~1Vyx2Vyx3Vy~4)
V oa = pickup(x) AN(y=1Vy~2Vyx3Vy=x4)
V a = setDiceValue(z,y)
V =(a = rollDice(x) V a =~ pickup(z)

V 3z a = setDiceValue(x, z)) Ny ~ dice(x, s)

Action pickup has a similar effect to the value of a dice as action rollDice, which

is not very accurate. Nevertheless, we mention once again that this is not intended



to be a completely realistic real-world example.
VaVaVsVy holding(x,do(a,s)) ~y = a = pickup(x) Ny~ T
V a = rollDice(x) Ny~ L
V 3z a = setDiceValue(z,z) Ny ~ L
V' =(a = pickup(x) V a = roll Dice(x)
V 3z a = setDiceValue(x, z)) Ay ~ holding(zx, s)

Note that except for pickup, all the actions have the effect that the agent is no

longer holding the dice.

e D,pa includes an action precondition axiom for each of the the action function

symbols.
VsVaVy Poss(rollDice(x),s) =y = Ii(x,s) Ny~ T V-llj(z,s) ANy~ L

VsVaVzVy Poss(setDiceValue(x, z),s) =y = Iy(x,s)A\y ~ TV-lly(z,s)Ay ~ L

VsVaVzVy Poss(pickup(x), s)

Q

y = s(x,s) ANy~ TV -llz(z,s) ANy~ L

where

IIy(x,s) = ly(z,y,s) = isdice(x) = T A holding(z,s) = T

3(z,s) = true

e X is the foundational axioms for situations and Dyy,4 is the set of unique names

axioms for actions function symbols.

5.3.1 The Dice World in Prolog

According to definition 5.1.4, D is the following DK action theory of L:
ZA) = 2 U 'ﬁsgA U ZA)APA U ZA)UNA U 'ZA)SO

where



. 2550 includes the following sentences:
vay Pdice(x7 Y, SO) = Pisdice(x) A Yy = 1v _'Pisdice(x)

VoY Phoiding(®,y,S) =y =1

Vo Pisgice(z) = (x=1Vaz =2Vz=23)
° 1555 4 includes the following sentences:

VaVaVsVy Pyice(z,y,do(a,s)) = a=rollDice(x) N(y=1Vy=2Vy=3Vy=4)
V oa=pickup(x) N(y=1Vy=2Vy=3Vy=4)
V a = setDiceValue(x,y)

V' =(a = rollDice(x) V pickup(x) V 3z a = setDiceValue(z, 2)) A Pice(x,y, $)

VaVaVsVy Prowing(z,y,do(a,s)) = a = pickup(x) Ny =T
V a=rollDice(x) Ny =L
V a = setDiceValue(x,z) Ny = L
V' =(a = pickup(z) V a = roll Dice(x)

V 3z a = setDiceValue(x, 2)) A Phoiding(Z, Y, S)

oD apa includes the following sentences:
VsVx Poss(rollDice(x),s) = Ii(x,s)

VsVaVz Poss(setDiceValue(x,z),s) = lly(z,z,s)
VsVa Poss(pickup(z),s) = lls(x,s)

where

A~ A~

H1(33, 8) = Hz(l', Y, 5) = Pisdice<x> A Pholding(xa T, 5)

A

I3(z,s) = true



e > and ﬁUNA are according to definition 5.1.4.

Now, according to the implementation theorem for D, 5.2.3, we construct the Prolog

program G; which appears in table 5.3.1.

isdice(X) = (X=1; X=2; X=3).
dice(X,Y,s0) :— (isdice(X), Y=1); \+isdice(X).
dice(X,Y,do(A,S)) :— (A=rollDice(X), (Y=1; Y=2; Y=3; Y=4));

(A=pickup(X), (Y=1; Y=2; Y=3; Y=4));
A=setDiceValue(X,Y);
(\+(A=rollDice(X); A=pickup(X); A=setDiceValue(X,Z)),

dice(X,Y,S)).

holding(X,Y,s0) :— Y=bot.

holding(X,Y,do(A,S)) :- (A=pickup(X), Y=top);
(A=rollDice(X), Y=bot);
(A=SetDiceValue(X,Z), Y=bot);
(\+(A=pickup(X); A=rollDice(X);

A=SetDiceValue(X,Z)), holding(X,Y,S)).

poss(rollDice(X),S) :— isdice(X), holding(X,top,S).
poss(setDiceValue(X,Y),S):- isdice(X), holding(X,top,S).

poss (pickup(X),S) := true.

Table 5.1: Prolog program G4

We will be testing G; on SWI-Prolog Version 5.2.13 (Copyright (c¢) 1990-2003 Uni-
versity of Amsterdam). Before we do that, we note that the soundness result of the

implementation theorem relies on a fundamental result of Keith Clark [Cla78], [L1o87]



that correlates first order logic theories with Prolog programs. We emphasize that this re-
sult holds about a proper Prolog interpreter which in particular includes the occur-check!
in the unification algorithm and does not flounder?.

Most of the Prolog systems, including SWI-Prolog, fail both of these conditions. The
absence of the occur-check is not a problem in general and [AP94] provides a mechanism
for transforming every program into one for which only the calls to the built-in unification
predicate need to be resolved by a unification algorithm with the occur-check.

What is more important is that in the existing Prolog systems, soundness is granted as
long as negation as failure is used only on ground atoms, so as to avoid floundering. This
means, for example, that some negation that appears in the scope of a universal quantifier
is likely to falsify the soundness result. This is very restricting, since the predicates that
are used in programs such as G;, capture the possible values for the fluents and the
universal quantifier is needed to express essential notions like the K macro.

We now see some examples on reasoning about actions in the context of theory D,
using Prolog program G; and then we discuss how this issue regarding floundering can
be treated. Note that the second last argument of some fluent predicate is essentially the

possible value for the functional fluent that is intended to represent.

e What is a possible value for each of the dice in the initial situation?

?- dice(1,Y,s0).
Y=1;

No

?- dice(2,Y,s0).
Y=1;

No

?- dice(3,Y,s0).

!The unification algorithm fails to unify the variable x with any complex term which includes z.
2 Application of negation as failure to non-ground terms.



Is is possible to execute the sequence of actions [pickup(1),roll Dice(1)]?

7- poss(pickup(1),s0), poss(rollDice(1),do(pickup(1),s0)).

Yes

?-

What is a possible value for each of the dice after these actions are performed? Let

this situation be S,.

7- dice(1,Y,do(rollDice(1) ,do(pickup(1l),s0))).

Y=1;
Y=2;
Y =3 ;
Y =4 ;
No

?7- dice(2,Y,do(rollDice(1) ,do(pickup(1),s0))).
Y=1;

No

?7- dice(3,Y,do(rollDice(1),do(pickup(1),s0))).
Y=1;

No

‘?_

Is is possible to execute the action rollDice(2) or setDiceValue(2,1) in situation

Sy?



7- poss(setDiceValue(2,2),do(rollDice(1),do(pickup(1),s0))).
No
7- poss(rollDice(2) ,do(rollDice(1),do(pickup(1),s0))).

No

Is is possible to execute the sequence of actions [pickup(2), set DiceValue(2,2)] in

situation S;7

7- poss(setDiceValue(2,2),do(pickup(2),do(rollDice(1),
| do(pickup(1),s0)))).

Yes

What is a possible value for each of the dice after these actions are performed?

7- dice(1,Y,do(setDiceValue(2,2) ,do(pickup(2),do(rollDice(1),

| do (pickup(1),s0))))).

Y=1;
Y=2;
Y=3;
Y =4 ;
No

7- dice(2,Y,do(setDiceValue(2,2) ,do(pickup(2),do(rollDice(1),

| do (pickup(1),s0))))).

No
7- dice(3,Y,do(setDiceValue(2,2),do(pickup(2) ,do(rollDice(1),

| do (pickup(1),s0))))).



So, we can reason about the possible values of a fluent fl and we can actually get the
completeness effect of a strong fl-formula, like fI = [1,2,3,4], using Prolog’s function-
ality that can give all the solutions for a goal. For instance, we saw that in situation S

dice 1 has exactly the possible values 1, 2, 3, and 4. This is what the formula «
dice(1, 52) = [1,2,3,4]

expresses. As we noted in the beginning though, any negation applied to non-ground
terms will falsify the soundness result and therefore, the formula itself cannot be soundly
evaluated by the Prolog program. If we expand the dice(1, S;)-formula macro it becomes

clear why floundering is a problem.
Yy dice(1,9) ~y=y~1Vy~2Vyx=3Vy~x4

Negation that is hiding in the = macro is applied to non-ground atoms and so, any results
regarding closure on possible values is not guaranteed to be sound.

Nevertheless, we can restrict universal quantification to be bounded and force the
variables in non-ground atoms to range over some finite set. In this way we lose expressive
power, which one could argue that is not very crucial in real-world robotic domains, but
we also avoid floundering, ensuring soundness of the results. In order to do this, we need
to define a generic mechanism for doing a bounded version of the universal or existential
quantifier, instead of using normal Prolog unification and the Lloyd-Topor rules.

The *Golog languages [LRLT97], [DGLL00], [DGL99], which we briefly talked about
in chapter 2, account for this issue and furthermore offer a concise way of representing
situation calculus basic action theories. The intention is to use the existing Indigolog

framework [DGL99] to represent closed form DK action theories, instead of augmenting



programs like G; that are constructed according to the implementation theorem 5.2.3.
Furthermore, in doing this we benefit all the rich functionality of Indigolog, as described

in chapter 2.

5.3.2 Implementing Closed Form DK Action Theories in In-
digolog

We now briefly present how situation calculus basic action theories are represented in
Indigolog and then discuss how closed form DK action theories can be implemented in
the Indigolog framework using the same primitives. The discussion is informal and is
based on the intuitions behind the implementation of basic action theories in Indigolog
and the observation that, in a sense, closed form DK action theories are capturing the
effect of many possible basic action theories.

The implementation of a basic action theory in Indigolog is treated in a generic way.
Instead of writing a Prolog program which captures the theory itself, the basic notions
of basic action theories are implemented in a generic evaluation module and the specific
details of the theory in question are provided by the user in a concise Prolog program.

The implementation of a basic action theory in Indigolog includes:

The definition of functional fluents using predicate fun_fluent (Fluent).

e The definition of primitive actions using predicate prim_action(Action).

e The definition of sensing actions using predicate senses(Action, Fluent). The
sensing actions have the effect that after they are executed, the value of the fluent

is set to be the sensed value.

e The representation of situation independent action precondition axioms using the
predicate poss(Action, Condition). This expresses that when Condition holds,

action Action can be performed.



e The representation of the initial situation Sy using predicate
initially(Fluent, Value). This expresses that the fluent Fluent has

value Value in .5j.

e The representation of the successor state axioms using predicate
causes_val(Action, Fluent, Value, Condition). This expresses that
when Condition holds, the execution of action Action causes the fluent Fluent

to get the value Value.

The representation of basic action theories is the same as in Golog, more details can be
found in [LRL*97]. Details about sensing in Indigolog can be found in [DGL99].

We now review the way functional fluents are treated in Indigolog. Since all func-
tion terms have unique names in Prolog, in order to implement functional fluents, their
effect has to be compiled into predicates. This can be done in the same way a DK
theory D is translated in a basic action theory 15, using a predicate which encapsu-
lates the functional fluent’s value as an argument. Instead of that, in Indigolog there
is a special predicate which captures this effect in a generic way. This is the predicate
has_val(Fluent, Value, History) and is intended to express that after performing
the sequence of actions History, the functional fluent Fluent has the value Value.

The evaluation of formulas in Indigolog relies on has_val and a special predicate
holds(Formula, History) which implements the revised Lloyd-Topor transformations
[Rei01]. Furthermore, holds provides bounded existential and universal quantification
functionality. The soundness of the Indigolog programs relies then on the program-
mer who should ensure that the Indigolog programs are such that they will produce
ground atoms whenever during the execution of the program negation as failure is
used. Note that the syntax of formulas Formula is very intuitive and includes opera-
tors neg(F), or(F1, F2), and(F1, F2), all(X, F), some(X, F), all(X, Domain, F),
some (X, Domain, F), impl(F1, F2), equiv(F1l, F2) and the use of equality in the

normal way.



The intuition is that Indigolog functionality is convenient for implementing closed
form DK action theories too. The only difference in implementing a closed form DK ac-
tion theory using Indigolog primitives is that the predicates initially and causes_val
are not forced to have a unique solution for Value for each instantiation of the arguments.
For example, the fluent dice(1) may have two possible values in the initial situation. This
is can be captured by having two initially clauses in the Prolog program implement-
ing the theory. In a similar way, the predicate causes_val can be defined so that to
capture many options for the value of some fluent after an action has been performed.
In this way, the effect of non-standard equality in Lp is captured by normal equality
in Prolog with the aid of predicate has_val, which under these circumstances is more
like has_poss_val, capturing the fact that a fluent has a possible value rather than a
definite one. From another point of view, we could say that a closed form DK action
theory summarizes many possible basic action theories, each of which defines a possible

value for the fluents.

So, the implementation of closed form DK action theories can be done in a similar way
as basic action theories using the Indigolog framework. The only difference is that the
primitives are used so that to provide more options for the possible values of the fluents.
We will now focus only on the evaluation mechanism of Indigolog that essentially solves

the projection task.

Indigolog is built so that to be able to implement various action theories and evaluate
formulas depending on the corresponding evaluation module. We provide a new evalu-
ation module for doing projection in closed form DK action theories. The closed form
DK action theory evaluation module is the same as the one for basic action theories,
without the optimizations which prevent backtracking for predicate has_val. Indigolog
functionality as a high-level programming language, which we discussed in chapter 2, is
implemented in another module. In the same manner, we can provide a new indigolog

incremental interpreter module so that the language constructs take into account the



possibility that there can be more than one solutions for has_val. Again, the issue is to
remove any optimizations that are based on the assumption that fluents can be proven

to have at most one value.

5.3.3 The Dice World in Indigolog

Based on the previous remarks, we construct the following Indigolog program G,, as the
implementation of the dice world theory D we saw in section 5.3. We briefly explain the
structure of G,.

We first define the finite domains which we will use for bounded quantification. These
will be also used with the predicate domain(Variable, Domain) which assigns a user-

defined domain to a variable, to make formulas more readable.

/* Domains, Sorts */

dice([1,2,3]). %The domain of dice names
diceValues4([1,2,3,4]). %The domain of possible values for 4-sided dice
diceValues([1,2,3,4,5,6,7,8,9,10]).

%The domain of possible values for all dice

We then specify the functional fluents and the primitive actions of the language.
Note that we also include functional fluent ¢ which will be used to illustrate the effect of

possible nesting of fluent terms, as in example 4.1.2.

/* Functional Fluents and Actions */
fun_fluent(dice(_)).

fun_fluent (holding(_)).
fun_fluent(t).
prim_action(pickup(_)).
prim_action(rollDice(_)).

prim_action(setDiceValue(_,_)).



Then, we specify the initial situation and the causal laws which capture the dynamics
of the fluents. The initial situation axioms include the definition of the predicate function

isdice.

/* Initial Situation */
initially(dice(X),Y):- domain(X, dice),Y=1.
initially(holding(_),Y):- Y=bot.
initially(t,Y):- Y=1,;Y=2.

isdice(X) :- domain(X,dice).

/* Causal Laws */

/* Fluent dice(_) */

causes_val(pickup(X), dice(X), Y, true):- domain(Y,diceValues4).
causes_val(rollDice(X), dice(X), Y, true):- domain(Y,diceValues4).
causes_val(setDiceValue(X,Y), dice(X), Y, true).

/* Fluent holding(_) */

causes_val(pickup(X), holding(X), top, true).
causes_val(rollDice(X) ,holding(X), bot, true).

causes_val(setDiceValue(X,_), holding(X), bot, true).

Finally, we specify the preconditions for the actions in the domain.

/* Action Preconditions */
poss (pickup(X), true).
poss(rollDice(X), (isdice(X), holding(X,top))).

poss(setDiceValue(X), (isdice(X), holding(X,top))).

Now, following example 4.1.2, consider situation S where the dice 1 has the value 3

and dice 2 has the value 4. The term ¢ of the example that has the possible values 1 and



2 is now the fluent t. Let S be the situation which results after executing the sequence

of actions [pickup(l), set DiceValue(1,3), pickup(2), set DiceV alue(2,4)].

e First we verify that the possible values for the fluents in S are the intended ones.

7- holds(dice(1)=Y, [setDiceValue(2,4) ,pickup(2),setDiceValue(1,3),
| pickup(1)]1).

Y =3 ;

No

7-holds(dice(2)=Y, [setDiceValue(2,4) ,pickup(2),setDiceValue(1,3),

| pickup(1)]1).

No
7- holds(dice(3)=Y, [setDiceValue(2,4) ,pickup(2),setDiceValue(1,3),

| pickup(1)]1).

e As also mentioned earlier, in this framework we can also express the strong dice-

formulas, using bounded universal quantification over all possible values of all dice.

dice(1,S) = [3]:

7- holds(all(v,diceValues,equiv(dice(1)=v,v=3)),
| [setDiceValue(2,4) ,pickup(2),setDiceValue(1,3),pickup(1)]).

Yes



dice(2, S) = [4]:

7- holds(all(v,diceValues,equiv(dice(2)=v,v=4)),
| [setDiceValue(2,4) ,pickup(2),setDiceValue(1,3),pickup(1)]).

Yes

dice(3,S) = [1]:

7- holds(all(v,diceValues,equiv(dice(3)=v,v=1)),
| [setDiceValue(2,4) ,pickup(2),setDiceValue(1,3),pickup(1)]).

Yes

Note also, that we can prove that wrong strong dice-formulas do not hold.

dice(3,5) = [2]:

7- holds(all(v,diceValues,equiv(dice(3)=v,v=2)),
| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pickup(1)]).

No

?-

dice(3,5) = [1, 2]

7- holds(all(v,diceValues,equiv(dice(3)=v,or(v=1,v=2))),
| [setDiceValue(2,4) ,pickup(2),setDiceValue(1,3),pickup(1)]).

No

?_

Finally, we now verify that in S we get the correct results for some of the formulas

we examined in example 4.1.2. Note that the formulas to be evaluated are first



transformed into £ -normal form.

dice(t, S)) = [3,4]:

?7- holds(all(y,diceValues,some(x,t,equiv(dice(x)=y,or(y=3,y=4)))),
| [setDiceValue(2,4),pickup(2),setDiceValue(1,3),pickup(1)]).

Yes

dice(1, do(set DiceValueTol(1),S)) = [1]

7- holds(all(y,diceValues,equiv(dice(1)=y,y=1)),
| [setDiceValue(1,1),pickup(1l),setDiceValue(2,4),pickup(2),
| setDiceValue(1,3),pickup(1)]).

Yes

dice(t, do(set DiceValueTol(1),S)) = [1,4]:

7
holds(all(y,diceValues,some(x,dice,

| and (equiv(dice(x)=y,or(y=3,y=4)),t=x))),

| [setDiceValue(1,1),pickup(1),setDiceValue(2,4),pickup(2),
| setDiceValue(1,3),pickup(1)]).

Yes

We close this chapter with a brief note on the complexity of doing theorem proving
in the context of a closed form DK action theory.
In closed form DK theories, incomplete knowledge is captured by the possible values

of fluents only and since the fluents are forced to be always independent, the intention



is that the truth evaluation of some formula breaks down to atoms, which implies the
desired efficiency. This is not always true, though, because a non-ground fluent atom /3
that appears in the scope of some existential quantifier can have more than one ground
instances that satisfy it, as a result of the interpretation of ~. So, as the variables in
(£ may appear in other atoms of the same formula too, atoms of the formula can in
general be correlated, essentially forming constraints about the possible values for the
fluent terms. In this way, the evaluation of a formula is a constraint satisfaction problem
on the possible values of the fluents, which is in the worst case exponential in the number

of fluent symbols appearing in the formula.

This worst case scenario is not appealing but it illustrates exactly the design stance we
adopted which is to allow for variable efficiency according to the user’s needs. Complex
properties regarding (fluent-based) disjunctive knowledge can be expressed, but the user
is warned that they do cost in efficiency. The dominating factor in the complexity
of determining the truth evaluation of a regressed formula o in £-normal form is the
mazimal number of correlated fluents in a. Note, that the correlation of the fluents is
easy to identify, as it is the correlation of some argument or the value of a fluent with
some argument or the value of some other fluent. It is something that does not happen
accidentally when doing knowledge representation, like perhaps some complex syntactic
property of the formula which does not correspond to some semantic property too. For
instance, this happens in the case of nested fluents in L-terms, which in £-normal form
are expanded appropriately. Note also, that even if it is common two fluents to be
correlated, it is not common that many fluents are correlated mutually. There can be
many puzzles where this is true, but in common theories about robotic domains where
DK action theories are intended to be used, we expect the maximal number of correlated

fluents to be small, allowing for efficient theorem proving.

Finally, note that this issue about complexity arises when the user is reasoning about

the possible values using variables in a general way to form constraints about them, or



when this effect occurs by expanding nested fluent terms. If the user uses only the strong
fl-formula and the K macros when reasoning about the possible values, then the intended

efficiency is guaranteed.



Chapter 6

Conclusion

In this thesis we explored some alternative semantics for the situation calculus, which
are based on the notion of possible values. L£p languages feature extended expressiveness
regarding disjunctive knowledge, as a direct consequence of the non-standard semantics.
We regard L p theories to be implicitly epistemic in a limited way, as the notion of “being
possibly equal” is equivalent to the notion of “not known that it is not equal”, in the

normal modal logic sense.

In chapter 4, we showed that the normal situation calculus syntax utilizes the features
of Lp semantics in a natural way, resulting to epistemic action theories with a special
treatment of disjunctive knowledge. The definition of DK action theories is based on the
usual notions, such as the notion of the successor state axiom, keeping most of the syntax
identical to situation calculus basic action theories. For instance, the standard syntax
for a successor state axiom, when used in Lp, has the effect that it actually defines how
the possible values of a fluent change according to the execution of actions, instead of
the value of the fluent itself. This also illustrates the intuition behind our view of Lp
theories as being implicitly epistemic.

Lp expressiveness is suitable for restricting DK action theories so that any disjunc-

tive knowledge captured refers to one fluent only, each time. In this way, the fluents

112



are independent and the disjunctive knowledge captured by the theory is limited to be
fluent-based. This is a property that allows for variable efficiency depending on the rep-
resentational needs. In chapter 5, we showed that closed form DK action theories are
carefully defined DK action theories which capture only fluent-based disjunctive knowl-

edge.

The implementation of such theories is based on their reduction to some appropriate
situation calculus basic action theory. This essentially shows that we can achieve the
limited disjunctive knowledge effect by directly defining the resulting non-standard basic
action theories. These theories treat knowledge in a way that resembles the modal
fluents of Demolombe and Pozos Parra. In particular, it is as if all fluents are modal
and functional, incorporating the possible value as an extra argument of each fluent.
Nevertheless, closed form DK action theories benefit in that they feature intuitive syntax
based on the possible values for the fluents and subsume the situation calculus basic action
theories. Furthermore, in chapter 5 we showed that closed form DK action theories can be
implemented in languages like Indigolog in a natural way, using the already implemented

language primitives.

A quick comparison with other approaches in the literature shows that closed form
DK action theories are weaker than the Scherl and Levesque epistemic fluent approach,
which was actually our intention so that to allow for efficient evaluation mechanisms,
and that it has comparable expressiveness with the PKS system. On the other hand,
even if in this thesis we focused on (closed form) DK action theories which are based on
the standard situation calculus syntax, more general Lp theories of action can capture
the functionality of most of the approaches in the literature, including the Scherl and
Levesque epistemic fluent. An interesting question is then, whether the extended expres-
siveness regarding disjunctive knowledge, that £p semantics provides, can reveal hidden
properties or correlations between the various approaches, in a similar way that it did

regarding fluent-based disjunctive knowledge.



Focusing on the structure of Lp semantics, we see that it is based on intuitions from
many-valued logics, so that terms are interpreted into multiple objects. We saw that
this functionality along with the proper use of the constant symbols T and L is capable
of emulating predicates. It would be interesting to explore the possibility of using more
than two truth values along with the appropriate foundation axioms to express other
modalities such as likelihood for example. From a different point of view, it seems
interesting to explore whether Lp semantics can capture the functionality of standard
many-valued approaches in the literature, such as for instance three-valued logics.

Finally, we point out some possible directions of future research regarding Indigolog
framework, in the context of closed form DK action theories. Based on the notion of
possible values, we can define variations of Indigolog constructs. For instance, we could
define a search operator X.,,q that returns a conditional plan based on the incomplete
knowledge represented in the epistemic state of the agent, or an optimistic search operator
Yopt Which returns a linear plan that is only possible to be successful according to the
epistemic state again.

We also note that in the context of possible values, the sensing functionality that
Indigolog provides is very limited, as a sensing action can only result to setting the
value of a fluent to be the sensed result, without any incomplete knowledge. In order
to fully utilize the Lp epistemic setting, though, it is necessary that sensing actions can
result in incomplete knowledge that depends on the situation that sensing was performed.
For example, this is necessary in order to represent sensing actions which can rule out
possible values for fluents, essentially shrinking the incomplete knowledge. Similarly,
sensing which results to certain incomplete knowledge is useful in domains where there

are noisy SENsors.
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